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Abstract

This paper addresses the problem of estimating the population ratio, product and mean
using multi auxiliary information in presence of non-response. Some classes of estimators
have been proposed with their properties. Asymptotic optimum estimator(s) in the
class(s) have been investigated along with their mean squared error formulae. Further
the optimum value (depending upon population parameters) when replaced from sample
values gives the estimators having the mean squared errors of the asymptotic optimum
estimators. An empirical study is carried out in the support of the present study. Both
theoretical and empirical findings are encouraging and in favour of the present study.
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1. INTRODUCTION

In survey sampling, it is well recognized that the use of auxiliary information results in
substantial gain in efficiency over conventional estimators, which do not utilize such in-
formation. The problem of estimation of ratio, product and mean using single auxiliary
character has been dealt to great extent by several authors including Singh (1965), Rao
(1987), Bisht and Sisodia (1990), Naik and Gupta (1991), Upadhyaya and Singh (1999),
Singh and Tailor (2005 a,b) and Singh et al. (2007). Further the problem has been extended
by using supplementary information on additional auxiliary character by various authors
such as Chand (1975), Sahoo and Sahoo (1993), Sahoo et al. (1993), Sahoo and Sahoo
(1999) and Singh and Ruiz Espejo (2000).

Quite often information on many supplementary variables are available in the survey,
which can be utilized to increase the precision of the estimate. Olkin (1958) has considered
the use of multi auxiliary variables, positively correlated with the study variable to build
up a multi variate ratio estimator of the population mean. Singh (1967) extended Olkin’s
estimator to the case where auxiliary variables are negatively correlated with variate under
study. Later various authors including Shukla (1965, 1966), Mohanty (1967), Tujeta and
Bahl (1991) and Agrawal and Panda (1993, 1994) have used the information on several
auxiliary variables in building up estimators for population mean. Khare (1991) has sug-
gested a generalized class of estimators for estimating the ratio of two means using multi
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auxiliary characters with known population means.

It is well known especially in human surveys that information is generally not obtained
from all the sample units even after callbacks. The problem of estimating the parameters
such as ratio of two means, population mean and variance when some observations are
missing due to random non response has been discussed by Toutenberg and Srivastava
(1998), Singh and Joarder (1998), Singh S. et al. (2000), Singh and Tracy (2001) and
Singh H. P. et al. (2003). In case of non-random non-response, the problem of estimation
of population mean using information on single auxiliary character has been considered
by different authors such as El Badry (1956), Srinath (1971), Cochran (1977), Rao (1986,
1987), Khare and Srivastava (1993, 1995, 1997), Tabasum and Khan (2004); Tabasum and
Khan (2006), Khare and Sinha (2004, 2007), Singh and Kumar (2008 a,b, 2009 a,b, 2010,
2011), Kumar et al. (2011) and Gamrot (2011) have discussed the problem of estimating
the ratio of two means using multi auxiliary characters in the presence of non-response.

In this paper I have suggested some classes of estimators for ratio, product and mean using
multi auxiliary in different situations and their properties have been studied. Conditions
for attaining minimum mean squared error of the proposed classes of estimators have also
been obtained. Estimators based on estimated optimum values have been obtained with
their approximate mean squared error. An empirical study has been carried out in support
of the present study.

2. NOTATIONS AND SAMPLING PROCEDURE

Let yy (i =0,1) and xj; (j = 1,2,...,p) be the non-negative values of [*" unit of the study
variate y; (¢ =0, 1) and the auxiliary variates z; (j = 1,2, ..., p) for a population of size N
with population means Y; (i = 0,1) and X, (j = 1,2,...,p). When non-response occurs, the
subsampling procedure of Hansen and Hurwitz (1946) is an alternative to call backs and
similar procedures. In this approach, the population of size IV is assumed to be composed of
two strata of size N7 and No = N — N7 , of “respondents” and “non-respondents”. The initial
simple random sample of size n is drawn without replacement results in n; respondents and
ny non-respondents. A sub sample of size m = ng/k, where (k > 1) is predetermined, is
drawn from the no non-respondents and through intensive efforts information on the study
variates y; (¢ = 0, 1) are assumed to be obtained from all of the m units (see, Rao (1983)).
Thus the estimator for the population mean Y; (i = 0, 1) of the finite population is

where ¥;(1) and J;(9) ;i = 0,1 are the sample means of the characters y; (i = 0, 1) based on
n1 and m units respectively. The estimator y; is unbiased and has variance

- Wa(k -1

where f =n/N, Wy = No/N, Si and S;_(Q) are the population mean square of the variates
y; (i =0,1) for the entire population and for non-responding group of the population.

Similarly the estimator 7} (j = 1,2,...p) for the population mean X is given by

T;k = (nl/n)@(l) + (TLQ/n)Tj(Q) (2.3)
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The estimator T (j = 1,2,...,p) is unbiased an has te variance

Var (z})

<1 — f) g2 4 Dot 1) )S{(z) (2.4)

Z; n

where ng and ng @) (j = 1,2,...,p) are the population mean square of x; for the entire
population and non responding group of the population.

Let f{("a) = (/7). (y7 # 0) denote the conventional estimator of the population
parameter R(,) = (?0/??), Y1 # 0, a being a constant takes values (1,-1,0). For different
values of «, the following holds

(i) for a =1, R?a) — f?(kl) = 20 = R* (say) is the conventional estimator of the ratio
Ra) — Ra) = (70/73) R (say).
(i) for a = —1, Ri, — R{_;) =701 = P~ (say) is the conventional estimator of the
ratio R( y — R(,l) = ?0?1 =P (say).
(iii) for a =0, RZ‘Q) — R?O) = 75, is the conventional estimator of the population mean
Yo.

~

I @\“ﬁ\

Let u; = §7 ey D = %, for j =p+1,p+ 2,....,2p and u denotes the

J
column vector of 2p elements w1, us, ..., ug,. Super fix T" over a column vector denotes the
corresponding row vector. Defining

U5 =Yo(l+m0), 75 =Yi(1+m), c0 = {(EZ/RZ> - 1} ~ (10 — am — &®nf — anon),
gj=(uj—1),5= 1,27 .,2p and let €T = (g1, 9, ..., £2p).

Then to the first degree of approximation, the following holds

Beo) = a [ (1) Cuu (aCy, = puoCn) + ECy, 0) (aCy0) = Py 2)Cro2) ]
E(e;)=0Vj=1,2,...2p,
E(eog;) = E(no — am)e;] = [(1 f) () + qu?)j] L i=1,2,...p,
(e0gj) = ( ) @y J =P+ 1L,p+2,..,2p,
(g = [(52) g+ 820 = eju(say), (1) = 1,2,
( ~ )a]l = fj (say), (4,0) =1,2,...,p,p+1,....2p

SRS

5361

where

~52

@t = PrinC Cxl, ' = py 119Co,0Coniay C2= S2/Y7, C
2 .

02 S2 /X C; (2)— S2 /Xj, ji=1,2,..,p,

2 .
(a)j = Ca; (Pyoz, Cyo—aﬂwj Cy.)1 40 = Cay ) (P, Cuo@—Pyua, 2 Cy ( 2),J=12,..p,

2 .
()_55(2 JY:, i=0,1,

(pyoyupyizjapx,-a:m Z = 07 17 (]7 l) = 1727 7p) and (py0y1(2)7pyi:01( ) ijxl( ) 07 17 (.77 l) - 1727

are the correlation coefficients between (yo , v1), (vi, ;) and (z;, ;) respectlvely for
the entire population and for the non-responding group of the population.

.p)
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bl = (afy.CTy) = (a1 A(@)2s @Gy Clagts Claps s Clap)

@) B [(1;f> 9w a3 (]:1_ . <q<(i)>ﬂ Uy = (@)1 U2+ Ualp)

(1) = (8 ) oo = [ () o+ 2 =120
Clay = (1 ; f) G(ay Clayi = <1 ; f) a)j» J =1,2,.,p, D = [;JT ’;]

which is assumed to be positive definite. The matrices £ = (ej;) and F = ( f]l)pxp re

p X p matrices. Now utilizing the multi auxiliary characters with ﬁnown population means,
I have suggested a class of estimators for the parameter R(,) in section 3.

3. THE CLASS OF ESTIMATORS

Suppose non-response occurs on the study variables (yo, y1), information on the p-
auxiliary variables Z;, j=1, 2, ..., p are obtained from all sample units (i.e. the
initial sample units), and the population means Yj, j=1,2, ..., p of p-auxiliary
variables are known. In this situation we note that when suggesting the estima-
tor for the population parameter R(a), Khare and Sinha (2007) used only the in-
formation on the sample means Z;, j=1, 2, ..., p and on the population means
XJ, j=1,2, .., p of the p-auxiliary Varlables x], 7=1,2 .., p. However one can
also obtain the unbiased estimators ¥} = (n1/n) T;) + (n2/n) Tj2) of the population
mean X,;, j=1, 2, ..., p (without any extra effort) while in the process of obtaining
y; = (n1/n) Yy + (n2/n) Yizy, =0, 1 the unbiased estimators of the population
means Y;, (i=0, 1). Thus, in the situation stated above we have two unbiased
estimators fj and T; of the population mean Yj, j=1, 2, ..., pof the auxiliary variate
xzj, j=1,2, .., p. With this background author convinced to suggest the class of

estimators, G(q) =G (Rz‘a),ul,z@, ...,u2p> =G (R?a),uT) of the population parameter
R(q)-

Let e denote the row vector of 2p unit elements. Whatever be the sample chosen, let

(f%’(ka) , uT) assume values in a closed convex subset, S of the (2p + 1) dimensional real space

containing the point (R(a),eT). Let G (R’(*a),uT) be a function of (R’(ka),ul,UQ, ...,u2p>
such that

G (R(a), eT) = R(a) for all R(a) (31)
and which is continuous and bounded with continuous and bounded first and second order

partial derivatives in S.
Define a class of estimators of the parameter R, as

Gy =G (R?a),ul,ug, ...,uzp> =G (R’(ka),uT> (3.2)

Since there are only a finite number of samples, the expectations and mean squared error
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of the estimator G, exist under the above conditions.

To obtain the mean squared error of G(,), expand the function G (Rza), uT> in a second

order Taylor’s series

_ T P 0G(.) _ T (1) T
G(a) =G (R(a), (& ) + (R(a) R(a)> 8}%(2) (R + (u 6) G (R(a), (& )
2
1 _ 9°G(.) . T 9GW(.)
+3 (&m RMO oR:Z (e J)+2(Rm) Rmﬂ(u ) mﬁ)(#**ﬂ
()W (a) ¥

+(u— e)T el (RZ), u*T) (u— e)} ,

where RZ‘;) = R +1n (RE‘Q) - R(a)) , uwt=e+n(u—ce), 0<n<1; GO denotes the
2p elements column vector of first partial derivatives of G (. ) and G@ denotes 2p x 2p
matrix of second partial derivatives of G (. ) with respect to u. Substituting for RE"&) and
w in terms of 1y, M1, o and € and using (3.1), one can get

—a 0G (.
Gla) =R(a) + Rioy {(1 +m0) (1 +m)"* — 1} ()
OR*
(@ l(Ray,em)
+ z’fTG(l) (R(a), €T)
1 o 892G ( .
2 ) (e -1y 260D
2 aREka) 1% % T
(Byu™)
—a aGM (
+ 2Ry {(L+m0) (L+m1) " =1} " o ()
By e o
(R ™)
+TG (Rigy ' )e] (33)

Taking expectation in (3.3) and noting that the second partial derivatives are bounded,
the following theorem holds.

THEOREM 3.1
E(G(a) = R +o(n7")

From theorem 3.1, it follows that the bias of the estimator G, is of the order n~!

hence its contribution to the mean squared error of G(,) will be of the order n=2.

, and

Now prove the following result

THEOREM 3.2 To the first degree of approximation, the mean squared error of

G(l) (R(a), eT) = —R(a)D_lb(a) (3.4)
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and the minimum mean squared error is given by
min. MSE (Gay) = MSE (i) = RE bl D™ bia) (3.5)
where

MSE (Rzka)) =R [(%) (C2, +aC2 — 2apCy, Cy,)
+ 2(71:* )

(3.6)
W 1
(€2 + 0202, ) = 2000, (9 C0)) |

is the mean squared error of R(a) to the first degree of approximation.

PROOF From (3.3), the MSE (G(a)) to the first degree of approximation is given by

2
MSE (Go) = B (Ca) ~ Riw) ,
9G( | (3.7)
= E | R (o — any) 81%(?&)) o) +eTGW (R(a)v GT)
(a)>€
From (3.1) which implies that %C;z(?') =1
(e) (R(u)veT)

Thus the expression (3.7) reduces to

MSE (G()) = E [Ria) (10 — amy) + TG (Riay. eT)]%,

—E [R?@ (o — am1)? + 2R(a) (no — amy) TGV (R, €7)
+ (GWY (R, eT))TseTG(l) (Ra), GT)] ,
= MSE (7)) + 2Bl GO (R ") + (GO (Bigy.eT))

which is minimized for

D (GY (R, ™)) (3.8)

G(l) (R(a), €T) = —R(Q)D_lb(a) (3.9)

Substituting (3.9) in (3.8), the resulting (minimum) mean squared error of G )
. o % 2 3T -1
min.MSE (G o)) = MSE (&, ) — R2,)bf) D™"ba) (3.10)

Thus the theorem is proved. [ |

REMARK 3.1 The class of estimators G ,) at (3.2) is very large. If the parameters in the

function G (R(a),uT> are so chosen that they satisfy (3.4), the resulting estimator will

have MSE given by (3.5). A few examples are:

~

(i) Gy = RZ‘a)exp {aTlog u}, (ii) G(g) = Ry 1+ ¢T (u—e),
(iil) G = R{, exp {oT (u—e)} (iv) Gy = R, + o7 (u—e)
(v) Gy = By /{ By = 67 (w—0)}

where T = (©1,92, ..., p2p) is a vector of 2p constants. The optimum values of these
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constants are obtained from (3.4). Since (3.4) involves 2p equations, taken exactly 2p
unknown constants in defining above estimators of the class.

4. ESTIMATOR BASED ON ESTIMATED OPTIMUM VALUE

To obtain the estimator based on estimated optimum, adopt the same procedure as dis-
cussed in Singh (1982) and Srivastava and Jhajj (1983).

It is to be mentioned that the proposed class of estimator G,y at (3.2) will attained
minimum MSE given by (3.5) (or (3.10)) only when the optimum value of the derivatives
(or constants involved in the estimators) given by (3.4), which are functions of the unknown
population parameters are used. To use such estimators in practice, one has to use some
guessed values of the parameters in (3.4), either through past experience or through a
pilot sample survey. It may be noted that even if the values of the constants used in the
estimator are not exactly equal to their optimum values as given by (3.4) (or (3.9)) but are

close enough, the resulting estimator will be better than usual estimator R?a) as has been

demonstrated by Das and Tripathi (1978). For more discussion on this point in connection
with the estimation of population mean the reader is referred to Srivastava (1966), Murthy
(1967, p.325), Reddy (1973, 1974) and Srivenkataramana and Tracy (1980).

However there are situations where the exact optimum values of the derivative given by
(3.4) or its guessed value may be rarely known in practice, hence it is advisable to replace
it by its estimate from sample values. We suppose that the equation (3.4) can be solved
uniquely for the 2p unknown constants in the estimator (3.2). The optimum values of these
constants will involve Dflb(a) or may be both Dilb(a) and R(,), which are unknown.
When these optimum values are inserted in (3.2), it no longer remains an estimator since
it involves unknown ¢ = Dilb(a), and may be also R(,). Let 1& be a consistent estimator
of ¢ computed from the sample data at hand. Then replace ¢ by 1& and also R, by R’(*a)
if necessary, in the optimum G|, resulting in the estimator GZ‘Q) say, which will now be a

*

function of R(a), u and 1& Define
* vk [ T 5T
(o) — G <R(a)7 u, 1/} ) (41)

where the function G* (]A%z‘a), ul, J‘F) is derived from the function G <]A%(a), uT> cited at

(3.2) by replacing the unknown constants in it by the consistent estimates. The condition
(3.1) will then imply that

G (R;‘a), e bT) = Ry for all Ry, (4.2)
which in turns implies
9G" () =1 (4.3)
OR}
(@) N(Reay,e™, v7)

We further assume that

oG+ () 9G ()
oy N Reer v = 5 (R e, )= — B ¥ (4.4)
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and

aG* ()

o =0 (4.5)

(R(ay,eT, %7T)

Expanding the function G* (R(a), ul, 1/JT) about the point (R(a), el 1/JT) in a Taylor’s
series and using (4.1) to (4.5), one get

oG ()
+(u—e)" % ‘
(R(‘l)veTﬂZJT) v (R(G))BT/I;Z}T)

G>(ka) - G* (R(a)’eT,wT) + (R?a) _ R(a)) 0G*(.)

OR;
b () 2L

(a)
‘ + second order terms,
8’¢' (R(a%eT’wT)

= R(a) + Ra)co + el (—R(a)w) + second order terms.
(4.6)

Since 1[1 is a consistent estimator of ¢, the expectation of the second order terms in (4.6)
will be o (n‘l) and hence

E(Gl) = Ry +o(n™")
From (4.6) one obtain
G/,,— R = R (0 — any) — Riael ¥ + second order terms. (4.7)
() (a) (a) Tlo m (a)

Squaring both sides of (4.7) and neglecting terms of ¢’s having power greater than two

2
(G’(a) - R(a>) = R, (m0 — amy)® + RY, ¢ ee™p — 2RE ) (o — amy) €™ ¢
or
2
(Gl = R)” = B [om —am? +97eTw =20 —am) o] (49

Taking expectations of both sides in (4.8) one get the mean squared error of G“(ka), to the
first degree of approximation as

* e 2 3T -1
which is same as given in (3.5) (or (3.10)) i.e.

MSE (G, ) = min MSE (G(a)) = MSE (Ry,)) = Bl D~ "bia) (4.9)

It may be noted that the following estimators:
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(i) iy, = Riyexp {&Tlog u} (i) dy) = ]?’("a) [1 - BT (u — e)],
(iii) dz‘g) = Rzka)exp {—YZJT (u— e)}, (iv) ?4) = R?a) — T (u—e),

_ 2 3 T
(v) diy) = RY) /{R;a)w (u— e)}, etc.
are the members of the suggested class of estimators GZ‘Q). It can be shown to the first
degree of approximation that the mean squared errors of the estimators G?j)’ j=11%05

are same and equals to the MSE <G’Ea)) = min.MSE (G(a)) given by (4.9).
For different values of o one can obtain a class of estimators for ratio, product and
population mean for Gfa), H o), Flo) and J(,) respectively. The results are explained in

the Appendix I, II, III and IV, respectively.

REMARK 4.1 Population means X, Xo, ..., Yp are known, incomplete information on
the study variates (yo,y1) and on the auxiliary variates z; (j = 1,2, ..., p).

In this case we use information on (n; + m) responding units on the study variates (yo, y1)
and the auxiliary variate x; (j = 1,2,...,p) from the sample of size n along with known
population means X1, Xo, ..., Yp. Thus propose a class of estimators for R(,) as

Hiy = H ( 2oy V7 (4.10)

where v denotes the column vector of p elements vy, vo,...,v, with v; :T;/Yj,

i=12....p, H (RZ‘Q), Z/T) is a function of (R’(“a), I/T) such that

H (R(a)7 eT) = R(a) for all R(a) (4.11)
= aHf ) =1 (4.12)
oR;
(a) (R(ﬂ)veT)

and also satisfies certain conditions similar to those given for the class of estimators Gy

at (3.2) and e’ denote the row vector of p unit elements.
It can be shown that

E (H(a)) = Ry +o(n71),

and to the first degree of approximation the MSE of H(,, is given by

MSE (H(a)) = MSE (R7,)) +2R(0)al) HO (R, )

. (4.14)
+ (HY (Riay,e")) B (HO (Rea),e"))

which is minimized for

HY (R, ") = —Ro) B a(a),
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and thus the resulting minimum mean squared error

min. MSE (H(a)) = MSE (Rj,) = Rlyaly B o) (4.14)

= MSE (R@) —R,, [{ <%> (o) + Wg(sfl)qéi))}:r
B (55 ey + P2 ]

where H®) (R(a), eT) denote the p elements column vector of first partial derivatives of

Thus state the following theorem:

THEOREM 4.1 Up to terms of order n=1,

~

* 2 T -1
with equality holding if
HY (R), e") = = Ria) B a(a)-

REMARK 4.2 Population means X, Xo, ..., Yp are known, incomplete information on the
study variates (yo,y1) and complete information on the auxiliary variates z; (j = 1,2, ...,p).
In this case observe that n; units respond on the study variates (yo,y1) but there is com-
plete information on the auxiliary variate x;(j =1,2,...,p) and the population means
X1, X2, ..., X, are known. In such a situation define a class of estimators for population
parameter R, as

Flay = F (i, w") (4.15)
where w denotes the column vector of p elements wi, wa,...,w, with w; :T; /Yj,

j =12, F (R,

A~

wT> is a function of (R:a), wT> such that

F (R(a).€") = Ry for all R, (4.16)
F(.
5 oFC) =1 (4.17)
ORY
(@) 1Ry e™)

and also satisfies certain conditions similar to those given for the class of estimators Gy

at (3.2) and e’ denote the row vector of p unit elements.
It can be shown that
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E (Flo)) = Ry +o(n71),

and to the first degree of approximation, the MSE of F|,, is given by

MSE (F(o)) = MSE (R;a)) +2R(0)CT F (R, eT)

(e (4.18)
+ (FY Ry, ")) F (FO (Ria), )

where F(1) (R(a), eT) is the p elements column vector of the partial derivatives of F'( .),
1—
Clo) = (Clats Clays - Clarp)s Clagj = (%) Yj> de)j = Ca, (Pyoxjcyo—apylzjcxj)v

F = (fjl)pxpy fjl = (%) px_,»xzczjcmr
The MSE of Fi, at (4.18) is minimized for

F(l) (R(a), CT) = —R(a)F_lC(a) (4.19)

and thus the resulting minimum mean squared error of F,) is given by
. % 2 T —1
min.MSE (Flo)) = MSE (&}, ) = R2,,CL F~'C(a) (4.20)
A 1—-f _
* 2 T 1

where Fy = (aj) and aj = pz,4,Cz,Cy, .

PXp
Thus the following theorem holds.

THEOREM 4.2 Up to terms of order n™1,

MSE (Fa)) = |MSE (£, ) = Bl Ol F~'Cla

with equality holding if

FO (Bia, ") = =Rio) 7' Cla).

REMARK 4.3 Population means of auxiliary characters are unknown, incomplete infor-
mation on the study variates (yo,y1) and complete information on the auxiliary variates
zj(j=1,2,...,p).

In this case, I use information on (n; +m) responding units on the study variates
(yo,y1) and complete information on the auxiliary variate z; (j = 1,2, ...,p). Here in for-
mulation of the estimator, in addition to z; (j = 1,2,...,p) I also use the information on
T (7 =1,2,...,p) which can be easily computed while computing 7 (¢ = 0, 1). The popu-
lation means Z; (j = 1,2, ..., p) of the auxiliary characters z; (j = 1,2, ..., p) are not known.
With this background define a class of estimators for the parameter R, as

Jay =T (Riwys ") (4.21)



60 S. Kumar

where z denotes the column vector of p elements 21, 2o, ..., 2p, super fix T" over a column

vector denotes the corresponding row vector, z; = E;/Ej, 1=12....p J (RTQ), ZT) is a

function of (RZ‘Q), ZT) such that

J (R(a), GT) = Ry for all Ry (4.22)
= aJA( ) =1 (4.23)
OR?Y
(@) 1(Ray,eT)

and also satisfies certain conditions similar to those given for the class of estimators Gy
at (3.2) and e’ denote the row vector of p unit elements. It can be shown that

E (Jio) = Ray +0(n7),
and to the first degree of approximation the MSE of J(,) is given by

A~

T
MSE (J()) = MSE (RZ‘Q)) — 2R, @3) JW (R, eT)

+R5) (T (Biays ")) M (JY (R, eT))

(4.24)

(R(a), eT) denote the p elements column vector of the first partial derivatives

of J (]A%*a), zT> with respect to RE"&) about the point (R(a),eT);

T
(aEQ) = aEQ) a'? ...,ag2) ), M = (mjl)po7 o® = Walk-1) () j=1,2

a)T a)l’ (a)2’T a)p ()i — n ) 14 Py
(2)\* _ Wa(k-1 (2) 2 _ -
(a(a)> (n : (q(a)> » o)y = Cas2) (Pyoxj@)cyo(?)_O‘f’ylrj@)cyl(?)) I =121,
my = Wz(r]j_l)pﬂ?jrl(2)cﬂfj(2)cﬂﬁz(2): waj(lm’ (4, 0)=1,2,...,p.

The MSE of J,) at (4.24) is minimized for

-1 _(2) -1 (2)
J(l) (R(a), eT) = —R(Q)M 1CL( = —R(a)M0 lq((a) (4.25)

where MO = (ajIQ)>po7 a§12) = ijxz(2)CIj(2)CIl(2)'

Thus the resulting minimum mean squared error of J,) is given by

min MSE (Jio)) = MSE (R, ) — B2, <agi>))T 1 (of2)

. Wo (k—1) T _
- * 2 2 (2) 1 (2)
= MSE (R(a)) — R(a)# (q(a)) M, (q(a)> (4.26)
Thus we state the following theorem.

THEOREM 4.3 Up to terms of order n™1,
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MSE (Jia)) = [MSE (Fiw) ~ Rt (“%)TM - (GE?))]

with equality holding if

1 Ty _ —1 (2)
JW (R, e") = Ry M a)-

5. EFFICIENCY COMPARISONS
Note that
T - T 1 T 1 T o, T —
W) D™ ba) = a(a) B e + (F E™ o) = Cloy)” A7 (F B aga) = Cray)

and

by Dby = CEyF ' Clay + (a§2))TM—1 (o)

(a

where A = (F — FTE_lF).
Thus from (3.10), the result follows

minMSE (G () = MSE (7, ) - R2,) [l B~ a(a)
_ T (_ _
+ (FTE () — Cloy) " A7 (FTE () — Cla) |

— MSE (R* )) _R2 : |:C(:,;)F_10(a) + (a(2)>T ML <a(2)>}

(o (@
From (4.23), (4.37), (4.52) and (5.4), one obtain
min.MSE (H(a)) — min.MSE (G(a)) =
Ry (FTE 0y = Cey) ' A7 (FTEage) = Cly) = 0
min MSE (Fla)) — min.MSE (G)) = R, (agfj))T M (a%) >0
min MSE (J()) — min.MSE (G(o)) = R,y C(,)F'Cla) > 0
Thus from (5.5), (5.6) and (5.7), the following inequalities holds

min.MSE (G(a)) < min.MSE (H(a))
min.MSE (G(a)) < min.MSE (F(a))
min.MSE (G (4)) < min.MSE (J(y))

61

(5.10)

From (5.8), (5.9) and (5.10) it follows that the proposed class of estimators G, given
by (3.2) is the best (in the sense of having least minimum MSE) among the classes of

estimators G (,), H(q), Fla) and Jiq).
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6. EMPIRICAL STUDY

To demonstrate the performance of the suggested estimator relative to usual estimator
R’(ka) with a = 1, consider a natural population data earlier considered by Khare and Sinha
(2007). The description of the population is given below:

The data on the physical growth of upper-socio- economic group of 95 school going
children of Varanasi under an ICMR study, Department of Pediatrics, BHU during 1983-
84 has been taken under study. The first 25% (i.e. 24 children) units have been considered
as non-response units. Denote by
yo: Height (in cm) of the children, y;: Weight (in kg) of the children,
x1: Skull circumference (in cm) of the children, xo: Chest circumference (in cm) of the
children.

The required values of the parameters are:

Yo=115.9526, Y;=10.4968, X;=511726, Xo=>558611, Cy, = 0.0515,

Oy, =0.15613,  Cy, =0.03006, Cy, = 0.05860, Oy 9 = 0.044, (9 = 0.121,
Curz) = 0.02478,  Cpy2) = 0.054,  pyos, = 0374 pyou, = 0.620,  pyp, = 0.328,
Py = 0846, pypi2) = 0571, pyoasizy = 0401,  pyaiie) = 0477, pua, = 0.297,

Prix,(2) = 05707 Pyoyr = 0713, Pyoy:(2) = 0.678

To illustrate results, consider the difference type estimator using two auxiliary variables:
ta = Ri, + o (uf — 1) + az (uj — 1) + @1 (ur — 1) + @2 (ug — 1) (6.1)

where s and ¢ls, (i =1,2) are suitably chosen constants, u = (f;" /YZ) and
u; = (7/Xi), (i=1,2).

For the sake of convenience, the MSE of ¢4 to the first degree of approximation is given
by

o 2 2 2
MSE (t4) = MSE (R?a)) + Zloz?ej + 200012 + 2R (4 Zlaja(a)j + (I%f) [2190?6% +21 2012
j= j= j=

2
+ ZR(OL)ZSDJC](OL)] + 2 {CYlQDlC%l +a2¢1a12+a1¢2a12+a2¢2032} (62)
j=1
where
_ 2 - . _ 2 B 2
ej = {(%) 02+l 1>c§j(2)}, ji=1,2; e19 = {<g> a1y + W@Q};

- 2
Ua)j = Ca; (Pyoxj Cyo—apylxjcyl) L3 =12 012 = pr,0,Ca,Cayi ay)= Pzr22(2) Oy (2) Ca (2)5
Ya)j(2) = ij(Q) (pyol’j(Q)Cyo(?)_apylw_j(2)0y1(2)) y J=1,2
_ (1= Wa(k—1) .
Uo)j = {(Tf> Ua)j T~ q(a)j(Q)}a J=12.

Expression (6.2) can also be obtained from (3.8) just by putting the suitable values of
the derivatives. The MSE at (6.2) is minimized for
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10 = Ry (6.3)
a0 = Ra)di g (6.4)
10 = B(a) (d* —dy) (6.5)
P20 = Ra) (dT - dT(a)) (6.6)
where

d* — [4(e)202 125 Ca; —Q(0)1 Cry | = [@()1921 25 Cag —Q(0)2C, |
B [Cﬂzﬂlc‘w(lipirw)] L [011022(1*P§1x2)] ’
dr = [4(@)2(2) Py 22 (2) Cary (2)=)1(2) Cag (2)] d = [qw)l(z)f’wlwm)%(z)*q<a>2<2>cw1<2>].
(2) [Czl(%c@(?)(1_p2112(2))] ) [011(2)052(2)(1—p§1m2<2))]

Putting (6.2)-(6.6) in (6.1), we get the asymptotic optimum estimator (AOE) in the class
of estimators ¢4 as

) = Riy + R [diy) (uf =) + dig) (u3 — uo) + " (wn = 1)+ d (= 1)]  (6.7)

The MSE of téo) to the first degree of approximation is given by

n

1-— f> {(alczvl - a20w2)2 +2a1a20%,Cy, (1 — pmlxz)}

MSE (¢) = MSE (Ry,)) - B2, ( (1= r2.2.)

2
Wa (k — 1) { (012G ) = 029, Cs)” +2012)822)Co, (2)Cs) (1 = Prsn(a)) }

2 _ 2
1 px1x2(2)
— min.MSE (t,) (6.8)
where
o C ; o C, . Cyo2) Cyy2)
a/l - pyozl Cizz)_pywm 0727 a/2 - pyomcizz_pylzg 0727 a/l(l) - pyoxl(l) C::@) _py1x1(2) 011(2) )
a — 0710(2) _ 01/1(2)
2(2) - pyom2(2) sz(fz) py1x2(2) CT,2(2) :

In practice the optimum values of oy, ag, @1 and p2 given by (6.2)-(6.6) are not known.
In such a case it is worth advisable to replace them by their consistent estimators in (6.8)
and thus one get an estimator based on “estimated optimum values” as

) = Riyy |1+ diyy (uf =) + dfg) (u3 — uz) +d" (1 — 1) + dj (uz = 1) (6.9)

where d*, d¥, CZE‘Q) and cZ’{(Q) are the consistent estimators of d*, dj, dz‘2) and df(z) based
on the available data under the given sampling design. It can be easily shown to the first
degree of approximation that

MSE (Eff)) = min.MSE (tg) = min.MSE (t4) (6.10)
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where MSE (t((jo)> isgiven by (6.8).
Further consider the following difference type estimators:

tar = R,y + a1 (uf — 1) + o (u5 — 1) (6.11)
tas = Ripy + @1 (ur — 1) + 2 (ug — 1) (6.12)
tagg = Rza) + M (Zl — 1) + A (22 — 1) (6.13)

where z1 = T} /T1, 22 = T5 /T2, s, ¢is and Ay, (i = 1,2) are suitably chosen constants.
To the first degree of approximation, the minimum MSE of ¢4;, t49 and ty3 are respectively
given by

. s R%oc) 2 2
min.MSE (t4;) = MSE (R(a)) - ﬁ {(a(a)l) es + (a(a)Q) er — 2a(a)1a(a)2612

€e1e9 — 6%2
(6.14)
for optimum values of o and as given by
* R(a)[a(a>2€12—a(a)1€2]
10 = (erea—cT)
sy = Rio)[a(a)1€12—=a(a)2€1] }’ (615)
20 (e1e2—e7,)
. A 1— RZ, 2
min.MSE (t42) = MSE (17, ) - (451) e (<)>7(a§22))2] [ (@)’ 20
e (6.16)
+ ( )2 c? . _9 o2
d(a)2(2) 21(2) d()1(2)9(2)2(2)%12 | >
for optimum values of ¢ and o given by
ot — Rio[9(0122)053 —@()1)C2, ()]
10 — 2 2 2))2
0 [leﬁ)cﬂﬂz(?)_(ag?)) ] (6 17)
x _ Rioy 900012053 =4(0)25C2 | ()] '
M A e
. B s Wa(k—1) RE, 2 ~2
min.MSE (t49) = MSE (R(a)) i [02 o : ))—(a”)ﬂ |:(q(a)1(2)) 012(2)
xq(2 wo (2 12 (618)
22 (2)
+ (a(@2() €2, 3) — 200112 %0223 |
for optimum values of A1 and A9 given by
Rio [4(0122)053 —@()1)C2, ()]
AIO — - - — 2(2)
[011(2)6;2(2)7((152)) ] (619)

2
Ao Rio 000112053 —0(0)20C2 | ()]
- 2 2 (2))2
[le(z)CmQ(z)f(alz ) ]

Estimators based on estimated values of (a7, &), (¢, ©59) and (A10, A2o) are respec-
tively given by
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~(0 D Ak * Ak *

tfiz) = Ry +ajg (ug —1) + &g (up — 1) (6.20)
89) = Rpyy + @ (ur — 1) + @ (w2 — 1) (6.21)
£y = Ri,y + Ao (21— 1) + Ago (22 — 1) (6.22)

where &%y, &by, ¢%, P30, Ao and Agg are the consistent estimates of the optimum value
ato, X505 P10, Paos Mo and Agg respectively based on the data available under the given
sampling design. To the first degree of approximation, it can be shown that

MSE (/) = min.MSE (ta) (6.23)
MSE (tfj?) = min.MSE (tg2) (6.24)
MSE @gg) — min.MSE (t5) (6.25)

where min.MSE (47 ), min.MSE (¢42) and min.MSE (¢43) are respectively given by (6.14),
(6.16) and (6.18).

I have computed the percent relative efficiencies (PREs) of t&o) (or tAilO) ), tfiol) (or 552) ),
tgiog) <or f&og) ) and tg)g) (or fg;) ) with respect to usual estimator Rz‘a) with o = 1 where
tfiol), tElOQ) and t(d%) are respectively the optimum estimators in t4;, tg2 and tg43.

The findings are given in Table 1.

Table 1. Percent relative efficiencies of the estimators with respect to Rz‘a) with a = 1 for fixed n and different
values of k.

Estimator (1/k)
(/5 (1/4) (1/3) (1/2)
R* 100.00 100.00 100.00 100.00

O (oril?) 36822 35224 33244 309.50
O (or i) 24012 248.64 261.16 282.91
9 (orfQ)  147.86 15873 175.89 207.44
9 (or i) 117.68 11478 111.13  106.39

It is observed from Table 1 that the percent relative efficiencies of t((io) (or fg])>

and tgg (or fgg) decrease while the percent relative efficiencies of tg? (or f(d(;)) and
tg;) <or 1?5102) ) increase with respect to R* as the sub-sampling fraction increases. It has
also been perceived that tg)) (or 520) ) is the best among R*, tg)l) (or tg? ), tEiOQ) (or 55102) )

0) 0) (0) (0)

and tElé’ (or 7“?513 ) Thus, the suggested estimator £ (or t do is to be preferred for its use

in practice, when the difference type estimator using two auxiliary variables is used.
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7. CONCLUSION
In the present problem, some classes of estimators for ratio, product and mean are discussed
by using multi auxiliary in different situations in the presence of non-response and their
properties have been studied. Conditions for attaining minimum mean squared error of
the proposed classes of estimators have also been obtained. Estimators based on estimated
optimum values have been obtained with their approximate mean squared error. Due to the

non-availability of the data, I have tried to show the performance of the suggested estimator
relative to usual estimator R?a) with o = 1 for two auxiliary variables. The performance

of the suggested estimator is preferable when the non-response occurs on the study as well
as auxiliary variables.
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APPENDIX I

Putting « =1, —1, 0 in (3.2) we get

(i) a class of estimators for ratio R as
Gy =G (R, u”) (I-1)
(ii) a class of estimators for product P as
Gy =G (P, uT) (1-2)
(iii) a class of estimators for population mean Y as
G =G (T, v') (1-3)

The minimum mean squared errors of the estimators G(1), G(_1) and Gq) are respectively
given by

min MSE (G (1)) = MSE (") - R%[, Dby, (I-4)

min.MSE (G(_1)) = MSE (P*) = P34, D'y (I-5)
. E—, _

min MSE (G g)) = Var (55) — Y (0)b{oy D™ "b(o) (1-6)

where
MSE (R7) = B [(15) (C2,+C2, 290 CuCy,)

Wo(k—1 ) (1_7)
+ 7200 )<050(2)+051(2)_prom(?)cyn(?)cyl(?)ﬂ
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MSE (P*) = P2 [(15L) (C2,4C2, 42030, Cyy Gy,

W (k—1 ) (I-8)
+ 2(n )(050(2)""051(2)+2pyoy1(2)cyo(2)cy1(2))}

are the mean squared errors of R* and P* to the first degree of approximation, respec-
tively, and

Var () = Klrl“f) Sy’ + Walb-1) (i D 8(22)] (1-9)

where
b(Tl) = (aqy1, a@y2s - ap Cays Ciyzs - Clayp)s
b(T_l) = (a1, a(=1)25 o a—1)ps Cenyts Crenyzs 0 Clinyp),
b’.(l;)) = ((1(0)1, a(0)2; -+ A(0)ps C(O)la 0(0)27 "'7C(O)p)a
_ (1= Wa(k=1) (2)
) = KTf> du; + = n q(l)j} ’
a(—1)j = [(%) q(-1);j + WQE?D]] ’ ] = ]-7 2> ey D5
_ (1= Wa(k=1) (2)
a0y = [(Tf> U0y + 90,

)i = Cos2) (Pya, @ Coo(d Py, Con()

415 = Co, (Pyoz, Cont0i2,Cu ) 4215 = Coy) (o @ Con@ + e, 2 Cn ),

4(0)j = Pyox; Cyo Ca; ‘J%j = Pyoz;(2)Cyo(2) O, (2) Cy = (%) q(1)5»
Clny = (%) U(-1)j> Cloyj = (1%) 9(0);-

8. APPENDIX II

Putting « = 1, —1, 0 in (4.10) we get the class of estimators

(i) for ratio R as
Hey = H (R, v7) (IL-1)
(ii) for product P as
Hyy = H (P*, /") (11-2)
(iii) for population mean Y as
Hy = H (g5, v") (I11-3)

The minimum mean squared errors of the estimators H(y), H(_1) and Hg) can be ob-
tained from (4.13) by putting & = 1, —1, 0 and are respectively given by
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min.MSE (H(1)) = MSE (R*) ~ Rl B~ g, (I1-4)
min MSE (H(_1)) = MSE (P*) - P2al_,) F~"a(_y) (IL-5)
min.MSE (H ) = Var (75) — ??0) a%)E_la(D) (I1-6)
where
a(1 (a (H)1s A(1)2y - a(l)p))
(a (0)15 @(0)25 -~-,G(o)p )
(a( 1)1, (- 127 . a( l)p
a(1)j = [(1nf> q(1); + n q((f J} v J= y D3
[<1nf> W2(§ 1)61((31 } i=1,2 ..,
agy; = [(lnf) q(0); T n 1)(1 il J=1, ;b
where
2 (2 (2)

q(1)j> A-1)j> 40)5> 9(1);> 41);» 9(0); Ar€ same as defined earlier.
It is to be mentioned that the class of estimators

t1 = R*h (vT) (11-7)

of the ratio R reported by Khare and Sinha (2007) is a member of the proposed class of
estimator H(j). To the first degree of approximation,

min.MSE (1) = min.MSE (H 1)) (I1-8)

where min. MSE (Hy)) is given by (II-2).

9. APPENDIX III

Putting @ = 1, —1, 0 in (4.15) we get the class of estimators

(i) for ratio R as
Fy = F (R, w") (ITI-1)
(i) for product P as
Fy=F (P, w") (IT1-2)
(iii) for population mean Y as
Foy=F (5, w") (111-3)

The minimum mean squared errors of the estimators F(y), F(_y) and F|q) are respectively
given by
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min. MSE (1)) = MSE (R*) — R2CJ F~'Cq, (ITI-4)

min MSE (F_1)) = MSE (P*) = P2C[, F~'C(_y) (IT1-5)

min.MSE (F()) = Var (7) — ¥ (o) C) F 1) (111-6)
where

Cay = (Cays Crayay - Caayp)s Clo) = (Cronts Croys - Cropp) s Ci-1) = (Crnyiy Crenyay s Ciopp)

Cay; = (%) Ay J =1, 2,5 p,s Cien; = %) q-1)j, 7 =1, 2, p,

Coy; = (%) q0y, J =1, 2,..., p,
q(1)j> 4(-1)j and 405> j=1,2,...,p are same as defined earlier.

Khare and Sinha (2007) suggested a class of estimators for ratio R as
to = R*f (w") (I11-7)

where f (wT) is a function of w! = (wy, wo, ...,wp) such that f (eT) = 1. The estimator
ty is due to Khare and Sinha (2007) a member of the class F(;) defined at (III-7). The
minimum MSE of ¢ is given by

min MSE (t2) = min MSE (F;)) = MSE (R*) — R*CT;, P~ C ) (ITI-8)

APPENDIX IV

Putting @ =1, —1, 0 in (4.21) we get the class of estimators

(i) for ratio R as
Joy=J (&, =7) (IV-1)
(ii) for product P as
Ty =J (P*, zT) (1V-2)
(iii) for population mean Y as
Joy=J (5, 2") (IV-3)

The minimum mean squared errors of the estimators J(y), J(_1) and J(g) are respectively
given by
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~ T
min.MSE (/) = MSE (£°) = B (a}))” M~ (af}) (IV-4)
N T
min MSE (J_1)) = MSE (P*) = P* (a?,)) M7 () (IV-5)
_ T
min. MSE (J)) = MSE (7) — V2 (a%) M~ @gg;) (IV-6)
where
@ _ (@ @ @ (2) @ _ (@ 2) 2) 2)
Ay = (“(1)1’ Ay “(1)3""7“(1)17)’ A1) = (“(—1)1’ A(—1)27 “(—1)3""’“(—1)1))’
@ _ (.2 @ (2 ) 2 _ Walk=1) (2) 2  _ Walk—=1) (2)
agog = (“(on’ %2)?’ a(O)sv""a(O)p>’ ;= ( )n A1) G- = " Y-y
2 > (k—1 2 2
%oy~ & )q(ow qy; = Cus2) (Pyo; 2)Cyo =Py, )i (2))
2)
(

_ 2 _ .
4”15 = Cry2) (Pyo; @ Cro TPy, Con )5 4(0); = Py CuoCay (20, J = 1,2, 0051
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