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Abstract

Let G be a simple graph, the vertex-set and edge-set of which
are represented by V (G) and E(G) respectively. In this paper, the
Harmonic indices of cubic polyhedral graphs using bridge graphs and
the relations among them have been found.
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1 Introduction

A graph is a mathematical concept to determine whether different points
termed vertices are connected or not. This also includes the manner in which
the points are connected with each other. However, it is not necessary that all
points be connected with the rest. All graphs used in this paper are simple
undirected which means no multiple edges, and no loops. A graph is k -regular
if dv = k ∀ v ∈ V (G) where dv is the degree of the vertex v representing the
edges incident to v and V (G) is the vertex set of the graph G . Throughout
this paper, n represents the nodes or vertices, b represents the number of
bridges.

Cubic Polyhedral graphs are graphs in which all the vertices are of degree
3 . Cubic polyhedral graphs are 3− regular graphs. Cubic polyhedral graphs
start with vertices n = 4, 6, 8, .... . A cubic polyhedral graph with n = 12
nodes is known as Frucht graph. Frucht graph is the smallest cubic identity
graph with 12 vertices and 18 edges. The bridge graph B(Gi) = B(Gi; vi)
of {Gi}di=1 and {vi}di=1 is the graph obtained from the graphs G1, G2, ....Gd

by connecting the vertices vi and vi+1 by an edge for all i = 1, 2, ....(d− 1) .

For works in operations on graphs see[2-4]. For more related aspects refer
to [6-10]

The Harmonic index is given by

H(G) =
∑

(u,v)∈E(G)

2

du + dv
. (1.1)

If u and v are two vertices of G then let dG(u, v) denote the length of the
shortest path connecting u and v . The work is motivated from the works of
[5, 11]. Here we deal with Harmonic indices of Cubic polyhedral graphs using
bridge graphs and interesting relationships are obtained.

Forthcoming section deals with elementary results useful to main results.
The final section concerns with cubic graphs attached with bridges and
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corresponding relations.

2 Preliminaries Results

This section concentrates on results for the harmonic index of cubic graphs.
As indicated earlier, n represents the nodes or vertices while b represents the
number of bridges.

Lemma 2.1. The Harmonic index H(G) of a cubic graph n ≥ 4 is

H(G) =
n

2
(2.1)

Proof. For n ≥ 4 of a cubic graph, there are 3n
2

edges. As each of the
vertices is of degree 3 , the Harmonic index is n

2
.

Theorem 2.1. The Harmonic index of a bridge graph of a cubic graph with
n even vertices (for n ≥ 4 ) is

H(Gn) =
(3b + 3)(n− 2)

2

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
.

(2.2)

Proof. We prove in different cases:
Case(i): For n = 4.
For two 4 vertex cubic graphs, if a bridge is attached, there
are (3, 3) , (3, 4) , (3, 5) , (4, 4) , (4, 5) and (5, 5) edges for B(G1, G2) =
B(G1, G2; v1, v2) . The number of edges is (7b + 6) . As the number of bridges
increases and the graphs are increased, the Harmonic index is

H(G4) = (3b+3)

[
2

6

]
+(6)

[
2

7

]
.+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (2.3)

Case(ii): For n = 6.
If a bridge is attached with two cubic graphs with 6 vertices, there are (3, 3) ,
(3, 4) , (3, 5) , (4, 5) and (5, 5) edges. In particular, there are (6b+6) number
of (3, 3) edges, (3b+3) number of (3, 4) edges, (3b−3) number of (3, 5) edges,
2 number of (4, 5) edges, (b − 2) number of (5, 5) edges. Hence the total
number of edges will be (10b + 9) . Then the Harmonic index is

H(G6) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (2.4)
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Case(iii): For n = 8.
If a bridge is attached with two cubic graphs of 8 vertices, there are (3, 3) ,
(3, 4) , (3, 5) , (4, 5) and (5, 5) edges. Specifically, there are (9b + 9) number
of (3, 3) edges, 6 number of (3, 4) , (3b − 3) number of (3, 5) , 2 number
of (4, 5) and (b− 2) number of (5, 5) . Hence, the total number of edges are
13b + 12 . Then, the Harmonic index is

H(G8) =

[
9b + 9

2

] [
(
2

6
)

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (2.5)

From the cases (i), (ii) and (iii) we conclude in general form of H(Gn) is

H(Gn) =

[
(3b + 3)(n− 2)

2

] [
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
.

(2.6)

3 Cubic graphs attached with bridges and

relations among them

In this section, the different kinds of cubic graphs attached with bridges
relations of Harmonic index are established. Also, some useful remarks are
advertised.

Theorem 3.1. The Harmonic index of a bridge graph formed with the bridges
for the cubic graph of n = 4 vertices followed by 6 vertices is

H(G4,6) = (b−3)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.1)

Proof. A bridge graph B(G4, G6) = B(G4, G6; v1, v2) of a cubic graph of G4,6

is attached by a bridge in the same sequence. Then the bridge graph will have
the types (3, 3) , (3, 4) , (3, 5) , (4, 5) and (5, 5) of edges. The number of (3, 3)
edges is (b− 3) , (3, 4) edges is 6 , (3, 5) edges is (3b− 3) , (4, 5) edges is 2
and (5, 5) edges is (b− 2) . Hence, the resultant Harmonic index is

H(G4,6) = (b−3)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.2)
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Theorem 3.2. The Harmonic index of a bridge graph formed by cubic graph
of 6 vertices followed by 4 vertices for even and odd number of bridges
respectively is

H(G6,4) =

[
9b + 9

2

] [
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.3)

Proof. The sequence of B(G6, G4) = B(G6, G4; v1, v2) of a cubic graph of
G6,4 vertices are attached by a bridge. Then, the bridge graph of the types
(3, 3) , (3, 4) , (3, 5) , (4, 5) and (5, 5) of edges. The number of (3, 3) edges is
(9b + 9)/2 , (3, 4) edges is 6 , (3, 5) edges is (3b − 3) , (4, 5) edges is 2 and
(5, 5) edges is (b− 2) . Therefore, the Harmonic index results in the following
equation.

H(G6,4) =

[
9b + 9

2

] [
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.4)

Remark 1: The Harmonic index of the graph obtained by n = 4 and n = 6
vertices are attached by a bridge in a sequence. This sequence is followed by
another sequence of n = 6 and n = 4 vertices. The two sequences are
attached by a bridge are compared. The following relation is found.

H(G6,4) = H(G4,6) +

[
7b + 15

2

]
. (3.5)

Theorem 3.3. The Harmonic index of a bridge graph formed by cubic graph
of n = 4, 6, 8 vertices is

H(G4,6,8) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.6)

Proof. A bridge graph formed by considering 4 , 6 and 8 vertices as
B(G4, G6, G8) = B(G4, G6, G8; v1, v2, v3) . The vertices of n = 4, 6, 8 are
attached by two bridges in a sequence. Such a bridge graph will have the
types (3, 3) , (3, 4) , (3, 5) , (4, 4) , (4, 5) , and (5, 5) of edges. The number of
(3, 3) edges are (6b + 6) , (3, 4) edges are 6 , (3, 5) edges are (3b− 3) , (4, 5)
edges are 2 and (5, 5) is equal to (b − 2) . Hence, the resultant Harmonic
index is

H(G4,6,8) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.7)
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Theorem 3.4. The Harmonic index of a bridge graph formed by cubic graph
formed by vertices G8,6,4 is

H(G8,6,4) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.8)

Proof. A bridge graph formed by considering the arrangement as
B(G8, G6, G4) = B(G8, G6, G4; v1, v2, v3) are attached by two bridges in
a sequence. This bridge graph will be similar to the arrangement as
B(G4, G6, G8) = B(G4, G6, G8; v1, v2, v3) . Hence, the Harmonic index in such
an arrangement as

H(G8,6,4) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
. (3.9)

Remark 2: The Harmonic index is found to be equal for a bridge graph
formed by cubic graphs with vertices G4,6,8 attached by two bridges in a
sequence and the bridge graph formed by cubic graphs with vertices in the
reverse order, i.e., G8,6,4 and attached by two bridges in a sequence.

H(G8,6,4) = H(G4,6,8). (3.10)

Theorem 3.5. A bridge graph of a cubic graph is formed with vertices
n = 4, 6, 8 in a sequence. And this bridge graph is attached to another
bridge graph in the reverse sequence with n = 8, 6, 4 . This combined sequence
is repeated for varying number of bridges. The Harmonic index of such a
combined bridge graph in a sequence is

H(G4,6,8,8,6,4,4,6,8,8,6,4) = (6b+6)

[
2

6

]
+6

[
2

7

]
+

[
(3b + 9)

2

] [
2

8

]
+(2)

[
2

9

]
+

[
(b + 1)

2

] [
2

10

]
.

(3.11)

Proof. A bridge graph formed by considering 4 , 6 and 8 vertices as
B(G4, G6, G8) =B(G4, G6, G8; v1, v2, v3) of a cubic graph are in the order of
4, 6, 8, 8, 6, 4, 4, 6, 8, 8, 6, 4 vertices. A minimum of 5 bridges is necessary to
form such a combination. Such a bridge graph of the types (3, 3) , (3, 4) ,
(3, 5) , (4, 4) , (4, 5) and (5, 5) edges. The number of (3, 3) edges are (6b+6) ,
(3, 4) edges are 6 , (3, 5) edges are (3b + 9)/2 , (4, 5) edges are 2 and (5, 5)
is equal to (b + 1)/2 . Hence, the Harmonic index is

H(G4,6,8,8,6,4,4,6,8,8,6,4) = (6b+6)

[
2

6

]
+(6)

[
2

7

]
+

[
(3b + 9)

2

] [
2

8

]
+(2)

[
2

9

]
+

[
(b + 1)

2

] [
2

10

]
.

(3.12)
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Theorem 3.6. The Harmonic index of a bridge graph formed by cubic graph
with verticesG4,6,8,10 is

H(G4,6,8,10) =

[
(15b + 15)

2

] [
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
.

(3.13)

Proof. A bridge graph formed by considering G4,6,8,10 vertices as
B(G4, G6, G8, G10) = B(G4, G6, G8, G10; v1, v2, v3, v4) with G4,6,8,10 vertices
obtained. Such a bridge graph of the types (3, 3) , (3, 4) , (3, 5) , (4, 5) and
(5, 5) edges. The number of (3, 3) edges are (15b + 15)/2 , (3, 4) edges are
6 , (3, 5) edges are (3b− 3) , (4, 5) edges are 2 and (5, 5) is equal to (b− 2) .
Hence, the Harmonic index is

H(G4,6,8,10) =

[
(15b + 15)

2

] [
2

6

]
+(6)

[
2

7

]
+(3b−3)

[
2

8

]
+(2)

[
2

9

]
+(b−2)

[
2

10

]
.

(3.14)

Theorem 3.7. The Harmonic index of a bridge graph formed by cubic graph
of G10,8,6,4 is

H(G10,8,6,4) = (3b + 3)

[
2

7

]
+

[
(15b + 15)

2

] [
2

6

]
+ b

[
2

8

]
. (3.15)

Proof. A bridge graph B(G10, G8, G6, G4) =B(G10, G8, G6, G4; v1, v2, v3, v4) of
a cubic graph with G10,8,6,4 vertices is obtained by three bridges in a sequence.
Then, the bridge graph of the types (3, 3) , (3, 4) and (4, 4) edges. The
number of (3, 4) edges is (3b + 3) , (3, 3) edges is (15b + 15)/2 , and (4, 4)
edges is equal to the number of bridges attached. Then, the Harmonic index
is

H(G10,8,6,4) = (3b + 3)

[
2

7

]
+

[
(15b + 15)

2

] [
2

6

]
+ b

[
2

8

]
. (3.16)

Remark 3: The Harmonic index of a bridge graph, formed by cubic graph
with vertices G10,8,6,4 vertices in a sequence, is compared with the Harmonic
index of bridge graph formed by cubic graph with G10,8,6,4 vertices by three
bridges in a sequence and both are found to be equal.

H(G4,6,8,10) = H(G10,8,6,4). (3.17)
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Remark 4: The Harmonic index of the bridge graph formed by cubic graph
with G4,6 vertices is compared with a bridge graph formed by cubic graph with
G4,6,8 vertices. The resultant equality as shown

H(G4,6,8) = H(G4,6) +

[
5b + 9

3

]
. (3.18)

Remark 5: The relationship between Harmonic index of bridge graph
formed by cubic graph with G4,6,8,10 and G4,6,8 as shown

H(G4,6,8,10) = H(G4,6,8) +

[
b + 1

2

]
. (3.19)

Remark 6: The relationship between Harmonic index of bridge graph
formed by cubic graph with G4,6 vertices is compared with the bridge graph
formed by cubic graph with G4,6,8,10 vertices as shown

H(G4,6,8,10) = H(G4,6) +

[
13b + 21

6

]
. (3.20)
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