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Abstract.  Let E,, be the elliptic curve y2 = x3 — m, where m is
a squarefree positive integer and —m = 2,3 (mod 4). Let CI(K)[3]
denote the 3-torsion subgroup of the ideal class group of the quadratic
field K = Q(/—m). Let §3 : ),2 + mz? = x? be the Pell surface.
We show that the collection of primitive integral points on S3 coming
from the elliptic curve E,, do not form a group with respect to the binary
operation given by Hambleton and Lemmermeyer. We also show that
there is a group homomorphism x from rational points of E,, to CI(K)[3]
using 3-descent on E,,, whose kernel contains 3E,,(Q). We also explain
how our homomorphism x, the homomorphism y of Hambleton and
Lemmermeyer and the homomorphism ¢ of Soleng are related.
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1. Introduction

Let m be a squarefree positive integer and —m = 2,3(mod 4). Let
K = Q(+/—m) be an imaginary quadratic field. Any element of this field
is of the form a + bw, where ® = /—m, a,b € Q and its norm is
N(a + bw) = a®? 4+ mb?. Let Ok denote the ring of algebraic integers of K.
An element a € Ok is primitive if p { « for every rational prime p € N.

Let E,, : y2 = x3 — m be the associated elliptic curve. It is well known that
the set of rational points on it forms a finitely generated abelian group denoted
as E,, (QQ). Any rational point on E,, is of the form (;’5, fg) where r, s,t € Z

 with ged(r, 1) = ged(s, 1) =17 For standard definitions-and-tesults-on-elliptic-

curves, we refer to {9] and [10]. )
Let S, : y2 + mz% = x" with n > 2, a fixed integer, be a Pell surface.
In an interesting paper [7] by S. Hambleton and F. Lemmermeyer, it is shown
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that with respect to a binary operation defined on the primitive integral points
“of 8y, denoted by §,(Z), it forms an abelian group. They have also shown that
there is a surjective homomorphism y : S,,(Z) —> CI*(F)[n], the n-torsion
subgroup of the narrow class group of the quadratic field F = Q(+/A), where
A is a fundamental discriminant, more generally S,, : y2+a yz+ "ZA 72 =x"
and o is the remainder of the discriminant A.modulo 4. In the case we study
o =0and A <0. -

In §2 we quickly recall notations and some results in [7] which will be
needed later to prove our results in §3.

In §3 we relate the group E,, (Q), the quadratic field K and the primitive
integral points on the Pell surface S3 : y? + mz? = x3. We define a map
f : Ex(Q) —> $3(Z) by which we obtain primitive integral points on the
Pell surface S3. Let S3E (Z) denote the collection of all such points. Clearly
S£(Z) < S$3(Z). 1t is natural to ask the following questions: (1) Is the
inclusion proper? (2) Does S3E (Z) inherit the group structure from S$3(Z)?
In the same section, we show that the answer is yes to the first question and
no to the second question.

In §4 we define a binary operation on Ss.E (Z) under which it becomes a
group. :

On the other hand some questions about the class number of a quadratic
field-are related to solutions of Diophantine equations. For example it is well
known that the study of integer solutions to the Diophantine equation

X2-AY?=4Z", god(X,2Z)=1, A = afundamental discriminant, (1)

gives rise to a quadratic number field with class number divisible by n. For

each integral point (X, Y, Z), there is a corresponding ideal a = X—"'}éﬂ, Z)

in the ring of integers of Q(+/A) such that a” = (&L);LX ) Hence it generates
an ideal class of order dividing n. Likewise several authors have related
rational points on elliptic curves and ideal classes of quadratic fields, see [2],
[3] and [11].

In §3 we define a map g : E,(Q) —> Ok such that for any f € ¢
(En(Q)), the ideal {B) is always the cube of an ideal in D . Using this, later
in §5, we define a map « : E,(Q) —> CI(K)[3], the 3-part of the class
group of K. In the same section we show that x is a group homomorphism
whose kernel contains 3E,,(Q) using 3-descent on E,,.

Soleng [11] has considered a group homomorphism ¢ mapping a more
generally defined elliptic curve to the ideal class group CI(K). In the last
section §6 we show that the homomorphisms ¥, y and ¢ are related for the
elliptic curve E,,.
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2. Preliminaries on Pell surfaces

A binary quadratic form is a homogeneous polynomial of degree 2 in two
variables given by Qo(y, z) = ay2 + byz + cz2. If the coefficients a, b, ¢ are
integers, then it is called an integral binary quadratic form. The quadratic form
Qo(y, z) is said to be primitive if ged(a, b, ¢) = 1. Binary quadratic forms
come naturally from quadratic fields. Let F = Q(+/A) be any quadratic field
of discriminant A. Then

2472 if A =0 (mod 4)
¥z

N B
Qo(y, 2) [ + %AZZ’ if A =1 (mod 4)

y2 +

is the canonical principal binary quadratic form associated with F.
Thus, the binary quadratic form associated with the quadratic field

K =Q&/—m) withm > 0, —m = 2,3 (mod 4),

discriminant : — 4m, m squarefree )

is Qo(y, 2) = y* + mz2.

The Pell surface associated with the quadratic field K will be denoted as
Sn 1 Qo(y, z) = x", and in the present article we are interested in the Pell
surface S3 : y2 4+ mz? = x3. From here on we will always use K to mean
a quadratic field satisfying the conditions of (¥%). An integral point (x, y, z)
satisfying S, : Qo(y,z) = x" is said to be primitive if x,y,z € Z with
gcd(y,z) = 1. The set S,,(Z) denotes the primitive integral points of the
surface S,. A correspondence between integral points in S,,(Z) and integral
solutions_to_the Diophantine equation (1), which in fact is a bijection, is given

in [7]:
2y, z, x), if A=4m

X,Y,Z)= .
( ) [(2y+z,z,x), if A=4m+41

Let D% denote the nonzero elements of the ring of integers Ok of K. In the
case of this article, an algebraic integer of K may be written as y + z./—m
and there is a natural map 7o : S;(Z) — O% defined by mo(x, y,2) =
y + z/—m.Let N" = {a" suchthat a € N}. Then the set 9% /N" forms

"a group with respect to coset multiplication. The norm map induces a group
homomorphism N : O% /N" — Z*/Z*" defined as N(aN") = N(a)Z*",
where Z*" denotes the set of nonzero integer n-th powers.

___.As we make use of some results from [7] in the course of proving our results

in §3, they are stated below for the sakeof tlarity-and=completenesSrm—eee . _ -

Lemma 2.1. Leta € O%. If N(a) = a" for somen > 2,' then a is primitive
if and only if (@) + (&'} = (1).
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Lemma 2.2. Let a be a primitive element. If aN" € Ker N, then {a) = a”
is an n-th ideal power.

Theorem 2.3. The cosets of primitive elements in the kernel of the norm
map N : Oy /N' — Z*/Z*" form a subgroup 11, of O% /N". The map
n : Sp(Z) — 11, defined by n(x,y,z) = (v + z+/—m)N" is bijective; thus
Sn(Z) becomes an abelian group by transport of structure.

Definition 2.4. For (x1, y1,21), (x2,¥2,22) € 8u(Z) the group law on
Sn(Z) defined as (x1, y1, z1) ® (x2, y2, 22) = (x3, y3, 23) where

xix; yiya+ 4
(x3,¥3,23) = 2

3

72122 Y122 + y21 +az1zz)

en en
and
A—o n

ged | yiy2 + 2122, Y122 + Y221 +oz122 ) = €".

In the case A = —4m, the group law is
X1X2 Y1Y2 —mMZ122 Y122 + Y221
(x3, y3,23) = R o ) o

where

ged(y1y2 — mz1z2, yiz2 + y221) = €.

Proposition 2.5. The map y : S,(Z) — CIT(F)[n] given by .
w(x,y,z) = [a] where (y + zw) = a" is a surjective group homomorphism
018 ond o € {0, 1},

where w =

For proofs see [7].

3. Relation between quadratic fields,
elliptic curves and Pell surfaces

As before E,,, denotes the elliptic curve
y2 =x3—m. )

On the elliptic curve E,,, points (—’5 %) and ( (_’t 7 ﬁ;) are the same and
similarly the points (7, 5') and (( 7 T 1)3) are also identical. So, by taking
s > 0, we see that all rat10nal points on E,, are considered. Hence

En(Q)
r h)
= {(1—2, t_3) such thatr,t,s € Z, s > 0, gcd(r, t) = ged(s, t) = I}U{O}

where O is the point at infinity.
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On substituting (,-’2—, t%) in E,, we get,
s+ mt =r3. 3)

On the Pell surface S3 : y? + mz? = x> when z = 1, we obtain integer
points of the elliptic curve E,,. The set of all primitive integral points on S3
will be denoted by S3(Z). Comparing with equation (3), we see that points on
the elliptic curve E,, correspond to integral points on the Pell surface S3 in a
natural way, by the map

[ En(Q) — S3(Z)
(1,1,0), if P=0O

JP) = {(r,s,z?’), if P= (,Lz 5

) (™)

It is clear that this map is well-defined. As ged(s, ) = 1, integral points
(r, s, t3) on S3 coming from the elhptlc curve are all primitive integral points.
Denote the image, f (En(Q)), as S3 (Z). Clearly Sf (Z) € S3(Z). Also, any
point (r, s, £3) € S (Z) gives an integral solution (2s, 3, r) of (1) with n = 3.

Again from (3) we note that r3 = Norm of (s + 13 J?ﬁi_) in Ok. So, it is
natural to consider the map g : E,,(Q) — Ok defined by

Py = 1, if P=0
d + 3/ =m, 1fP_(t2,ts3>

As discussed earlier, by considering s > 0, the map g is also well defined.

Denote g(En (Q)as HE:

Now we prove that elements in HE are all primitive in Ok . For this it is
sufficient to show that for « € H¥, ideals (o) and {a’) are coprime in g
where a’ is the conjugate of a. Then, by Lemma 2.1, elements in HE are
primitive. We prove this below:

Lemma3.1. Let P = (3, %) be a rational point on En, for a squarefree
positive integer m, and —m #* 1(mod 4). Assume, as before, gcd(r,t) =
ged(s,t) = 1. Then the ideals {a) and (a') are co-prime in O%, where

a=gP)=s+13/“manda’ =g(—P) =5 —t3/—m
Proof leta = s+ t3/—manda’ =5 — t-3«/—m. Let p be a prime ideal
_such that __ L

plis +1°v/=m), plis ~1>~/=m). -

Hence

) +t3«/—m €p, s— t3«/—m € p.
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Thus p divides the sum 2s. This implies p|2 or p|s. Also,
23 =m = (s +2/=m) = (s —3/=m) € p

and so

263 (—m) = /=m(2:3/=m) € p.

If pis, as ged(s, 1) = 1, p must divide 2m. Suppose p divides m and s; then it
also divides r, as s2 + t5m = r3. Also norm of p divides both r and s. Hence
the square of the norm divides 3 — s2 = m15. As ged(s, 1) = 1, the square of
the norm divides m, a contradiction.

So, the only possibility for the prime ideal p is either it is above 2 or
p = (1). Suppose p is an ideal above 2, then p|N(a) = #3. Thus 2|r. We have
s2 = 0,1 (mod 4), —m = 2,3 (mod 4). This implies r3 = 52 — (—m)1® =
1,2,3 (mod 4). But r3 = 1,3 (mod 4) = r = 1 (mod 2). Thus r is odd,
a contradiction. Hence (a) and (a’) are coprime. a

Now we show that & € HE has an interesting property by using Lemma 2.2:
{a) is a cube of anideal in Ok .

Theorem 3.2. Let m be a squarefree positive integer with —m % 1(mod 4).
Let K = Q(/=m) and E,, : y*> = x> — m be the corresponding elliptic
curve. Forany P = (,Lz: ’%) € En(Q)\ O, with gcd(r, t) = ged(s, t) = 1,
the ideal (s + t3/—m) is the cube of an ideal, i.e., (s + t3/—m) = 3.

Proof Leta = s + t3x/—m € HE. Thén N(a) = r3 by equation (3).
~ As before the norm map induces a group homomorphism N : O% /N3 —
Z* /7*3 defined as N (aN?) = N(a)Z*3. The kernel of this map is

ker N = {aN? such that N(a)Z*? = Z*3},
= {aN> suchthat N(a) € Z*3}.
Let N¥ = {aN?® suchthat a € HE)}. Clearly If C ker N. Also by

Lemmas 3.1 and 2.1, a is primitive, and so by Lemma 2.2, the ideal (a) = a’
is the cube of an ideal. O

In [7] it is shown that S3(Z) is an abelian group with respect to the binary
operation given in Definition 2.4. Observe that the neutral element of S3(Z)
is (1, 1, 0). Similarly the inverse of (x, y, z) € S3(Z) is given as

(x: Y, _Z)5 if x>0

_(xa Y, Z) =
(x,-y,2), if x <0.

In fact, the identity (1,1,0) € S3E (Z) as this corresponds to the point at
infinity on the elliptic curve E,,. Also, for (r, 5, >) € S£(Z), the inverse point
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is (r, 5, — r3), since we must have # > 0, because s2 = r3 — mt® > 0

and m > 0. This coincides with the inverse (t%, —3) of the point (%, ,%)
of E,,(Q). Thus, the set Sf (Z) has the identity, and every element in it has
an inverse with respect to the binary operation @ of S3(Z). However, with
this binary operation the set S3E (Z) is not a group. We illustrate it with the
following example: ‘

Example 3.3. For m = 26, Eyg : y? = x> — 26. The two points P =
(3,1) and Q = (35,207) on Eyg correspond to (3,1,1) and (35,207,1)
respectively in S3E (Z)). The discriminant of K = Q(+/—26) is equal to —104.
Thus the group law on the Pell surface S3 corresponding to this discriminant is

x1x2 y1y2 — 262122 ¥122 + Y221
(1, ¥1,21) @© (x2, y2, 22) = ( 7 3 ) 3 )
e e e
where
ged(y1y2 — 262122, yiz2 + y2z1) = €.
Therefore

(3, 1,1) & (35,207, 1)

3x35 1x207-26x1x1 1x1+207x 1
e2 &3 ‘ ’ e3

= (105, 181, 208) since gcd(181,208) = 1.

This shows that S3E (Z) is not closed under the binary operation & of S3(Z).
Clearly (105,181,208) € S3(Z) but (105,181,208) ¢ SE(Z). Hence
53 (Z) ¢ $3(2).

- Let F'be any quadratic field Anelement-f € F-is said-to-be-totally-positive.. .. __
if N(B) > 0. Let P;f be the group of principal fractional ideals (8) = fOF
where N(f) > 0. The quotient group /r/ P; is called the narrow class group
CI*T(F) of F. For imaginary quadratic fields, the norm of any element is
positive, thus the class group and the narrow class group are identical. The
collection of ideal classes of order dividing » in F forms a subgroup of CI(F)
and is called the n-part of the ideal class group, denoted as CI(F)[n].
By applying Proposition 2.5 to S3(Z) and the field K we get a surjective
homomorphism  from §3(Z) to CI(K)[3].
Consider the diagram .

. En(Q)

CUEK)3]
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. Here f is as defined in (#) and y is the surjective homomorphism defined
in §2 (Proposition 2.5). We note that f is injective but not a homomorphism
since f(En(Q)) = S3E (Z) is not a subgroup of S3(Z). Also, the image of f
is not equal to the kernel of . The followmg example illustrates it. '

Example 3.4. Let K = Q(+/=53) and Es3 : y* = x3 — 53, where —53 ;é
1(mod 4). Let P = (29, 156) € Es3(Q). Then f(P) = (29,156,1) €
f(Es3(Q)). However, w(f(P)) = (156 + +/=53) = b where b = (29,
114+/—53). We show that the ideal (29, 11++/~53) in Ok is not a principal
ideal. Say (29,11 + /=53) = (B). Then, since 29 € (29, 11 + /—53) we
have 29 € (B), so B|29 in Ok. Writing 29 = By in Ok and taking norms,
we have 841 = 292 = N(B)N(y) in Z. So, N()|841 in Z. Similarly, since
11 + /=53 € (B) we get N(B)|174 in Z. Thus N () is a common divisor of
841 and 174 = 29 - 6 in Z. So, N(B) is 1 or 29. Since N(B) = a® + 53b?
where a, b are in Z, N(f) # 29. Therefore N(ff) = 1, so B is a unit
and (1) = (B). Thus 1 € (B). Hence there exist a and 6 in Dk such that
29a + (11 4+ +/=53)6 = 1. Multiplying both sides by 11 — /=53, we have
29{(11 — /=53)a + 668} = 11 — /—53, so that 29 divides 11 — /=53 in Ok.
Thus N(29) = 841 divides N(11 — ~/—53) = 174 which is a contradiction.

So, (29, 11 4+ </—53) is not a principal ldeal in Ok. Hence f(P) is not in the
kernel of . ‘

4. A Group law on Sf (Z) from E,,(Q)

By using the binary operation on E,,(QQ) we define a binary operation on
S3E (Z) with respect to which Sf (Z) becomes an abelian group. We recall
that E,, (Q) is an abelian group with respect to the group law given by the -
following formulae:- ' ,

Let Py = (x1, y1) and P, = (x2, y3) be rational points on E,, and define 1
as
ﬁ—:%, if P # P,

3x2 .
WIL’ if Pr=P

A=

Then P3 = Pi+ Py = (x3, y3) withx3 = 22—x1—x2, y3 = A(x] —x3)—y1.
The map f : E, (Q) — Sf (Z) is as defined in (#) and is given by

£P) 1,1,0), if P=0O
(T,S,[3), lf P (t2sts3)
This is indeed a bijection. Thus, by -transporting the group structure of E,, (Q)

to Sf (Z), the set S3E (Z) becomes an abelian group. We now define the binary
operation on S¥ (Z):
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Let u; = (ri, s, t3)(i = 1,2) be elements in S3 E (Z). These elements
correspond to P; = (7%’ —'3-) on the elliptic curve E,,. We show that the sum

Py =P+ P corresponds to an element u3 € S3 (Z), with uz = uy * up
where * is defined using the group law on elliptic curves as follows:

Case I. 52%7& 5 and ) = (;f J)/(l —11-) Hence

z 1371842
2
2 N r S2t13 — 5] tg’ ry r
J\3=7~——2——2= ——Qm—xnl T3 3
oot tin(rat} — ri3) tr ot
’ S2[13 — 51 123 ri s1
y3=).(X1—JL3)—y]=_—2__—— - = 3 -3
tip(raty —r11‘2) 4 5

This enables one to ﬁnd u3 € S3 (Z).
Define S_ = szt1 —sltz, R_ = ] —r1t22, Ry = r2112+r1 122 andT = tit.
On simplification and by using above notations we get

ST R.R?

W= TTRI2

y RZRyS_ + T?R2 (sar1t; — s1ratp) — S°
3 —_

RT3
Hence (r3, 53, t33) is given by
r3= 8% — R R
s3=RZR.S_ + T2RZ(sar1t) — s1r2t2) — S°

3 33
13 =R’T",

ro__r __ _(r s _ 32
Case II. ;:i—-%—rz,andP_(—z,—j),A_ZS—r.

N

Hence
or4 2r 9r4 — 8rs?
37T 4522 _ 7 45212
32 r ot —8rs? s 36r3s% —27r% — 8s* )
PEwm\2 T T )BT 85313

Thus for uy = uy = (r, s, t3) we have (r3, s3, t33) where
e 3=t 8
s3 = 36r>s? —27r% — 85*
= (2s1)3.
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In both the cases, certainly (r3, 53, 133) satisfies the equation of the Pell surface
S3, but it need not be primitive.

Now if (x,y,z) is any primitive point on the Pell surface S§3 then
', y,7) = (@, d3y, d3z) will also lie on S3 for any integer d. Thus, if
(x,y, z) is not a primitive point, then ged(x, z) = d? and ged(y,z) = 43
for some integer d > 1. Let (r4, sa,23) = (r3/d?, s3/d>, 5 /d%). Define

us = (ra, 54, 3):

With this binary operation, §; E (Z) is an abelian group: the identity element
is (1, 1,0), the inverse of (r,s,#3) is (r,s, —3). We illustrate it with an
example:

Example d.1. Ler Exg: y2 =x3—26, u; = (3,1, 1) and up = (35,207, 1)
bein S5 E(Z), which correspond to the elements P = (3, 1) and Q = (35, 207)
respectrvely in Ex6(Q). Thus, we have ry = 3, 51 =1, 1 =1, ry = 35,
sp =207, b =1,and S— = 206,T =1, R_. = 32, R, = 38. Hence
rs = 3524 = 881 - 22, 53 = 125880 = —23-3 - 5. 1049, B =32768 =
215, As (r3, 53, t3) is not a primitive point, we consider us = (r4, s4, t4) =
(r3/d?, s3/d®, 13 /d3) = (881, —15735, 4096). Clearly uz € S (Z). Also u3
corresponds to the rational point P3 = ggé, %3635) € Ers. .
Similarly foruy = uy; = (3,1,1) wegetry = 705 = 3-4-47, s3 =
—18719, 133 = 23. As ()‘3,.93,t33) is a primitive point, uz = (r3,S3,t§’) =
(705 —18719, 8). This corresponds to (705 ']8719) =2P ¢ E26(Q) where
=G, 1.

5. A homomorphism from E,, (Q) to the 3-part
of the class group of the quadratic field Q(+/—m)

In this section we give a group homomorphism from E,, (Q) to CI(K)[3]
using 3-descent on E, (Q). For the curve E,, a 3-torsion point T is

—+/—m). There is a natural norm map N : K* — Q* given by
N(a + by/=m) = a* +.b?*m for a, b € Q. This induces a homomorphism;
K*/K* — Q*/Q*, which will also be denoted by N. Let G3 =
{y K*3 such that N(y) = >, ¢ € Q*}. Thenker N = Gs.

Lemma 5.1. Let m be a squarefree positive integer with —mm # 1(mod 4).
Let K = Q(«/—m) and let En, : y* = x> — m be the corresponding elliptic
curve. Let P = (’2, Iﬂ) € E,(Q), with gcd(r,t) = gcd(s,t) = 1, and
G3 = {y K*3 such that N(y) =13, t € Q*}. The map

a:En(@Q — K /K*3 o (72,[—3) — (s + 3/—m)K*>

is a group homomorphism.
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Proof. The 3-descent map, given in [5] (pp. 563), applied to the elliptic curye
E,, is:

5:En(Q) — K*/K*

5(1)) — (y*_::- vV —I’II)K*3, ]f P = (JC, y)
K*, if P=0.

Observe that (s 4 13/—m)K*? = (r% + «/—m)K*3 = (y + /=m)K*3.
Since the 3-descent map ¢ is a group homomorphism, it follows that a is a
group homomorphism. g

Lemma 5.2. Let m be a squarefree positive integer with —m ¢ 1(mod 4),
let K = Q(/=m), Em : y?> = x> —m, and E,, : 5% = 33 + 27m. Let
P = (1'2, ,Ss) € En(Q) with ged(r, 1) = ged(s,t) = 1. There is an exact
sequence of group homomorphisms

a K* N Q
K*3 Q*?’

where a : P —> (s+13/—=m)K*3and $ : (3, ) —> (3'3*9‘;28’", {'('('3222;6'")).
3En(Q) is a proper subgroup of ¢(Em(Q)).

—— Proof. Clearly there is an exact sequence of group homomorphisms:

o K* N Q*
K*S (W

where, Em : 5)2 = 23_+ 27m and éﬁ is as given in [5] (pp. 558-559),

A (23 4£108m (%3 —216m =
$(P) = 108m Y& —216m) )
9x 27x

3

This point satisfies y2 = x> — m 'since when we replace x with x 'HOS’" and

&W1ttr'(*'“2'6"’)-1n -y2=x3 4 m_= 0 and factorize the result we obtam

3% -3 —27m)(x —216m)2
' 729x6
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Let us compute 3P on E,,, where P = (x, y) and 3P # O.

x* +8mx  x% —20mx3 — 8m?
4y2 7. 8y3 ’

3P=(x,y)+(

x* + 8mx

= ()»2 - X — —Zyz—, l(x —x3) —y), where

x8—20mx3-8m? _
253
P —
x+8mx
4y?

x6—20mx3-8m2—8y?
8y3

x“-f-8mx—4x22
4y?

x6 — 20mx3 — 8m? - 8y*
2y(x* + 8mx — 4xy?)
x% —20mx3 — 8m? — 8(x3 —m)? .
2y(x4 + 8mx — 4x(x3 — m))
x6 — 20mx3 — 8m? — 8x% + 16mx3 — 8m?
C2y(x* + 8mx — 4x4 + dmx)
7x6 + 4mx3 + 16m?
- 6xy(x3 — 4m)

—X

.3

H

Therefoye

: 4 6 3 _ g2

- x* 4+ 8mx x° —20mx° —8m
3P = N s 3
. - (X y) +( 4y2 . 8y3 )

9 x* + 8mx
(2 -T2 i —xm) -y ),
4y

_ x2 + 96mx® 4 48m2x3 — 6‘4m3
- 9x2(x3 — 4m)? ’

y(x3 + 8m)(x? — 228mx® + 48m2x> — 64m?)
27x3(x3 — 4m)3 ’

3 3 _
_{”r + 108m’ qg(p° — 216m) . where
9p? 27p° |

3 _ 3 A
&, q)=(" A 2 Jgg’”))e En(Q see [5].
X X
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Since

ker & = ¢(En(Q)
B {P B (23 +108m $(2® — 216m)

, — € E 32 =33+ 27m ,
This shows that 3E,,(Q) C ker a.

Conversely, let P = (x,y) € ker a. Then there exist p, g € Q satisfying
q = p3 4+ 27m and

p3 4+ 108m
=5z
q(p3 —216m)
y= ——27])—3——
However if we try to solve for p, ¢ we donot get (p, ) = (’i;zﬂ'—’, L(f%s—"'))
This shows that 3E,,,(Q) # ker a. )

Theorem 5.3. Let m be a squarefree positive integer with —m # 1(mod 4).
Let K = Q(/=m), and E,, : y* = x> — m be the corresponding elliptic
curve. Let P = (l%, [—33-) € En(@Q\ O, with ged(r,t) = ged(s,t) = 1,
then (s + t3/=m) is the cube of an ideal, i.e., (s + t3/—m) = a3, where

= (r,s + 13\/=m). There is a group homomorphism k : En(Q) —
CI(K)3] defined as x(P) = [a], whose kernel contains 3E,, (Q).

Proof. The™first—part—is.__already proved in Theorem 3.2, ie.,

(s + 3/=m) = . Now, let us prove th‘ﬁt“th‘e—map-rc_is_a.,gr_ogp
homomorphism. Let yp, = sl/tl, yp2 = sz/r2 and yp, = s;«;/t3 for

P;, P, P3 € E;y(Q). Let (s1 + 3 30) = a3, (s2 +t2w) = b3 and (s3 + t3co)

, where @ = +/—m. Then x(P;) = [a], x(P2) = [b] and x(P3) = [c].
To show x is a homomorphism we need to prove k(P + P2) = [ab] =
[a][b] = x(P1)x(P;). This is equivalent to proving x (P1)x(P2)x(P3) = (1)
for collinear rational points Py, P, P; € E,;(Q). We know by Lemma 5.1
that the map a :. E,(Q) — K*/K*? is a homomorphism. Hence,
a(Pa(Py)o(Ps) € K*3,ie., (s1 +w)(s2 +13w)(s3+ 3 w) is a cube in K*.
Hence, (s1+t3co)(sz +'t§w)(S3+t3w) B3 (say). This gives, ab3¢3 = (8)3.
This implies abc = (f). Hence K(Pl)K(Pz)K(P3) (B), a principal ideal,
T Tthe idetitity-of-CL(K)[3].

e ST
We know that 3P € ker a. Thus, o (3P) 5% Cibessay-y 3 for.some me.y € K*.
Hence for any P € E,(Q), x(3P) = [b] where b is the pnncxpal ideal ——
generated by y . Hence 3E,,, (Q) C ker k. ‘ |
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Example54. Let K = Q(/=79) and E79 : y* = x3 — 79, where
—m = 1(mod 4). Then E19(Q) is generated by P = (20, 89). The ideal
{89 + /=79) = p1p2q>, where (2) = pip2 and q is a prime ideal above 5.
This shows that the condition —m $ 1(mod 4) in the above theorem cannot
be dropped.

Example 5.5. Let K = Q(v/=26) and Es : y? = x3 — 26, where —m %
1(mod 4). Then Ex(Q) is generated by P = (3,1) and @ = (35, 207).
Also P 4+ Q = (881/256, —15735/4096). Then we have (1 + ~/—26) = p3,
207 + «/—2 = @, (—15735 + 40964/—26) = p3,. The ideals

((3, /=26 + 1)) and pgg; = {((881, /=26 + 624)) generate ideal
classes of order 3 whereas the ideal a = («/—26 — 3} is principal.

6. Conclusion

S

Soleng’s homomorphlsm given in [11] applied to E,, (Q) is¢: (5, 5)

[(r, —ks + /—=m)), where k> + Ir = 1. Let a = (r,s + t3/—m),
b= (r,—ks+/—m)and ¢ = (r, —ks — /—m). Then ¢ C a since

—ks —«/—m = —l/—m(r) — k(s + £/ —m).

Also, since s + 13/=m = Is(r) — t3(—ks — r/—m), a C c. It follows that
a = ¢. To show that bc is principal, observe that the conjugate ideal ¢ = a of
¢ = ais equal to b. It follows that ab = (Na), the principal ideal generated
by the norm of a, see [6]. It follows that the classes of the ideals a and b are
inverses in the ideal class group of K. This means that the homomorphism
k and Soleng’s homomorphism ¢ are quite similar. The prec1se relatlonshlp,
when Soleng’s elliptic curve is Ey,, is

x(P) = (p(P)~".
But Soleng did not show that when the elliptic curve is E,,, the image of ¢
belongs to CI(K)[3].
Similarly there is a relation between the homomorphism y given by
Hambelton and Lemmermeyer and the homomorphism x which is given in
the following diagram:

En(Q)

K

CI(K)[3]

¥
F(Em(Q) = 5§(2) — S3(2)

As shown towards the end of §3, f is not a homomorphism. However, the
diagram commutes, i.e., f o ¢ = k.
All computations were done using Sage.
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