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Abstract. Battle-Lemarie's wavelet has a nice generalization in a
bivariate setting. This generalization is called bivariate box spline
wavelets. The magnitude of the filters associated with the bivariate
box spline wavelets is shown to converge to an ideal high-pass filter
when the degree of the bivariate box spline functions increases to =.
The passing and stopping bands of the ideal filter are dependent on
the structure of the box spline function. Several possible ideal filters
are shown. While these filters work for rectangularly sampled im-
ages, hexagonal box spline wavelets and filters are constructed to
process hexagonally sampled images. The magnitude of the hex-
agonal filters converges to an ideal filter. Both convergences are
shown to be exponentially fast. Finally, the computation and ap-
proximation of these filters are discussed. © 1997 SPIE and IS&T.
[S1017-9909(97)00604-1]

1 Introduction

In recent papers,' " the asymptotic properties of the filters
associated with Daubechies’ and Battle-Lemare’s wavelets
have been studied. It was shown that the magnitude of the
filters associated with Daubechies’ wavelet and Battle-
Lemarié’s wavelet converges to an ideal filter. The Battle-
Lemari¢ wavelet has a nice generalization in the bivariate
setting, called the bivariate box spline wavelets (cf.
Riemenschneider and Shen®). It is interesting to see the
asymptotic properties of the filter associated with these bi-
variate wavelets. Since a bivariate box spline wavelet is not
a tensor product of Battle-Lemarie’s wavelets, the study of
the asymptotic properties of bivariate box spline wavelet is
not a simple generalization of the study carried out in Al-
droubi and Unser.’

To be more precise about what we study in this paper,
we have to introduce some necessary notation and defini-
tions. Let ¢; =(1.0) and e,=(0,1) be the standard unit vec-
tors in the Euclidean space R®. A box spline over a three-
direction mesh can be defined as follows. Let
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I, (x,y)e[0,1]?

B(.r,ylel.ez):{o. otherwise,

and inductively, assume that B(x,y|X,,) is defined with di-
rection set X,,={xX,....X,,}, where x; is one of three vec-
tors ey, €5, and ¢, +e,, i=1,...n. For X, U{x,,.}

1
B(~“'."‘|Xmuxm+ I):' J’ B[(-‘--.\')+”xn!*llxm] d[’
0

where X, 1S €] or e, or e|+e,.

For convenience, we consider the following box spline
function in this paper:
Bl.m.n(x'y)

=B(x,yle|,....e1,€3,...,e5,8,Fe5,....e| +e;).
N —p— S — —
i m n

Note that the Fourier transform of B, , is

I

. l—exp (—jw))|'| 1 —exp (—jwy)|"
By, 07)= . ;
Jw) Jws
l—exp|[—j(w;+wy)]|"
x pL-iletw)]|" (1)
Jlo+w;)

This expression resembles the Fourier transform of the
well-known B-spline function. (For this and the other prop-
erties of box spline functions, see, e.g., Refs. 5 and 6. For
computation with box spline functions, see Refs. 7 and 8.)

Furthermore, let M, (x,y)=B,,.l(x.y)+¢; ],
with

c!.nl.llz[([+’7 )/2-(”7""”)/2].

where M, , stands for the centered box spline function.
The Fourier transform of M, , is

M, (@) .0;)=[sinc (@,/2)][sinc (w,/2)]"

X[sinc (@, +w,)/2)]",
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where sinc is the sinc function, defined by sinc (x)
=sin (x)/x.

It is known that B, (x,y) generates a multiresolution ap-
proximation of L*(R?) (cf. Riemenschneider and Shen*).
The Fourier transform of the scaling function ¢, is

(lm, n) )
"bmm iy oy

. él,m,n(wl -wg)
{z‘k]‘kz}elllﬁjtl.m.n[(wl -w2)+277(/\'| 'kz)]IE}IIZ'

(2)

l.m.n)

Define a transfer function H{jg"', i.e.. the Fourier trans-
form of a digital filter by

!/1{:}'" "2w,20,)

S (1m, u) =
Yo (@).0;)

H:f,'_ﬁ'{")(ml«ﬂ’z)_ {3)

Then the wavelets g """, with k={(1,0),(0,1),(1,1)} as-
sociated with the scaling function wif)'_f)’)"”

terms of their Fourier transform by

are given in

I w0y wy) = HE™ (0,12, 0212) i (0,/2,0/2).

(4)
Here, H,"""" is defined as follows:
HY™ (@), w,)
=exp [jw- 7(k)]
Higo (o), 0))+ k] if C .. 1S an integer
H”f.:?{"![(whw:)-i-'rrk] if ¢ ,,, 1s not an integer,

where 7 is a mapping from T',={(0,0),(1,0),(0,1),(1,1)}
to itself defined by

7((0,0)]= (L0 ]=(1,1),5[(0,1)]

=(o,n.n[(1$1)]=( 1,0,

(see, Riemenschneider and Shen* for details).
Writing

(fm,n) - (l,m,n)
H(()() (wj,wy)= 2 ’ hkl‘kl
(Rl.kllez'

Xexp [—jlkjw,+kym,)],

we are interested in the properties and computations with
digital filter {h”""') (k,.k,) e Z*}. That is, we need to
determine the passing and stopping bands of the digital
filters for various choices of (I,m,n). We show that the

(vl,vm,vn)

magnitude of the digital filters associated with H g
converges to an ideal low-pass filter as v— +. Since

kzr IHva.vm,un}(wl’wl)llzl
]
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(cf. Riemenschneider and Shen®), we can conclude that the
digital filters associated with H{""*""" ke T ,\{(0,0)}
converge to ideal high-pass filters as v— + =,

Next, we note that those filters work only for rectangu-
larly sampled digital images. For hexagonally sampled
digital signals/images, we must construct hexagonal wave-
lets and therefore obtain hexagonal dlgltal filters for pro-
cessing these 2-D digital signals/images.” Note that hex-
agonal sampling is the optimal sampling strategy for
signals that are bandlimited over a circular region in the
frequency domain (cf. Mersereau’) and is similar to what
the human eyes are believed to do (cf. Watson and
Ahumada'’). See also Cohen and Schlenker'' for another
advantage that hexagonal filters possess in analyzing the
image orientation. Thus, it is important for practical pur-
poses to construct such hexagonal filters. It turns out that
the construction can be adapted from that of box spline
wavelets ¢™""s and transfer functions H{""™" . Also,
the asymptotic properties of the hexagonal ﬁlterq are simi-
lar to those of the filters associated with H}"™" . We deal
with these hexagonal wavelets and filters in Sec. 3.

Finally, we discuss how to compute these filters numeri-
cally. We propose a matrix method to compute them. Al-
though these filters are not finite impulse response (FIR)
filters, they are of exponential decay, i.e.,
1)< C exp [=allky|+[kaD)].(ky k) € 22,
for some positive constants C' and a. Thus, we can truncate
the filter to be a reasonable FIR filter {hi’ mal . [k [=N,

|k»| <N} for some positive integer N. Furthermore, the FIR
filter can be approximated using the singular value decom-
position (SVD) method. That is, we can use the first few
singular values and their singular vectors to approximate
{l”’" k| <N, |ky|<N}. Then the processing of any

2- D s1gna]q/|mages with these singular values and vectors
results a performance similar to that achieved when using
tensor product of two 1-D digital filters. These are dis-
cussed in Sec. 4.

2 Asymptotic Properties of the Filters
Associated with Box Spline Wavelets

We begin with the following lemmas. Let

9
Al @) ,0))= () ()" () + wy)*",

and

Q=@ 0):a) p p(@), 07)
<a; (o +27k,, wy+27k,),
(ky.ky) € ZA(0,0)}.

Lemma 1. The set (), , has a measure 47 and its

integer translates (), ,,, ,+2m(k,.k>), (k;,k,) € Z* form an
essential disjoint partition of R%, ie., (1) ﬁ,_,,,_,,ﬂ[ﬂ,_,,,.,,
+2m(k, k)=, (k;.ky) eZA\(0,0) and (2) the set
Rz\Utkl_k’,Ezz[ﬂ,.m‘,,+21r(k, k)] has a measure zero.
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See de Boor and Hollig'* for a proof, Next we have

(m.n)

Lemma 2.  Function |H ;g (0,0

function with period (_2,.,,,_,,.

is a periodic

({,m.,n)

Proof. It is easy to see that |H,”‘m‘ (w,.w,)|* is a peri-
OdlC function with period [0.277]>. Now by using Lemma
, we know that €, ,, , can serve as a period for |H:f,;’,’) &

(w, ,w5)|. This completes the proof.
Note that £}, 1. 1, = ., for any »>0. Let

ideal | _ 5
Qf.m.n o {( W ~w2)-2( w) ,(1)_1_) € Ql.m.n}'

We are now in a position to prove one of the main theorems
in this paper.

Theorem 1.  The magnitude of the digital filters whose
Fourier transforms are H'('s"""" converges to an ideal

low-pass filter as v—=. That is,

ideal
Lim,n

(w).,0) € Q,_,,,‘,,\(_)idc“'

l,m.n-

pomeny 1 (wl.Q)Q)€(1
[H{5 " (0, 0)]— 0.

Proof.  From the definition of the scaling function

T m,m) - ce | 3lmony)2
oy » we can simplify [ gy |* to get
3 (mn) 2
[0 (@), @,)|
1
f w, 2/ 3
1 4 _—
(ky kp)#(0,0) | 0y T 27k,
< “1.‘:]612 b
2 5
W < W+ w, =
\ w2+277k| w|+w2+21'r(k|+l\2) J

1
: 1 +)\I.m.n(wl .0.)2) )

Thus, we have

(l.m.n) 2
ﬁ_W:nm (2w 2w,

W), 0,)|°=
| iy

|+Alm n(wl w")
I+h,,,, A20.2w,)°

(Lim, n:
!Ht()()l 2
w;,,)|

By Lemma 2. we consider only (w,,w,)e(},, ,. For

(w,,w;) € Q}f’ﬁf"’"‘ we have both A, ., , (@, @;)—0 and

Nomvnid201,20,)—0 as v—. Thus,

1+\ oy, ws)
(lv.mvnw) 1 lv,myny 1 2
IHm,m (w),o,)| T Ay (2607 200) 1.

( W) ,(l)z) =] s).l.,”",\ﬁmeal ¥ we have

(l.m.n)

For  any
Nomund ©),@7)—0. However, we have
Nvmpnl2@.2w7)—+% as  p—o=.  Indeed, since
(2w, 2w,) &, ,, . there exists at least one integer
(ky,k;)#(0,0) such that

2wl 2! 2&)2 2m
(2w +27k))| [(2w,+27k,)
(2w, +2w,) C
>1.
[2&)|+2&)2+2W(k|+’\2)]

It follows that
H{G5 " (@) w3) 0.

Therefore, we have established the results of this theorem.

(lv.mv.nv)

Certainly, the convergence of [H ) (w,,w,)| is
not uniform since the limit function is a discontinuous
function.  However, for each fixed (w;,w>)
€ Q,_,,,‘,,\&Q;‘_J,“;,"‘[”. it converges to Xoidd (@),@,) exponen-
tially, where aQ*"

Xqidea is the characteristic function of ()

Jmn

denotes the bounddry of Q% and

Ao l.m.n
iy For ex-

}f‘ﬁf‘_',, . there exists

al.m.n(zwl -2w2)>al.m.n(2wl

ample, for any (wlswz)EQl.m.n\ﬁ
(ky.ky) such  that
+27TA| s 20)2""277[\"])-4 or

w3+‘n‘k3 o w1+w3+‘rrk|+17k3 &

<1.
|

lw|+wk||'

wl‘

(OF) |

W)t w,
Note that we have

[Ha " (@)~ 0]
- [ |H::)|l;_)rlm».um(ml 0, )llllll

[ 1+ All'.mnnm‘( wy 'wI,]“:

2w+ 2w,

2w, )fl s Jml
2w +2mky| \2w,+2mk, 2w+ 2wy +2m( k) +ky)

:[ L+t )\;':'.Jul'.nl'( wl'wz)]”:

X

‘(‘m|+1rk|}’( m3+1rk:)"'( w,+(u:+ﬂk|+ﬂk:)”"'

W wy w;+w,

It follows from X, ., (@ ,@y)—0 that [H:{,"',‘)',"""“"

(w;,w,)| converges to zero pointwise exponentially fast.

Similarly, for any (@, ,w,) € Q" | we have

[lH 5" (@) w))| =1

H(/x V)

‘<*|| (0,0) (“’l-wl)lz_l]

= Ali'.mv.u z'( 2w | .20)2 )+ >‘Il'.m u.lw( W) ,w; ).

Since (w,.w;) €4}, , and (2w,,2w,) €}, , . there ex-
ists an integer N such that

Journal of Electronic Imaging / October 1997 / Vol. 6(4) / 455



He and Lai

Fig. 1 Passing and stopping bands of some ideal low-pass filters for (1,1,1), (1,1,9), and (1,9,1).

[ \ 2w 5
( [OF] ] . ( W, ) tL )\,1,_"”,.” al w) -(03)
|k|\+%|;z.w w27k Wy +2mk,
" -
w;+w 2nv _ . ( " )JL
: N —_—
X ! £ |k|l*%}<m |k\\*%l>2!\* | w, + 27k,
w,twy+2m(k;+k;) ol
21 o | |
=C ( W) ) 1+( Wy mr} x( 5 2mv — -
2= ] \ 27N — [y, ' w,t 2k, o tw,+2m(k;+k,)
"
ar om0y, w;3)
' <aN? max i1
" IA']‘+"('3|§N afjn,n(w]+27T/\'|.(.U2+27Tk2)

(ky ka) #(0,0)

( w, ')Zhr+( w5 )Zrnu
277’N—‘w|] 27TN_|(U2|: '

/

\ 2lv \ 2my

U)l ) ( wz
|m+%2|22:v \ w;+ Tk

+C

|yt 7k

Wi+ 2nv L . N
1 2 We have a similar estimate for \,, ,,, ,.(2@,2w;). Thus,
)+t wlk+k;) |H """ (@ ,@,)| converges to 1 pointwise exponen-
tially fast. Therefore, we can conclude the following.
(’ o, )3’ v ( W )3"”' Theorem 2. The magnitude of the filters associated with
=C ud (lv,mv,nv) . A ace fi
7N —|w,] | TN~ |, H 0 converges to the ideal low-pass filter Xoi,,
pointwise exponentially fast. ‘
In Figs. 1 and 2, we show Q)% for some choices of
for some positive constant C. Thus, we have (I,m,n) over [—mr,w|X[—,m]. The passing bands are
3 i 3
2] 2] e
0 0 0]
|
-2 -2| -2r 1
\
3 3 -3t
3 2 1 0 1 2 3 3 2 1 0 1 2 3 -3 2 -] 1 2 3

Fig. 2 Passing and stopping bands of some ideal low-pass filters for (9,1,9), (9,1,1), and (9,9,1).
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Fig. 3 Support of hexagonal box spline functions BY ,,, B, ,, and BY , 5.

of hexagonal shape with curve boundaries. For (/,m.n)
=(1,1.1), the hexagonal shape of the passing bands has
piecewise linear boundaries.

3 Hexagonal Box Spline Wavelets and Filters

In this section, we construct hexagonal box spline wavelets
and derive the filters that can be applied for hexagonally
sampled signals/images. We start with hexagonal box
splines, i.e., the box splines over a hexagonal grid {Ak:k
€Z*} with

V3R o
Lz o

as in Simoncell and Adelson."
For a direction set X, ={x'"",... x"""}, where x'"" is one
- 24 i . ~
of Ae'!, Ae'?, Ale'"—e' '], i=1,..,n, we define a hex-
agonal box spline B*(x,y|X,) inductively as follows. Re-
arranging, if necessary, such that
area([x'" x?])
=area{r,x'" +1,x'2 0<r, < 1,0<1,<1}>0,
we let
B*(x,y|x{"),x?))

_ [ Varea{[x'" x*']}, if (x,y)e[x'Vx?],

0, otherwise,
and for m=34,...n. define
I
B”(.\])‘lX”J ‘‘‘‘‘ x«ml)zfu B“[(\\'
—x™|xV, ... x"" ] dr,
These box splines are of compact support. Let

yl'm‘nz{e(I)““.etl)‘e(z)'.“‘e(‘n'e(l)_€|21““'e(11“6(2»}'

— p— —
{ m n

-~ ’ #
For convenience, let B}, ,(x,y):=B"(x,y|AY,,, ). Then
5 # s . :

the support of some B/, , is shown as in Fig. 3.

To understand these box spline functions better, we can
quote the following basic result from de Boor er al..” which
contains many more properties of these spline functions.

Lemma 3. For any continuous function f,

f BF(x.y[X,)f(x.y) dx dy
R?

zj fix t,x“’
[o.1)" |i=1

These hexagonal box splines B} |  are very much simi-
lar to box splines B, ,. By letting f(x,y)
=exp [—j(xw;+yw,)] in Lemma 3, we have, letling
=(w;.w>) ".

dbiy...dt .

o #
B, (@) m;)

/

m

I—exp[—je'ATw]
’-(,tHATw

[ 1—exp[—je'"ATw]

j(’(“A-Iw

[ 1 —exp {‘j[(’”’—(":)]A[w} \n
Xl _j[(’”’—z":’]ATw :

Furthermore, letting @#=(#,.6,)’=R 'Alw,

11
0 1)

we have, by Eq. (1),

with R=

B! (A"TRO=B,, (0,.0,). (5)

Up to certain matrix transform, i.e., A and R, B}, , is the
same as B, , ;. All the construction of box splines wave-
lets based on B, , , can be easily adapted to the case of
hexagonal box splines Bfl,w,. For a complete exposition of
the role of transforms A and R. we give a detail description
of the construction of these hexagonal wavelets. Let

Journal of Electronic Imaging / October 1997 / Vol. 6(4) / 457



He and Lai

'//‘m.n A= 2’ ('kB;{m.n[(xL\" ) B Ak]!{ck} € /Q(ZE)

kez”

be the space of the hexagonal grid translates of a hexagonal
box spline B}, . Here, #*(Z?) denotes the space of all
square summable sequences {c,}, i.e., Zy.pz|cul?<==.
Then for any given hexagonally sampled digital signal/
image {f(Ak).ke Z*} with a finite energy, there exists a
unique spline interpolant s;:=s;,,, , €5, , such that

s/(Ak)=f(Ak) ke Z*. (6)

Multiplying Eq. (6) by exp (—jwAk) and summing over k,
we get

2 cx exp (— joAk) E B!, (AK) exp (—jwAK)

ke ke’

= Z f(AK) exp (— jwAk).

kez?

Then the existence and uniqueness of such spline interpo-
lant is guaranteed by the following lemma.

Lemma 4. For each integer (/,m,n),

2 B,m"(Ak) exp (—jwAk)#0.Vwe R

kez?

Proof. By Poisson’s summation formula (cf. Ref. 14, p.
194), we have

2 B!mn(Ak exp (-_](I)Ak)

kez?

1

2 i
de[(A] E Blmn w— 7TA k)

2 Bfm n(A_TR(o_z‘ITH‘ ]k))

ke 2

det( det(A)

1

+
= Ay 2, B 027070

kez’

by Theorem 2 in de Boor et al.'” Here, we have used Eq.
(3) and the fact that R™! is an integer matrix that is non-
singular. This completes the proof. -

In fact, we can further show that if an image is band
limited in €}, , to be defined later in this section,
Sf.lv,my,ny CONVerges to f in L, norm as v—o. We omit
these details here. For similar results based on B, ,, , in-
stead of Bf , . refer to de Boor et al'®

With this Lemma 4, we are able to prove the following.

Lemma 5.
that

There exist two constants C; and C, such

458 / Journal of Electronic Imaging / October 1997 / Vol. 6(4)

9
2 Bl [(xy)—AK]| drdy

kez”

=C, 2 lewl?

kez®

¢, 2 lew? <j

kLz

3

for any sequence {cy.ke Z’} e /*(Z?).

Proof.
to get

(277)2J
R’

We use Plancherel’s theorem (cf. Ref. 14, p. 186)

2 Bl al(x.y)— AK]

kez

dx' dy

f 2 (kEXp(_ijk)B rmn(w) dw
R’ ke 7
:f 4 (kexp j(UAk 2 IB!mn
[027)7| ke 22 ke’
—27A k)| dw

2
E ck exp (—jwAKk)

kez?

_f A "11]

X 2 ‘B 2{.2m, 7lr(w+27TA Tk)ld(l)

kez?

By Lemma 4, we have
C,= min 2 B*5 oman(w+27ATK)>0.
wel027]? ke’

Letting M f.m_,, denote the centered hexagonal box spline as
the centered box spline M, , , in Sec. 1, we have,

Z |BZI 2m 2"((1)+27TA Tk)|

weA” T[UZ‘n’] ke’

Cr,= max

max E M” om, 5" (.U+27TA_7k)

weA~T[027)? kez’

max 2 M3, 5,5, (AK) exp (— jwAk)
weA (027 ke?

2 M"I 2m, Zn(Ak)_ I
kez®

using Possion’s summation formula, as in the proof of
Lemma 4. This completes the proof.

With the preceding preparation, we are now able to de-
. . . . ol
fine a multiresolution approximation of L*(R?) and con-
struct hexagonal box spline wavelets. Let

V.k = {f(2"x)f(x) € 'yl,m.n}'k el

Then we have the following theorem.
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heorem 3.  The subspaces V., k e Z form a multireso-
ition approximation of L>(R?). That is, they satisfy the
llowing conditions:

L; kaVA+|. VkeZ

2. VfeVi, f(xi2)eV, and VkeV,, f(2x)
eV . kel
3. YfeV,, f(x—2"*Ai)eV,, YieZ?

4. there exists a i e V such that {y(x— Ak), ke Z°}
forms an orthonormal basis for V

5. U;- ..V, is dense in L*(R?) and N__.V,={0}.

The proof of Theorem 3 is similar to that in Riemen-
shneider and Shen.* We omit the details. Note that condi-
on 4 is equivalent to Lemma 5.

We are now in a position to define the scaling function
& and wavelets ¢/}, i=1,2,3 associated with the multi-
:solution approximation {V,}. Let

—

# N o—
'()(w)- =i U.H,m.:rl(‘U)

BY 1yl w)[ |det(A)[]"
[EkEZZ‘B#lJ”.H( o+ ZTTA_Tk)lz] e

(7)

Then it is easy to check that iy, as defined, is in V; and
atisfies the condition in the following lemma.

emma 6. Suppose that ¢eL*(R*). Then {¢[(x.y)
-AKk].ke Z*} is an orthonormal set if and only if

¥ |q§(w+"7rA "k)|>=|det(A)|, YweR%

s2?

The proof of this lemma is similar to the argument in the
ne-variable case. We again omit the details. Next we de-
ne the transfer functions

Yi2w) .
o
olw)= dfﬁ(m)' (8)
nd
o T . —
J(w)=exp (Jo s)Hyw+t), (=123, 9)
'ith
3] [o]  [-var
Sl 271 BT ap
1d
_[2mV3 ﬂ/\f fw
- 0 ! T |

hen the hexagonal box spline wavelets ;, i=1,2,3 can
2 defined in term of Fourier transform as follows:

(o) =H (02 gy(wl2), i=123. (10)

To prove ;, i=1,2,3 are orthonormal wavelets, we need
to prove the following lemmas, which are of independent
interest.

Lemma 7. Functions H!, i=0,1,2,3 are a periodic func-

tion. That is,

Hi(w+2mA Tk)=H!(w), VkeZ’, i=0123.

Proof.
tor of B, m.n are a periodic function. Observmg that the

Note that the denominator of #{, and the numera-

denominator of B, in the expression of q[/n(’?w is can-

I,n.n
celed by that in zﬂo(w) up to a factor of 2. We conclude that
H! is a such periodic function. Furthermore, since s,
=Ae'", s,=Ae?, s;=A[e'V—¢?], we know that H!,

i=1,2,3, are periodic functions:

Lemma 8. For weR?,

> [ H (wt+7A TK)|*=1, i=0,123.

kel

Proof. By Lemma 6, we have

|det(A)|= > | (w+27ATK)|?

kez”

= > |Hi w2+ A k) w2+ 7A k)2

kez”
=¥ 2 |H w2+ A T2 g (w2
kez® iels

+7A Ti+27A " Tk)|?

= E |HE w2+ A Ti)|2|det( A)|.

iel 2
It follows that Sy . |H (0 +7A TK)|*=1, i=1,2.3.

Lemma 9. For p, vel, with u# v,

2 H# w+TA Tk)H (cu-MTA k)=0.

kel

Proof. We can use Lemma 7 and the definition of Hi.

pel’s to directly verify these identities. We omit these
details.
We are now ready to show another main result in this

paper.

Theorem 4.  The functions ¢, i=12,3, as defined are
wavelets. That is, the following collection of the dilations
and translates of /s

7 ={2*¢ [ (2*x— Aj) .je 2% ke Z,i=123) (11)

form an orthonormal basis of L*(R?).
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a(k
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a(k
) ! {va(k)}

- K Golw)—
o
3
3
©0
=
a :
K
7 {3(k)}
&
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a
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% e 1 ’_’C’.’]('W"_—b

Fig. 4 Four-band analysis/synthesis filter bank.

Proof.  The proof of this theorem is the same as in Ri-
emenschneider and Shen.* We omit the details.

Next we apply the hexagonal filters associated with H ?.
i=0,1,2,3 to subband coding design. Consider a 2-D four-
band analysis synthesis filter bank (Fig. 4) as follows:

By choosing subsampling matrix

K 2 0
o 2
and filters

Filw)=G(w):exp (jo - spHhw+1t), i=0,123.

We can use Lemmas 6 and 9 to show that the Fourier
transform S of the output image {5(k)} is

3

§(w)=20 G (w)Y,(Kw)

3 3
20 Gi(w)kzo Flo+t)S(o+t)

3 3
= an S(w+tk)§) Giw)F (w+t)

3
:5((»);_‘,0 |H(w+ )P =S(w),

which is the Fourier transform of the input image {s(k),k
e Z°}, where Y () is the Fourier transform of digital filter
{y:(k)}, which is equal to

3
y,(w)=g)0 FAK To+t)S(K Tw+t),
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with

1

0 Al
t0=7TA T{O], t1=1TA TO

0
1

1
t,= TrA—T{ 1}. ts=mwA~ T

(cf. Simoncelli and Adelsonm,). Therefore, we have ol
tained the following.

Theorem 5. The filters whose Fourier transform are H'
i=0,1.2,3, respectively, form a subband filter bank wil
exact reconstruction.

Note that although the filters associated with H''s a
not FIR filters, they are of exponential decay. That is, wri

ing

H¥(w)= 2 hl!exp (—johk),

kez”

we know that
[|<C exp [~ a(lk|+]k,))]. keZ?,

for some positive constants C and «a (cf. Corollary I). In t
next section, we propose a computational method for thes
filters {hl) ke Z?}.

Finally, we consider the asymptotic behavior of thes
filters. Recall that ¢/,= w:;,,»m‘,,, and

, (2}0_ l,m..rr)(zw)
Hg.(l_m,n)( LU) = *(—

wo.(f,m.n)( (U) -
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For simplicity, let us consider H}, v » Which is the most
important and interesting case since they converge to an
ideal low-pass filter with a hexagonal passing band. Let

QY :={e:R 'ATwe Q).

Since €17, is a hexagon with vertices

so is ]}, with vertices

(= o= (-Z-2)

We have the following.

Theorem 6. The filters whose Fourier transform are
Hﬁ.,,. r=12.... converge to an ideal low-pass filter as
y— 2, That is,

# I, if weQyy,
|Hﬂ.u!.|'.1'i(w)|_~ 0 we.?ﬂi’”\ﬂ’;ll'

Proof.  We note that

|H~l).( J'.l’,l”(Ai IR0)|2 - |H:t])'..l;’)."'( 0”:

By Theorem 1, we conclude the result of this theorem.

4 Computation and Approximation of Box
Spline Filters

We first recall from Sec. | that
I.m,
H:(l.:’;)“'(wl @)

(] n

I+exp (—jw,)
2

I +exp (—jw,)
2

2

I +exp [‘f(wl"‘wz)]]”

{Zu, .kllezl|Mi.m.n[.(2w|~2w2)+2'“'("\'1 )]

{EI‘J‘A‘:M Z:|MI'JN.H[((U| '(UZ)+2ﬂ(kl *kl)]|:}l’: -

By Poisson’s summation formula as in Sec. 3, we have

2 lMI.m.nl-(wl'w2)+2ﬂ-(kl'k2)]|2

(ky ke

= 2 M 33 2n( Ky ha) exp [ = j(w k) + woky)].

Ml.k:wz:
That is, we are interested in computing coefficients

(@ )ke,2 and {Bylye,2 in the following expansions

1”
{ > My an(k) exp (—jk- @)

ke’
:E agexp (—jk-w), (12)
kez
and

|
[Ekeleﬂ.Zm.Zn(k) exp ( *']2]( (1))] W

- E‘ By exp (— jk-w). (13)

kez”

Let

PZI.EMI,fn(wI .(,U:):: 2‘ M}l.:m.ﬁn(k) cXp (_jk w).

kez"

Note that P, 5,2, 18 a trigonometric polynomial. To com-
pute the filter associated with H{;7", we only need to
compute the Fourier coefficients of (Ps;5,5,)"" and
l/(P:”'lm‘ln)”z.

We now describe a matrix method to do these computa-
tions. First of all, we consider bivariately banded and
Toeplitz matrices C= (c¢;);j-72. That is, C is said to be
bivariate banded if there exists a positive integer b such
that ¢; ;=0 whenever [i—j|>b, where [i|=|i;|[+]is| de-
notes the length of i=(7;.i,). Now C is said to be a bivari-
ate Toeplitz matrix if ¢,y j.x=c¢;;j for all i,j.keZ’. De-
note by F(C)(w) the symbol of a bivariate Toeplitz matrix
C=(ciigesd ¥8u

F(C)( (!))z E’ Ck.(f],”l exp ( _[(Uk)

kez®

Thus, Pyjs,0,(w) is the symbol of the Toeplitz
matrix M2 220 =M 3120 20T — 1) ]i e 52 Similarly,
[Zxe2M o), 00(K) exp (—jkw)]" can be viewed as the
symbol of another (unknown) Toeplitz matrix C,;5,, 5, .
Then it is easy to see that

2
C2i2man=Maraman -
Also, it is easy to see that the symbol of the bi-infinite

matrix € '5,,,,, is the trigonometric function
ke s2M o2 2n(K) exp (—jk @)]"?. Thus, to compute
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29 (19 J11 15 9 15 (23 |33

30 120 |12 |6 2 4 b 14 |22

—-22|—-14|-8 |-4 |-2 [-6 |-=12]-20]|-30

-331-23|-15|-9 |=5 |=11]|-19]-29

Fig. 5 lllustration of map L(i,j).

ay’s and By's in Egs. (12) and (13), it is equivalent to solve
the correspondent matrices problems, i.e., matrix factoriza-
tion and inversion.

Apparently we can not solve those infinite matrix factor-
izations and inversions. Our numerical method is to find
their approximations. Let L be a one—one map from
Z°—1Z. For example, one of such maps of L can be defined
as follows: writing i=(i,.i») e Z* and n=|i,|+|i,|, we
define

L(i)=L(i,.is)

n(n—1)+i+1
n(n=1)+2n—i+1,
=( —n(n—=1)=2n—iy—1, if i;=04,<0
=n(n—1)+i,—1, if 1;<0,i,=<0
0 if i;=04,=0

if i,=20,,=0 but n#0
if i,<0,i,>0

This map L can be best illustrated by Fig. 5. where we let
L(0,0)=0.

Then the bivariate bi-infinite matrix M5, ,,, 5, can be or-
ganized as a usual bi-infinite matrix

M2l.2m.2n=(h )

ijlijezr

with b ;=M 3, 2,[L () =L "(j)] fori,je Z.

Let My=(b,))_y<; =y be a finite section of My, 5, ,, .
Note lhatﬂMN is symmetric and positive definite. Thus we
can find P, such that

PN Mh ’

by, e.g.. SVD. Also, we can find the inverse PN of Ph
We claim that PA converges (o C1[wm 5, and P_ to

Cz,‘z,,,_z,,‘ That is, to approximate a bi-infinite matrix, we
may use its finite sections.

To describe the convergence, we start with the following
definition.
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Definition 1. A matrix A=(a,;); ;, is said to be of bi-
variately exponential decay off its diagonal if

i TP |
|t1,j|SKr|l' (=L ml‘

for some constant K and r e (0,1).

Theorem 7. Let P be the square root of a positive matrix
A. Suppose that A is bivariately banded and |A—1|,=<r
<1, where I is the identity operator from #*(Z?) to
/%(Z*). Then both P and P! are of bivariately exponen-
tial decay off its diagonal.

Proof. 1t is easy to see that

P=\VA=[/+(A-1)]"?

(2e—3)1!
_2 t= ¥

= an (A

and

P '=(A)" "=[1+(A-1)]'?

2 )H
—E(—l)(

A-1).

i=0 (20! ( )
It is also easy to understand that if A—/ has bivariate band-
width b, then (A—1)* is also bivariately banded with band-
width kb. Write P=(P,)), ; ., and similarly for (A— n*.
We have, for [|L l(n’)|—|L Y b=>n> L ()

=Ll - 1,
- (2k=3)N! |
w3, o G |
iJ
* (2k=3)!
sk:;*l aon 1A=l

= =1
- b
S.K”‘"S.KI‘“" (==l !

for some constant K. Therefore, P is of exponential decay.
Similarly, we can show that P~ ' is of exponential decay.

The digital filter {h” M (kykq) € 2%} as-

sociated with the transfer function H:{,_ﬁ’) Y

decay. That is,

Corollary 1.

is of exponential

I (lmnll<c‘ exp('—a[“ |+|;~ |)]

for some positive constants @ and C.

Proof. Note that H| (" (w) is the symbol of a bivariate
bi-infinite matrix H,, ,, ,,, which is a product of three such
matrices P, U(P '), and J, where U(P~ ') denotes the
resulting bi-infinite matrix after upsampling of P 'by2
and J denotes the bi-infinite matrix whose symbol is
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I +exp (—jw)]
2

I+exp (—jwy)|"
2

1+cxp[—j(w,+w2)]’"
= .

ra

Also, it is easy to see that U(P ') is of exponential decay.
In fact, J is a bivariately banded matrix and hence, of ex-

ponential decay. Since the family of bi-infinite matrices of

exponential decay forms an algebra (cf. Ref. 17, p. 463),
we conclude that H, ,, ,, is of exponential decay and so is
the digital filter {#}";"'}.

Theorem 8.  Suppose that A is a bivariately banded ma-
trix satisfying the condition in Theorem 7. Let P be the
square root of A and P~ ! be the inverse of P. Let Ay, Py
E’,\T] be a finite section of A, P, and P!, respectively. Let
Py be a square root matrix such that Py=Ay and &y
=(0.....0,1,0.....0)" be a vector of 2N+ 1 with zero entries
except for the middle entry, which is 1. Then

|Pydy—Pydulla<k n'¥,

and

1Py 8y—Py ' Sylla<k ¥,

for some e (0,1) and a positive constant K independent
of N.

Proof.
we have

By the expression of P in the proof of Theorem 7,

(21—3

I(Py— Py ala< 2~ = A=y,

=it

—(AN_]N)I.}é‘N”Z-
We claim that
I{L(A=1)"Ty—(Ay—1Iy)} Snll,<KAY,

for some K>0 and O<A=1. Let us use induction. For i
=0 and /=1, it is clear that this estimate is true. Assume
that this estimate is true for k. Consider

[(A=D* M y—(Ay=1y)" !

=[(A=D)(A=D*]y—(A=D)y(Ay—TIy)*
=[(A=D(A=D)*]y—(A=D[(A=1) 1y
+(A=D)[(A=1)F]y—(A=T)y(Ay—Iy)*.

Note that

I{(A=D)A[(A=D¥Ty— (A=) (Ay—15)} Sl

<|A=1]{[(A=D*1y— (A=T)y(Ay=1x)} Sl

We can use the induction hypothesis to take care of this
part. Next we write

a, o a,

A-i=| By Ay—Iy Cy

L] N a,
and
B ay i B
(A-Df=| ay, [(A-D*ly dy,]|.
B dy i B

Then we have
[(A=1) (A=) ]y=(A=D)[(A=D*]y
=Byay ; +Cydy

Let us look closely at each component of the vector
(Byay)dy. That is, we look at the following terms, for i
= =N i DiseslV

2 bisasg.

(Byay 4)i0=

with By=(b;;) and ay ;= (a;;). Recall that A—/ is band-
width y. If ky=<N, we know thata, (=0 forall />N. We
have (Byay)d8y=0. Similarly, we have (Cydy ;8y)=0.
For k>N/vy, we simply have

{[(A=D)(A=D*y—(A=T)y[(A=D*1x} 6l

<2l(A=DHlp=<rt<r¥r=(P,

Therefore, the claim is true for all k. Hence. we have

. S (2i-3
||(PN—PN)6~II:‘EZ e KaN<gxY,

i=o (20!
In the same fashion, we can show
[Py =Py ") oyl <KN\Y.
We omit the details. This completes the proof.

To apply the preceding theorem, we therefore only need
to verify that M, ,, 5, is a positive matrix and satisfies

My 55, —1|,< 1. Indeed, letting F(x) denote the Fourier
transform of infinite vector x={x;ie Z°}, ie.,

F(x)= E xjexp (—Jji-w),

iez”
we have, by Parseval’s equality,
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Fig. 6 Magnitude of low-pass filters H""" and log,o (|H"""[?).

—y j 7F(X)F(MI.[.lrw.lr!)
) [-m7]

T =
X M2I.2m.2nx_ (

(w)F(x) dw

= min F( M2l,2m,2n)(w)

wel[—m 7]
. 1
(2m)°

f[ J,|.F<x)uu)|3 do

F(MZl.Zm

2

= min an)(@)x]3.

wel[—m7)]

Since ¢ =min,. [ 5 72F(My; 2, 2,) (@)>0 by Theorem 4 in
de Boor et al.,” we have M, 5, 2,=cl. Using a similar
method, we can show that [M,; 5, 5, —/||,< 1. Indeed,

IF( M2.’.2m.2n — 1}

"(M2l.2m.2nh”x”f_! (2,” J

(w)|*|F(x) (w)|~ dw

1

Ny [1=F(My; 2,2,)

(~mm)?
(0)|*|F(x)(w)|* dw

1= )|*[x]3

= max

M”’l 2m.2 ..n)

wel—mm)?

<(1-c)xl3.

Thus, My, 5, 5, satisfies all the conditions of Theorem 8.
Therefore, our numerical method provides a good ap-
proximation that converges the exact solution exponentia.lly
fast. In general, we are able to find a reasonable approxi-
mate H{"™" :={nk™ "}u =¥ with N<30. See Figs. 6, 7,

lkol <N

and 8 for [Hg"""[, |H3*?], and [HEF*).

' ‘ ol o ' .
//: I':"":"";m "’ ‘ ‘

/ I mw‘ 4‘u ““\\
Vi !ir, mo, m w ,‘\\“i‘

Pl
i

Fig. 7 Magnitude of low-pass filters H{3%?) and log,, (| H{3%?'|?).
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Fig. 8 Magnitude of low-pass filters H\3** and log,, (| H{3**[2).

For application purposes, the size of such filter matrices
may still be too large. We now discuss how to approximate Hi 2" 8= E oy | *S= Z (v *S),
the filter matrix HY""™" by using SVD method. Note that =1 =1

(l.mn) - s
Hy is a real matrix. Let where * denotes the 2-D convolution operator. Because u,

and v, are 1-D vectors, each term in the preceding summa-
tion is just a tensor-product filtering. Thus, the processing
time using such a filter Hy'”""" is proportional to / times
that of a tensor-product ﬁller. Therefore, these filters may
be useful in practice.

Hm U7V

be the singular value decomposition of Hj """ . Here, U
=(uy...usy; ) and V=(v|...voy, ) are two orthonormal
matrices and X =diag(c,....0y ) is diagonal matrix with
singular values o;’s on its diagonal. Let
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