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Distribution of prime ideals across ideal classes in the class groups
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Abstract. In this article we investigate the distribution of prime ideals of residue degree bigger than one across the
ideal classes in the class group of a number field L. A criterion for the class group of L being generated by the classes
of prime ideals of residue degree f > 1 is provided. Further, some consequences of this study on the solvability of
norm equations for L/Q and on the problem of finding annihilators for relative extensions are discussed.
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1. Introduction

In this article, L and K denote number fields such that K is a subfield of L. We assume that L/K is Galois and
write G := Gal(L/K). Letp be a prime ideal of L, p denote the prime ideal of K below p. The residue degree
[OL/p : Ok /p] will be denoted by resk (p), and when K = Q we should simply write res(p). Also we let £ be an
odd prime number and fix a primitive 65‘ root of unity ¢¢. Let Q(¢¢) denote the subfield of C obtained by adjoining
Ze to @. An important result in algebraic number theory is the following theorem, which is one of many density
theorems.

Theorem 1.1. FEvery ideal class in the class group of L contains infinitely many prime ideals p of residue degree
one, that is, res(p) = 1.

Let ¢ be an ideal class in the class group of L and p be a prime ideal in ¢. If p denotes the rational prime lying
below p then, by Theorem 1.1, one may assume that p is unramified in L/(Q and the following factorization holds

por= J] ow.

s€Gal(L/Q) _

Thus, for N = 3, cGa1/q) ¢ We have

= [p1Y = [(P)],

which is trivial. This shows that N annihilates the class group C£(L). But N is not very useful as annihilator, as in
applications of annihilators, mostly one uses (1 — ¢ )@ for annihilation, where 8 € Z[Gal(L/Q)] is any annihilator of
the class group of L and o € Gal(L/Q) is the complex conjugation (e.g. see the works of Mihailescu on Catalan’s
conjecture, in [15] or [2]). .

There are various accounts of finding elements in the group ring Z[G] which annihilate the class group C€(L) of L.
When K = (Q, the Stickelberger theorem is a celebrated result in this direction (see [9] or [17]). In full generality
(that is when K is arbitrary) there is no description of elements in Z[G] which annihilate the class group C£(L)
(though there are some results in special cases, see [4] or [14,16]). On the other hand, if X has class number one,
then it is easy to see (for example, as illustrated after Theorem 1.1), that the G-trace N = 3 . o annihilates the
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class group C£(L). The perspective taken in this article is to explore an analogue of Theorem 1.1 for higher residue
degrees and possible consequences. For extension L/ K, we define the set

RE = {f e N: C&(L) is generated by classes of unramified prime ideals p with resﬁ ) = f}).

From Theorem 1.1 it follows that 1 € R% for any extension L/K. For L = Q(¢¢) and K = Q, Kummer had
proved this using only algebraic tools (see [8] or chapter 9 in [15]). This algebraic proof has been further extended
by Lenstra and Stevenhagen in more general set-up (see [11]). To the best of our knowledge, the following question
(which can be seen as a generalization of Theorem 1.1) has not been addressed in the literature.

Question 1. 'When does the set IR% has more than one element?

The question is interesting only when the class number of L is bigger than 1. When G is cyclic and K has class
number 1, then each element of .'R’;( gives rise to an annihilator of the class group C¢(L).Let f € .'le and let G’ be
the unique subgroup of G of order f.If {01, ..., 0.} is a complete set of representatives of the elements of G/G’,
then we putfy = Zf=l-o,~ and prove the following theorem. :

Theorem 1.2. Consider a cyclic extension L /K of number fields. Then at least one of the following holds:

(1) the class number of K is bigger than one,
(2) the element 05 annihilates C{(L) for each f € RE.

For f = 1 we have § = N, the G-trace. Using Theorem 1.2, in section 3, we shall show that for the fields
L = Q(23) and K = Q we have RE = {1}. Next, we give a criterion to determine if a positive integer f is in R
or not. For this, let H := H(L) be the Hilbert class field of L (maximal unramified abelian extension of L). Then
H/K is Galois (see Lemma 1) and we have a short exact sequence

0 — Gal(H/L) —> Gal(H/K) — Gal(L/K) — 0. | : )

For any ¢ € Gal(L/K) we use & for any lift of ¢ to H, thatis, &
position to state the criterion.

€ Gal(H/K) and 6 1= o. Now we are in a

Theorem 1.3. For an integer f > 1, the ideal class group C£(L) is generated by the classes of prime ideals p with
resk (p) = f if and only if the set

() : 6 € Gal(L/K) and the order of 5 is f)}
generates the group Gal(H/L).

We give a proof of Theorem 1.3 in the next section. The proof also demonstrates that the size of the subgroup
generated by the set {(5)/ : 0 € Gal(L/K) is of order f} measures the size of the subgroup of the class group which
is generated by the classes of prime ideals p with res’,; (p) = f. This can be exploited to study the (absolute) norm
equations. The study of solvability of norm equations for number fields and algorithms to determine solutions to
norm equations are well pursued (see [6,1,5,3] and references in there). The special case 325‘( = {1} has an immediate
bearing on the solvability of the norm equations. In this direction we give the following sufficient condition for the
solvability of norm equations.

Theorem 1.4. Let L be a number field whose class number is a prime number. If fRé = {1} then the norm equation
INL/@(x)| =a,a=0 )

is solvable whenever the prime divisors p of a are unramified, of residue degree bigger than 1 and v ,(a) is a multiple
of the residue degree of p. Here v,(a) is the p-adic valuation of a, that is, the highest power of p which divides a.

The only reason for considering the absolute norm equation in Theorem 1.4 is that we can not say, in general,
whether —1 is a norm or not. Thus, if the extension L/Q is not totally real then in Theorem 1.4 we can replace
equation (2) by

Npjg(x) =a.

In section 3, Theorem 1.4 is used to give a very concrete description of the solvability of the norm equations for the
extension Q(¢23)/Q in a very elementary way (see Theorem 3.3).
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2. Proofs
We begin this section with a proof of Theorem 1.2.

Proof of Theorem 1.2 If the class number of K is bigger than one then nothing to prove. So we assume that the
class number of K is one. Let ¢ be an ideal class in C£(L). Then

c= [Pl][Pz'] [P

for unramified prime ideals p1, ..., p, of residue degree f. Thus it is enough to prove that f; annihilates all the
unramified prime ideals of residue degree f.

Let p be an unramified prime ideal of the residue degree f in L and let p be the prime ideal of K lying below p.
Let Dy, denote the decomposition group at p. Then Dy, is the unique subgroup of G of order f and it does not depend
onp.If {01, ..., 05} is a complete set of representatives of G/ Dy, then {0 (p) : 1 < i < g} is the set of all conjugates
of p. Thus the factorization of pQ, is given by

g
pOL = [ o:(p).

i=1
Since 8¢ is a multiple of Z§=1 o; by some t € Dy, it follows that
p% = 2(pOL)
is principal. Thus 8 annihilates the class group C¢(L). ]

To prove Theorem 1.3 we need some preliminaries. We begin with the following elementary lemma (as was
indicated in section 1).

Lemma 1. If L/K is a Galois extension of number fields and H is the Hilbert class field of L, then H/K is Galois.

Proof. We fix an algebraic closure Q of Q. Let 6 € Gal(Q/K), then o (L) = L, as L/K is Galois. We observe
that the extension ¢ (H)/o (L) is abelian and unramified. That is, the extension o (H)/L is abelian and unramified.
From the maximality of H it follows that ¢ (H) C H, proving that H/K is Galois. 0

For an unramified prime ideal p in L, let (f}’f) denote the Frobenius of p with respect to the extension L/K.
If L/K is abelian then we also write ( o, K) for ( I/ K) where p = p N Q. From the definition of the Frobenius, we
have the following lemma (see page 127 in [7]).

Lemma 2. Let L/K be a Galois extension of number fields and let F be an intermediate field such that F/K is
Galois. Then for any unramified prime ideal p of L one has ( /% ) F= ( F/K )

Next we recall the Chebotarév density Theorem (see [10]). For any ¢ € Gal(L/K), let Py k(o) denote the set of
prime ideals p in K such that there is a prime ideal p of L above p such that (77 ) = 0.

Theorem 2.1 (Chebotarév Density Theorem). Let ¢ € Gal(L/K) and C, stand for the conjugacy class of o
then the density of Pr k(o) is |Cs|/[L : K]

Proof of Theorem 1.3 For any ¢ € Gal(L/K) of order f, it is immediate to see that
@) | L =id,
and thus () € Gal(H/L).
Assume that the set { (a)f o € Gal(L/K) and the order of o is f} generates the group Gal(H/L). Let ¢ be an

ideal class in C£(L) and t be the corresponding element in Gal(H /L) under the Artin isomorphism between C£(L)
and the Galois group Gal(H/L). Then there is a prime ideal p in ¢ such that

(#72)-
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From our assumption, there are elements g1, ..., o, in Gal(L /K) of order f such that
=@ ... 6).

By Chebotarev density theorem, for each i, 1 < i < r there exists prime ideal g; of H such that

Letp; = s NQy fori = 1,...,r. Then from Lemma 2 it follows that (Z}&If) =g;,fori=1,...,r. Sinc¢ the
order of g; is f, we conclude that the residue degree of p; is f. Next we note that

B N _ NS
(H/L) = @)

Since H/L is abelian, we get

PiY 6y
(w7z) = @"

(H’;L) - (I;/IL)(I;/L)

From the above equality, it follows that ¢ = [p1]...[p,], as desired.
Conversely assume that the ideal class group C£(L) is generated by the classes of prime ideals of residue degree f.
Lett € Gal(H/L) and let ¢ be the ideal class corresponding to 7 under the Artin isomorphism. By our assumption,
there are prime ideals py, . .., p, of residue degree f such that ¢ = [p1]...[p,]. Puto; = (21”7'?), fori =1,...,r.

Then it follows immediately that o; is of order f and = = (1) ... (d,)/. This proves the Theorem. O

This leads to

Remark 1. From the proof of the Theorem 1.3, it is immediate that the size of the subgroup generated by the set
{(6) : 6 € Gal(L/K) is of order f} measures the size of the subgroup of the class group C£(L) which is generated
by the classes of prime ideals of residue degree f. In particular, if the class number of L is prime and f ¢ IRI;( then
all the prime ideals of residue degree f are principal in L.

Proof of Theorem 1.4 Let p be a prime of residue degree f > 1 which is unramified in L. We shall show that there
is an element a € L such that [Nk (a)] = pf . Since the class number of L is a prime number and fRé = {1},
the subgroup generated by the set

{(G)! : 6 € Gal(L/K) and the order of ¢ is f}

is trivial. Consequently, from the Remark 1, all the prime ideals p of L above p are principal. Let p be a prime ideal
of L dividing p and a be a generator of p. Then we have

INLjg(a)| = p7.

The theorem follows at once from the multiplicative property of the norm map. a

3. An example

In this section, we consider the fields L = Q(¢23) and K = Q and show that R% = {1}. Note that, the condition
‘unramified’ in the definition of fRﬁ is redundant in this case. If p is a prime ideal in Q(¢¢) of residue degree f then
f122,and thus f € {1, 2, 11, 22}. We shall show that for no f € {2, 11, 22} each ideal class of L can contain a prime
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ideal of residue degree f. Since the class number of QX(¢23) is bigger than 1, it follows that f = 22 is not possible.
So it remains to show that f = 2 or f = 11 is not possible.
Before proceeding further, we recall some results on cyclotomic fields which will be needed. Let h? and hg

denote the class numbers of Q(¢y + (f'l) and Q(¢¢) respectively and put h, = hg/ h}'. Let G be the Galois group
Gal(Q(¢e)/Q) and S denote the Stickelberger ideal in Z[G]. It is well known that [Z[G] : S] = h, . We now describe
a basis of S (see chapter 9 in [15]).

For each a > 1 with (a, £) = 1 we define

£—1

0, = Z [%;J a’i—l,

i=1

where o; : {p —> (} and | x| denotes the largest integer not bigger than x. Further we put f; = ;11 — 6;. Then we
have following Theorem due to Kummer.

Theorem 3.1 (Theorem 9.3, [15]). The elements f1, ..., f(p—1)/2 together with the G-trace N = Y . o forms
aZ — basis of S.

We recall following fact (see Theorem 1.1 in [12]).
Theorem 3.2.  We have h} =1for € < 100.

Now we fix £ = 23, we have hy3 = h;,. Thus, if § € Z[G] annihilates the class group of Q(¢23) then 6 must lie
in §. In the case of Q(¢23), we have

= 0oi, where I ={2,16,5,20,13,19,9,17,15,11,22},

ieh
=Y 0;, where I={3,18,7,21,13,19,9,17,15,11,22},
ieh
= Zai, - where I3 = {4,10,2,16,5,20,9, 17,15, 11, 22},
ielh
fi= Zai, where I4 = {2, 16, 5,20, 13,19,9, 17, 15, 11, 22},
i€ly
=Za,', where Is = {6,3, 18,2, 16, 13, 19, 9, 15, 11, 22},
i€ls
=Zai, where Ig = {10,7,21,5,20,19,9, 17, 15,11, 22},
i€.15
=ZU,~, where I = {8,4,18,2,16,20,13,9,17, 11,22},
ielh
=Za,-, where Ig = {3,21, 16,5, 13, 19,9, 17, 15, 11, 22},
viely - S . N
=ZU,', where Iy = {14, 10,7, 2,5, 20, 19, 17, 15, 11, 22},

iely

fio = z oi, where Ij0={18,21,16,20,13,19,9,17, 15,11, 22},

ieho

fi=> o, where Iy ={12,6,4,3,7,2,5,13,9,15,22}.

ieli1
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If the class group of (Q(¢23) is generated by prime ideals of residue degree 11 then by Theorem 1.2 the element 643 .
is an annihilator of the class group of Q(¢23). Thus we have 8;; € S. Hence, from Theorem 3.1, there are integers
agp, . . ., ai1 such that

611 = aoN + a1 fi +- - +an fu. ‘ (3)
For any prime ideal p of Q(¢»3) of residue degree 11 the decomposition group is
Dp = {02’ G4, 08,016, 09, 018, 013, 03, 06, 012, Ul}'

Thus {o, o5} is a complete set of coset representatives of G/Djp. Note that any other set of coset representatives of
G/Dy is a multiple by an element of Dy. Hence, without loss of generality we take

611 = 01 + os. ] ‘ @

Comparing the coefficients of a; in equations (3) and (4) we obtain a contradiction as explained belc;w.
Comparing the coefficient of o7 leads to ag = 1 and comparing the coefficient of o1 leads to aj; = —1. On the
other hand comparing the coefficients of o7 gives '

l+ai+ay+---+ai0=0 5)
and from the coefficients of o237 we obtain

l+aj+ay+---+apn =0. (6)
Equations (5) and (6) together give a;; = 0 which contradicts to @a;; = —1. Thus 811 € S and it follows that the

class group of (Q(¢23) is not generated by the classes of prime ideals of residue degree 11.
Next, we show that the class group of Q(¢23) is not generated by the classes of prime ideals of residue degree 2.
If p is a prime ideal of residue degree 2, then the decomposition group at p is

Dy = {01, 022}.
As done earlier, we may assume that
=01+ ---+o011. . @)

From Theorem 1.2 8, annihilates the class group of (Q(¢23) and thus 6, € S. From Theorem 3.1, there are integers
agp, ..., daji such that )

6 =aoN + a1 fi + -+ a1 fu1- (8)

The equations (7) and (8) leads to an inconsistent system of equation in ¢;, 1 < i < 22 and this is summarized below.

Coefficients of a; gives ag = 1, coefficients of og gives a7 = 0 and coefficients of o1, gives aj; = —1. Using
these, the coefficients of g4 gives a3 = 1 and coefficients of gg gives as = 1. Using these values in the relations
obtained from coefficients of o1 and o2, further leads to ag = 0. Now coefficients of o14 leads to as = —1. In same
way, coefficients of o7 leads to aj = —1, coefficients of o9 leads to ag = —1. Further the coefficients of g9 gives
ajp = 0. Now we see that the coefficients of o3 and that of a7 lead to the inconsistent system

a+ag=-1 and ap;+ag=0.
Thus we have proved that
:R%(Cﬂ) ={1}.

Remark 2. Proceeding along the same line, we have made computations for L = Q((29) and K = Q and found
that RE = {1}.
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Now we give a complete description of solvability of norm equations for Q(¢23)/Q. Since the splitting type of any
rational prime g in Q(¢23) is well understood (see chapter 3 in [17]), the description in Theorem 3.3 is the best one

can expect. If we let Ng(m) to also denote the norm map from the group Jo(,,) of ideles of Q(¢23) to the group Jg
of ideles of (Q, then the quotient group

Q* N NQ(CB)(JQ(CB))/NS(CH) Q(23)*)

is finite and its cardinality is the knot number of Q((zg) (see [3]). The next theorem asserts that the knot number of

Q23)is 1.
Theorem 3.3. For any a € Q the norm equation
Ng((zs)(x) =a
is solvable if and only if v, (a) is a multiple of the residue degree of p for all primes p and a > 0.

Proof. Since Q(¢23) is totally complex, the values of norm map are non-negative. It suffices to show that for each
prime g there is an a € Q(¢23) such that

Ng(m)(a) = p/, where f is the residue degree of p. 9

. For p = 23, equation (9) holds for o = 1 — ¢23. When p is a prime of residue degree f > 1, then p is unramified
and existence of an o satisfying equation (9) is guaranteed from the Theorem 1.4.
Now assume that p splits completely in Q(¢23), and let p be a prime ideal of Q(¢23). If p is principal then we are
done. The class number of Q(¢23) is 3 (see [17,12]). Consequently there is a # € Q(¢23) such that
N8(€‘23)(ﬁ) — p3
On the other hand
Ng(&s)(p) _ p22
Let s, ¢ € Z be such that 3s + 22t = 1 then equation (9) holds for a = B*p°. 0

From the proof of Theorem 3.3 it also follows that if the class number 41, of L and the degree [L Q)] are coprime
then the norm equation

INé ()| = pf , where f is the residue degree of p

is solvable for each prime p.

4. Concluding remarks

The purpose of this article is to convince the reader that the problem “whether ptime ideals of residue degree bigger
than one are well distributed across the ideal class group or not” is a useful problem. In general, we are not aware of
any method to tackle this problem; the analytic methods which successfully tackle the distribution of prime ideals of
residue degree one are limited to prime ideals of residue degree one
~ From the two examples-we made computations for, it is tempting o look for some relation between ‘IRQ(Q) = {1}y
and ‘A = 1\
The study carried out here is in the spirit that ‘look at subfields of L to get information on L’. Such studies has
been carried out earlier too, for example see [13].
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