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Abstract.  In this paper, we compute the number of z-classes (conjugacy classes of centralizers of elements) in
the symmetric group S,, when n > 3 and alternating group A, when n > 4. It turns out that the difference between
the number of conjugacy classes and the number of z-classes for S, is determined by those restricted partitions of
n — 2 in which 1 and 2 do not appear as its part. In the case of alternating groups, it is determined by those restricted
pattitions of n — 3 which has all its parts distinct, odd and in which 1 (and 2) does not appear as its part, along with an
error term. The error term is given by those partitions of n which have distinct parts that are odd and perfect squares.
Further, we prove that the number of rational-valued irreducible complex characters for A, is same as the number of
conjugacy classes which are rational.

2010 Mathematics Subject Classification: 20B30, 20B35.

1. Introduction

Let G be a group. Two elements x, y € G are said to be z-conjugate if their centralizers Zg(x) and Zg(y) are
conjugate in G. This defines an equivalence relation on G and the equivalence classes are called z-classes. Clearly
if x and y are conjugate then they are also z-conjugate. Thus, in general, z-conjugacy is a weaker relation than
conjugacy on G. In the theory of groups of Lie type, this is also called “types” (see [Gr]) and the number of z-classes
of semisimple elements is called the genus number (see [Cal,Ca2]). This has been studied explicitly for various
groups of Lie type in several papers, see for example, [BS,Go,GK,Ku,Si}. In this work, we want to classify and count
the number of z-classes for symmetric and alternating groups. For convenience we deal with these groups when they
are non-commutative (the commutative cases can be easily calculated), i.e., we assume n > 3 while dealing with
symmetric groups and n > 4 while dealing with alternating groups.

Let ¢ € S,. The conjugacy classes of elements in S, are determined by their cycle structure which, in turn, is
determined by a partition of n. Let 4 = A{'45? ... A" be a partition of n, i.e., wehave 1 < Ay < Ay <--- < A, <n,
eache; > Oandn = >7/_; A;e;. We may represent an element of S, corresponding to a partition 2 in cycle notation.
We prove the following,

Theorem 1.1. Suppose n > 3. Let v be a restricted partition of n — 2 in which 1 and 2 do not appear as its part.
Let A = 1%2v and u = 2'v be partitions of n obtained by extending v. Then the conjugacy classes of /. and p belong
to the same z-class in Sy, 4

Further, the converse is also true, i.e., the conjugacy class corresponding to ). = )fi"lcz ... AY is z-equivalent to
another conjugacy class then A;' = 12, and, in that case the other class corresponds to 2%,152 g

Corollary 1.2. The number of z-classes in Sy, is p(n) — p(n — 2), where p(n) is the number of partitions of n and
p(n—2) is the number of partitions of n — 2 in which 1 and 2 do not appear as its part. Thus, the number of z-classes
in Sy is equal to p(n) — p(n —2) + p(n —3) + p(n — 4) — p(n — 5).

During this work, the first named author was supported by CSIR Ph.D. fellowship, and second named author was

supported by NBHM Post-Doctoral fellowship. The third named author would like to acknowledge the support of DST
through Indo-Russian joint project INT/RUS/RFBR/P-288.
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To prove this theorem, we need to understand the centralizers better which involves the generalised symmetric group.
A group S(a, b) = C, 1 Sp = C? x S} is called a generalised symmetric group. We will briefly introduce this group
in the following section. We remark that the centralizers could be isomorphic but not conjugate. For example, in Sg
the centralizers of 112131 and 6! are isomorphic but not conjugate.

Next we look at the problem of classifying z-classes in alternating groups A,. Usually the conjugacy classes in
A, are studied as a restriction of that of S,. First, it is easy to determine for what partitions 2 = A7 ... 47" of n the
corresponding element o, is in A,. This is precisely when n — >_ ¢; is even. We call such partitions even. Further,
when ¢, € A, the conjugacy class of o; in S, splits in two conjugacy classes in A, if and only if Zg5 (0;) =
Z4,(0;), which is, if and only if the partition 1 has all its parts distinct and odd, i.e., e; = 1 and 4; odd for all i. With
this notation we have,

Theorem 1.3. Suppose n > 4. Let A = /1?‘ ... Ay" be an even partition of n. Then the following determines
z-classes in A,,.

(1) Suppose e; = 1 for alli and all 1; are odd, i.e., A corresponds to two distinct conjugacy classes in A,. Then, 1
corresponds to two distinct z-classes (corresponding to the two distinct conjugacy classes) if and only if all 1;
are square. Else, the two split conjugacy classes form a single z-class.

(2) Suppose either one of the e; > 2 or at least one of the 1; is even, i.e., A corresponds to a unique conjugacy class
in Ayi. Then, ). is z-equivalent to another conjugacy class if and only if 1 = 13v, where v is a restricted partition
of n — 3, with all its parts distinct and odd, and in which 1 (and 2) does not appear as its part. Further the other
equivalent class is 3'v.

We remark that 3!v could be of the first kind. For example, in Ag the partitions 135! and 3!5! give same z-class.
Further, the conjugacy class 315! splits into two but both fall in a single z-class. We list few more examples
(using GAP) in a table in Section 9. We also note that v could have its first part 3, in that case while writing 3'v we
appropriately absorb the power of 3. We denote by €(n), the number of partitions of n with all of its parts distinct,
odd and square. We list the values of ¢ (n) for small values in a table in Section 9. ' '

Corollary 1.4. The number of z-classes in A, is
cl(An) — (g(n) + G(n — 3)) + e(n),

where cl(A,) = KQZ—&]@ is the number of conjugacy classes in A, q(n) is the number of partitions of n which has
all parts distinct and odd, q(m) is the number of restricted partitions of m, with all parts distinct, odd and which do
not have 1 (and 2) as its part.

Let G be a finite group. An element ¢ € G is called rational if g is conjugate to g™ for all m with property
(m,o0(g)) = 1 where o(g) is the order of g. Clearly if g is rational then all of its conjugates are rational. Thus a
conjugacy class of G is said to be rational if it is a conjugacy class of a rational element. It is believed that, for a finite
group G, the number of conjugacy classes which are rational is related to the number of rational-valued complex
irreducible characters of the group G (for example, see Theorem A in [NT]). A group of which all elements are
rational (and in that case, all complex irreducible characters are rational-valued) is called a rational group or Q-group
(see [K1]). The alternating groups A, play an important role in determining simple groups which are rational
(see Theorem A [FS]). There is a related notion of rational class in a group which comes from an equivalence relation.
For a finite group G, a rational class of an element g is a subset containing all elements of G that are conjugate to
g™, where (m, 0(g)) = 1. Thus the rational class of g can be thought of as the conjugacy class of cyclic subgroup
{g) of G. A conjugacy class which is rational is a rational class. However the converse need not be true. It is well
known that, for a finite group G, the number of isomorphism classes of irreducible representations of G over Q is
equal to the number of rational classes of G (see Corollary 1, Section 13.1 [Se]). The symmetric group S, is rational.
Alternating groups are not rational (see Corollary B.1 [FS,AO]). The rational-valued complex irreducible characters
for Aj, are discussed in [Br] and {Pr]. In this paper we determine conjugacy classes which are rational and the rational

classes in alternating group. With notation as above,
\ ~
Theorem 1.5. Suppose n > 4. Let C be a conjugacy class in A, and corresponding partition be A = i‘i’l R i

of n.
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(1) Then the conjugacy class C is rational in A, if and only if one of the following happens:

(@) either one of the e; > 2 or one of the A; is even, or,
(b) all A; are distinct (i.e., e; = 1 for all i) and odd, and the product [, i is a perfect square. In this case,
A corresponds to two conjugacy classes in A, and both are simultaneously rational (or non-rational).

(2) All conjugacy classes which are rational are rational classes. When C is not a rational conjugacy class in Ay,
the conjugacy class C in Sy, containing C is a rational class in A,.

We denote by d(n), the number of partitions of n with all parts distinct, odd and the product of parts is a perfect
square. We list the values of d(n) for small values in a table in Section 9 which is also there in [Br].

Corollary 1.6. For the alternating group A, withn > 4,

(1) the number of conjugacy classes which are rational is cl(A,) — 2q(n) + 2d(n), and
(2) the number of rational classes is cl(A,) — q(n) + 6(n).

The character theory of A, is well understood. We use the notation and results from [Pr] and conclude the following,

Theorem 1.7. Suppose n > 4. Then, the number of conjugacy classes in A, which are rational is same as the
number of rational-valued complex irreducible characters. '

This theorem is proved in Section 8. We also acknowledge that we have used GAP [GAP] on several occasions to
verify our computations and results.

Acknowledgement

The authors would like to thank Gerhard Hiss and Alexander Hulpke for wonderful discussion on GAP during the
workshop “Group theory and computational methods” held at ICTS Bangalore, India in November 2016. The authors
would like to thank the referees for their comments. ’

2. Restricted partitions

We require certain kind of restricted partitions which we introduce in this section. We denote by p(m), the number of
partitions of positive integer m. To set the notation clearly, a partition of m is 1 = m? ...my wherel <mj <--- <
m, <m,e > 1Viandm = > ;_, e;m;. Sometimes this is also denoted as A - m or m? ...m" = m. We clarify
that the partition written as 1121 is same as 1.2 but, in this case, latter notation is confusing if written without a dot.
For us the significance of partitions is due to its one-one correspondence with conjugacy classes of the symmetric
group S,,. Let p(m) be the number of those partitions of m in which 1 and 2 do not appear as its part, i.e.,

pmy=[{A=mi'...mfr =m|m >3}.

Here we list down values of p(m) for some small values.

3
=
<)
3

plny |'m | pim) [ 2m) |

0 6] 2 |11]| 6 |16] 21
2 |12 9 |17] 25
3 |13] 10 |18] 33
91 4 |14 13 |19 39
10 5 |15] 17 |20] 49

-
1

2 0
3 1
4 1
5 1
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e
o]

The generating function for p(m) is

1
[l

i>3
and a formula to compute p(m) in terms of partition function is

p(m) = p(m) — p(m — 1) — p(m — 2) + p(m — 3).

This is a well known sequence in OEIS database (see [OEIS]). This will be used in the study of z-classes of symmetric
groups later. :

Now we introduce the function g (m). For a given integer m, the value of g(m) is the number of those partitions of
m which have all of its parts distinct and odd, i.e.,

gm) = {A =m}...ml b m | m;oddvi}.

This number is same as the number of self-conjugate parﬁtions. For us this would correspond to those partitions
which give split conjugacy classes in A,. Now we introduce g (m) which is the number of partitions of m which have

all its parts distinct, odd and 1 (and 2) does not appear as its part. The following table gives values of g(m) for some
values of m.

m | g(m) | gm) | m | q(m) | Gm) | m | g(m) | G(m) | m | q(m) | G(m)
1| 1 0 | 6| 1 0 |11| 2 16| 5 3
21 010 | 7| 1 1 12| 3 2 |17] 5 2
30 1 | 8| 2 1 |13] 3 1 18] 5 3
41 1 0 | 9] 2 | 1 |14] 3 2,119 6 3
50 1 1 10| 2 1 15| 4 2 |20 7 4

v, i
i

The generating function for g(m) is Hizo(l + x%+1) and the generating func't'.i.qn for g(m) is [];5, (1 + x2+1).

I

3. Symmetric groups

In this section we classify z-classes in S,. Since the centralizers are a product of generalised symmetric groups,
we begin with a brief introduction to them.

3.1 Generalised symmetric groups

The group S(a, b) = C, 1 Sp, where C, is a cyclic group and Sp is a symmetric group, is called a generalised
symmetric group. This group is an example of wreath product and has been studied well in literature. Since the
centralizer subgroups in the symmetric group are a product of generalised-symmetric groups, we need to have more
information about this group. For the sake of clarity, let us begin with defining this group. Consider the action of
symmetric group Sp on the direct product CZ = C, X -+ X C4 given by permuting the components:’

O'(XI, e ,Xb) = (xd(l)s . '3x0(b))‘

Then the generalised symmetric group is S(a, b) = Cq 1 Sp := CZ X Sp. Hence the multiplication in this group is
given as follows: ‘

(-xl’ K] xba'a)‘(yla <+-3 Vb T) = (xlyg—1(1)9 L ] xbyo"l(b)’ G'T).
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This group has a monomial matrix (each row and each column has exactly one non-zero entry) representation where
C f is embedded in the diagonal matrices and the whole group is a subgroup of G Ly(C), in particular as a subgroup
of monomial group. Monomial group is well known in the study of G L;(C) as an algebraic group. This gives rise to
the Weyl group and Bruhat decomposition. Let T be the diagonal maximal torus (set of all diagonal matrices), then
the monomial group is the normaliser Ng,(c)(T). The Weyl group is defined as W = Ng 1, «)(T)/T = Sp.

Let D be the set of those diagonal matrices in G L, (C) of which each diagonal entry is an ath roots of unity, i.e.,
each diagonal entry is from the set {¢* | 0 < i < a — 1} where ¢ is an ath primitive root of unity. Assume b > a,
then, D = C}; and the group S(a, b) = Ngr, ) (D). Thus, S(a, b) is the set of those monomial matrices which have
non-zero entries coming from ath roots of unity. The following can be easily verified:

(1) the center Z(S(a, b)) = (A.1d | 1% = 1} = C,ifa>2o0rb > 3.
(2) Ngr,©)(D)/D = Sp.

Representation theory of the generalised symmetric group has been studied by Osima [Os], Can [Ca], Mishra and
Srinivasan {MS], just to mention a few.

3.2 z-classes in S,

In this section we aim to prove Theorem 1.1. For n = 3 and 4 the conjugacy classes and z-classes are same.
Thus, if necessary, we may assume n > 5 in this section. Let 1 = /1? /1;2 .. AV bea partition of n. Let us denote the
partial sums as n; = Zj’:l 4jej and ng = 0. We may represent an element of S, corresponding to A as a product of
cycles and we choose a representative of class denoted as o) = 03, ...03,...0,, where

03 = (ic1+ 1, nioy A (o (e — DA+ 1, Mol + €iki)

&

is a product of e¢; many disjoint cyqles, each of length A;. Then the centfalizer of this element is (see [JK]
Equation 4.1.19) ) o D

. . r :{ )
Z5,() = Z5,(00) =[] Cii 2 Sers
i=1 '

vyhere C,, is acyclic group of size A; and the size of the centralizer is given by the formula | Z5, (1)| = H{=1(Afi e .
Further, with the above chosen representative element the center of Zg, (o)) is,

ITi=i(o2:) if 251 £ 12

Z, = 2(Zs5,(0,)) =
((1,2)) x [Ti_p(02,) when AT =12

.

Note that if A1 = 1 then the element 3, = 1.
Lemma 3.1. Letr A= li‘ /132 ... A7 be a partition of n. Then Zg, (1) determines r uniquely.

Proof. Consider the natural action of G = Zjs,(4). on the set {1,2,...,n}-as a-subgroup of S,. Since
G = []i=1Cs 1 Se;, the orbits are {{1,...,n1},{n1 +1,...,n2},...}. The number of orbits is exactly r. O

Lemma 3.2. Let 2 = A{'252... 27 be a partition of n and ' # 1°. Let Z; be the center of Zs,(%). Then Z,
. determines the partition . uniquely.

Proof. Let us make Z; act or\\t:ie‘ set {1, 2, ..., n}. Then the orbits are of size 4; and each of them occur ¢; many
times. This determines the partition 4. . a
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Proposition 3.3. Let A = A2 ... A7 and p = ,u{‘ ,u{z ... L be partitions of n. Then Zs, (1) is conjugate to
Zs,(u) if and only if

() r=s,
(2) foralli > 2, 4; and p; are > 3 and ¢ = pu,
3) Ae’ = 1% and ,uf1 = 2! or vice versa.

Proof. Clearly if the three conditions are given we have A = 1%v and u = 2'v where v = vil Ve v,l(" is a partition of
n — 2 with vy > 2. Thus the representative elements of the conjugacy classes are o, = (12)0, and g, where ¢, has
cycles each of length > 2. Thus centralizers of these two elements are same.

For the converse, we choose representative elements ¢, and o, and we are given that Zg, (o) and Zs,(0,) are
conjugate. The Lemma 3.1 implies that r = 5. Now we take the center of both of these groups Z; and Z,, and make

it acton the set {1,2,...,n}. If /1‘;1 and ,u{ ! are not both 12 then from Lemma 3.2 we get the required result. O

This proves Theorem 1.1.

4. Rational conjugacy classes in A,

The group A, is of index 2 in §,,. Thus, we usually think of conjugacy classes in A, in terms of that of S,. We have
two kinds of conjugacy classes in A,,. Let 0, be a representative of a conjugacy class, corresponding to a partition 4,
of S,. Suppose ¢, € Ay, that is to say, 4 is an even partition. Then the two kinds of conjugacy classes are,

a. Split: The conjugacy class of &, in S, splits into two conjugacy classes in A, if and only if all parts of 4 are
“distinct and odd, which.happens, if and only if Zs, (67) = Z4,(02).

b. Non-split: The conjugacy class of o, remains a single conjugacy class in Aj if and only if either one of the ¢; > 2
for some i or at least one of the 4; is even, which is, if and only if Z 4,(02) G Zs,(02).

While writing proofs in this section and later sections, we consider these two cases separately.

Let G be a finite group and g € G. The Weyl group of an element g in G, denoted as, Wg(g) := Ng({g))/Zc((g))
where (g) is the subgroup generated by g. Using the map 1: Ng((g)) — Aut({g)) given by 1(x)(g") = xg"x~!, one
can show that, the element g in G is rational if and only if W (g) = Aut({(g)). We need to understand Weyl group of
elements o in A,. Since S, is a rational group, we have, the Weyl group Ws, (¢) = Aut({c}). Thus, to understand if
o isrational in A,, we need to understand N4, ((¢)). This is determined by Brison (see Theorem 4.3 [Br]) as follows,

Theorem 4.1. Let o € A, and corresponding partition be A = /I'i’l ... Ay Then, Ng,({6)) = Na, ({c)) if and only
if A satisfies the following,

(1) all parts of A are distinct, i.e., e; = 1 for all i,
(2) A; is odd for all i, and
(3) the product of parts [];_, Ai € L is a perfect square.

Corollary 4.2. Suppose n is odd and w = (1,2, ...,n) is in A,. Then, w is rational in A, if and only if n is a
perfect square (of odd number).

" Proof. We know w is rational in S,,. Thus Wy, (w) = Aut({(w)). Since n is odd the conjugacy class of w in S, splits
in A, and Z4,(w) = Zs,(w). Thus w is rational in A, if and only if Ng, ((w)) = N4, ({(w)) which is if and only if
n is a perfect square (from Theorem 4.1 above). O

Now we determine which conjugacy classes are rational i 1n Ap.
When the conjugacy class does not split, C = o f = ol 1" and Z4,(0,) C Zs,(02) is of index 2. Then,

Proposition 4.3. Ler C be a non-split conjugacy class in A,. Then, C is rational in A,

Proof. For this, we need to prove o, is conjugate to ¢}* for all m which is coprime to the order of ;. Since S, is
rational we have g € S, such that goyg™1 = o' If g is in A, we are done. Else take h € Zg, (¢;) which is not in
Z,,(02). Now gh € A, and gho,h~1g™! = ¢/", and we are done. 0O
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When the conjugacy class splits, let C be the conjugacy class of o; in S, where 4 = /1% ... Al with all A; odd
(and distinct). Let C; and C; be the conjugacy classes in A,, which are obtained by splitting C. Then,

Proposition 4.4. With the notation as above, both A, conjugacy classes C1 and Cy are rational if and only if
[1i=; Ai is a perfect square.

Proof. Inthis case, we have Z4, (5;) = Zs,(02). Thus Wy, (0,) = Ws, (0,) = Aut({(c)) if and only if N4, ({g;)) =
Ns, ({(6,)). Which is determined by Theorem 4.1. a

We remark that either both conjugacy classes C; and C; are rational or not rational simultaneously.

Proposition 4.5. With the notation as above, suppose both conjugacy classes Cy and Cz are not rational. Then the
.subset C = C1 U C3 is a rational class in A,,.

Proof. This follows easily because C is a rational conjugacy class in S,,. g

Proof of Theorem 1.5 Let C be a conjugacy class in A,. Consider the conjugacy class C in S, containing C.
Let A = )fi" ... Ay be the corresponding partition of C. Then either C = C or C = C; U (3, where C is one of the
Ci or Co. If C = C it follows from Proposition 4.3 that it is always rational and this corresponds to the partitions
where either ¢; > 2 for some i or one of the 4; is even.

Now suppose C = C; U C,, where C is one of the components. Then from Proposition 4.4, it follows that both Cy
and C,, and hence C, are rational if and only if [];_, Ai is a square. That is, in this case the partition A has all parts
distinct, odd and the product of parts is a square.

When C is not a rational conjugacy class, Proposition 4.5 implies C is a rational class in A,. This completes the
proof. ]

5. z-classes in A, — when the conjugacy class splits

Since the z-equivalence is a relation on conjugacy classes we deal with split and non-split classes separately.
We begin with a few Lemmas.

Lemma 5.1. Let x, y be elements in A, such that x and y are conjugate in Sy. If there exists g € A, such that g is
conjugate to 'y in A, and Z4,(g) = Z4, (x) then centralizers Z4,(x) and Z 4, (y) are conjugate in A,.

Proof. Since g and y are comjugate in A,, their centralizers Z4, (g) and Z4, (y) are conjugate in A,. Hence
centralizers Z,4, (x) and Z4, (y) are conjugate in A,. o

The following Lemma establishes partial converse to the above.

Lemma5.2. Let A = Ay...A, be a partition with all parts (distinct and) odd. Let x and y be elements
in A, representing the two distinct conjugacy classes corresponding to A. Suppose x = x1xp...x, and
Y =Yy1Y2...Yr € Apn, where x; and y; are cycles of length .; and centralizers Za,(x) and Z4,(y) are conjugate
in A,. Then, y is conjugate to xi‘xiz ...x'" in A, for some positive integers iy, ..., i, where i is coprime to X;
(which is the order of xj) for all j.

Proof. Since x and y are z-conjugate in A,, ie., there exist g € A, such that Z4 (x) = gZa, g~}

Z.An‘(gyg_l‘). Now, we know that Z4, (x) = Zs (x) = (xl,.le,...,x.r) = (), x -+ x C,,. Hence gyg~ ! =
xi'x2...x; forsome iy, ..., i,. Therefore, y is conjugate to x}'x3 ... x;” in Ap. O

Now we prove the main proposition of this section.

Proposition 5.3. Let A = A1 ... 4 be a partition with all parts (distinct and) odd. Let x and y be elements in A,
representing the two distinct conjugacy classes corresponding to .. Suppose x = x1x2...xp and y = y1y2...¥r
written as a product of disjoint cycles where x; and y; are of length 4;. Then, x and y are not z-conjugate in A, if
and only if each 1; is a perfect square (of odd number)Vi =1,...,r.
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Proof. First, suppose there exists a k such that J; is not a perfect square of odd number. We define A,, and S,
to be the subgroups of A, and S, respectively, on the symbols involved in the cycle x;. Corollary 4.2 implies

that the element x; is not a rational element of A, . Hence, there exists m with (m, ;) = 1 such that x is
not conjugate to x;" in A;,. In any case x; is conjugate to x;' in Sy, say, there exists s € S§;,\A,, such that
sxps~l = x,’(". Thus, sxs™! = sx1x2...x¢...x,8"1 = X1X2 .. .xk_lx,'("xk“ ... xr. We claim that x is not conjugate

to sxs~! in A,. Because any two such elements will differ by an element of Z4,(x) which, in this case, is equal to
Zs, (x) thus all such elements would be even. This implies that x and sxs~! are representatives of the two distinct
conjugacy classes obtained by splitting that of x hence sxs~! is conjugate to y. But Z4,(x) = {(x1,x2,...,%,) =
(X1, X25 s Xk 1, X5 Xkt L5 -+ -5 Xp) = Za, (sxs‘l), because of the structure of sxs~!. Lemma 5.1 implies that
Za,(x) and Z4,(y) are conjugate in A,. ¢

- Now, assume that each /; is a perfect square (of odd number), for all i. We define the subgroups A, of A, on the
symbols appearing in the cycle x; for all i. Corollary 4.2 implies that x; is rational in A, , hence x; is conjugate to xlf""
in A, for all m; with (m;, A;) = 1. Let (ji, ..., jr) be a tuple where (j;, 2;) = 1. Then we can find s, € A, such

that sj-,.xisj—il. = x/'. Thus s,sj, ...5;, is in A, and conjugates x to x{'x3?...x/". Hence, y can not be conjugate to
x{‘x{2 ...xj" forany tuple (ji, ..., jr) where (ji, 2;) = 1. Lemma 5.2, implies that x and y can not be z-conjugate in
Ap. O

6. The center of centralizers in A,

In Lemma 3.2 we showed that, for the group S,;, the center of centralizers Z, determines the partition 1 uniquely via
its action on the set {1,2, ..., n} except in one case when )f‘ = 12. For the alternating groups we employ similar
strategy. '

Let us begin with the case when the partition 1 has only one part, say, 2 = ab. The representative element can be
chosen as follows, : -

o,=01,2,...,a)a+1l,a+2,...,2a)..(b—Da—+1,b—Da+2,...,ba)

which for convenience will be written as 0, = 0,,10,,2...0; Where g, ; are cycles of length a. And the
centralizer is

Zs,(02)=(1,2,...,a)) x - x{((b—Da+1,b—-1)a+2,...,ba))) xS

where S, permutes the various cyclic subgroups. To avoid confusion, we write the elements of S, using
roman numerals. For example, the element (/,1]) in S, would be actually (1,a + 1)(2,a + 2)...(a, 2a)
in Zs,(0,), similarly, the element (Z,1I,...,b) in S, would be (1,a + 1,...,(b — Da + N2,a + 2,...,
b - Da + 2)...(a,2a,...,ba). In general, the cycle (I,H,...,i) in S would be (l,a + 1,..., -
(i-Da+1DR2,a+2,...,0—Da+2)...(a,2a,...,ia) which is a product of a many disjoint cycles, each
of length i. We can also compute sgn((I,1I...,i)) = sgn((1,2,...,i))? which will be useful to determine if
(1,11...,i) belongs to A,, when needed. We begin with,

Lemma 6.1. If 1 = a® is a partition of n and b > 2 then Zs,_(0,) contains at least one odd permutation.
P n

Proof. If a is even then the cycle (1,2,...,a) € Zs,(0,) is odd and we are done. Thus we may assume a is odd.
From the computation above, sgn((I, 1)) = (—1)% = —1 hence (I, I') is odd. O
Lemma 6.2.

D) Ifr=,1,...,b) € Zs,(0;) then ZZs,,(a;.)(T) = (1, 0,),
@ Ift=(U,1,...,b—1) € Z5,(0;) then 2z, (5,)(t) = {7, 02,6, [1721 00,i),

Proof. The proof is simple and follows from the multiplication defined on S(a, b) in Section 3.1. a

We need to understand the center of centralizers of elements in A,. Suppose 2 = )uf‘)éz ... Ay is a partition of
even type, i.e., o) € A,. Recall the notation, 6, = a;, ...0;,, the centralizer is Zs,(0,) = Hle Zse;l.- (02,) and its
center is denoted as Z;.
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Lemma 6.3. Letx € A,. Then, Z, N A, = Z(Z5,(x)) N Ay © Z2(Z4,(x)).
Proof. Let g € Z(Zs,(x))N A, then g € Z4, (x). Now Z4,(x) = Z5,(x)N A, thus we get g € Z(Z24, (x)). O

Now we need to decide when Z2(Z4,(0,)) 2 Z, N Ap. For the convenience of reader we draw a diagram of the
subgroups involved in the proofs. We call the elements of Z; “diagonal elements” and the elements of Zs,(6;) which
are not central “non-diagonal elements”.

Z)~1 X e X Z;-r Zsel).l (U)~1) XX Zser),,. (0-2.,-)
[ |
Z) ———— Z(Zs5,(02)) Zs,(02) Sn
| !
Zy0 Ay —=— Z(Z4,(02)) Za,(02) An

The main theorem is as follows,

Theorem 6.4. Let ) be a partition of n and 6, € A,. Then Z(24,(0;)) 2 Z, N A, if and only if A is one of the
Sfollowing:

(1) 13v;22v; 11220 wherev = 23... 2, withall 2; > 3 and odd.
(2) V'v;v wherev =23...2j-12%j41 ... 2y where J; > 3 and odd for all i.

The rest of this section is devoted to the proof of this theorem.
Lemma 6.5. Let . = 17" ... A7 where at least two distinct e; and ej are > 2. Then, Z(Z4,(01)) = Z; N Ay

Proof. Let us first take the case when A; = 1, e; > 2 and some other ¢; is > 2. We have Zs,(01) = S, X
Zsez,_z (02,) % -+ x Zs,, (02,). We note that when e; = 2 the subgroup S; is central. Let g = (g1,..., &) €
Z(Za,(0,)) but g ¢ Z,. That s, there exists some j such that g; is non-diagonal element in ZSej Iy (02,)-

Suppose j # 1. Since g; is non-diagonal there exists h; € ZSej;.j (04;) such that hjg; # gjhj. Now define
h=(,...,Lh;1,...,1)if hjisevenelse h = ((1,2),1,...,1,hj,1,...,1). Then h € A, N Z5,(02) =
Za,(0;) but gh # hg, a contradiction.

Now if j = 1 the element g; is non-diagonal in S,,, that is, g # 1. We may also assume that all other g;,
other than the first one, are diagonal. However if ¢ = 2 the element g = ((1, 2), g2, .-.&,) is already in Z,,
so we couldn’t have assumed otherwise. Now if ey > 3, pick h; € S, which does not commute with g;.
Nowdefine h = (h1,1,...,1)if by is even. Else define A = (hy,1,...,1,w,1,...,1) wherew € Zsei)-i (62,)isan
odd permutation guaranteed by Lemma 6.1. Then 7 € A, but gh # hg, a contradiction.

The proof when e = 1 and 413 = 1 or 4; > 1 follows similarly. Now two components i and j will have odd
elements because of Lemma 6.1 which can be used to change the sign to get an appropriate 4. a

This reduces drastically the number of cases we need to look at. Thus we may assume that at most one e; is greater
than 2 or none, i.e., . = 11 . ..li_l/lffii+1 ... A, with ¢; > 1. Let us deal with the case wheni =1and 1; = 1.

Lemma 6.6. Let ) = 1°2,...2, be a partition of n. Then, Z(Z4,(0,)) 2 Z, N Ap ifand only if A = Bl 2
where A; > 1 and odd for all i. .

Proof. Suppose 2 is not of the form 1315 ... 4, \&Ter;,{i > 1 and odd for all i. So, if e; = 0, 1 or 2 then Zg, (07) is
Abelian and its subgroup Z4,(0,) is also Abelian. Therefore,

Z(Z24,(02)) = 24,(02) = 2s5,(02) NA, =Z3 NA,.

Thus, we assume e; > 3. Suppose at least one 1; is even. Now o, has e; fixed points. Hence, Zs,(0;) =
Sey; X({02,) %+ x{0,,)and Z, = Z(Zs,(0,)) = (01,) X -- % (0,,) since A; are distinct. Nowlet g € Z(Z4,(0,)) C
Zs,(0,). Write g = (81, 82, ...,8).-1f g € Z) N A, then g1 # 1. But we can find h; € S, such that g1k # h1g).
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\

Define h = (h1,1,...,1)if hyisevenelse h = (h1,1,...,1,04;,1,...,1). Clearly h € A, N is,(02) = Z4,(02)
and gh # hg. This contradicts that g € Z(24,(021)), thus Z(Z24,(01)) = Z; N A,.
Now suppose e; > 4 and all ; are odd. In this case, Z4,(01) = A, X (02,) X --- X {g,,) since all g, are even.
And Z(Z4,(0,)) = (04,) x -+ x {0,,) whichis equal to Z; N A,.
For the converse, A = 1345 ... A, with all ; odd. Then Zs,(0,) = S3x{04,)%---x{03,)and Z; = Z(Zs,(0;)) =
(02,) X - x{0;,) C Ap. Also Z4,(07) = A3z x (01,) X -+ X {02,) = Z2(Z4,(0,)). Hence Z2(Z4,(0;)) 2 Z,NA,.
O

This also takes care of the case when all parts are distinct so we may assume e; > 2. Thus, assume either i > 2
or 21 > 2. That is we can have at most one fixed point, if at all. If ¢, has one fixed point, say, ¢;(rn) = n then we
may consider o, € A,_1 with no fixed points. Further Z4,(01) = Za,_,(c1). Therefore, it is enough to study the

partitions which do not have 1 as its part, i.e., we have 4; > 1.

Lemma 6.7. Letl = 1;... /1,-_1/1?"1”1 ... Ay be a partition with Ay > 1. Further suppose 2. satisfies one of the
Jfollowings,

(1) ¢, =3, 01,
(2) i > 2 and is even.

Then, Z(Z4,(0;)) = Z; N A,.
Proof. We prove (1) first. Let g = (g1, ..., &) € 2(Z4,(0,)) but g ¢ Z,. All g; are diagonal except g; which

is non-diagonal. The element g; € Zs, , (92,) where 6); = oy, ... - Recall the notation that o, ; are cycles
of length A; as introduced in the begmmng of Section 6. Now con31der T = =(1,II,...,¢;)asin Lemma 6.2. Then
ZZs, 3 @ y(z) = (0);, 7). If gi = 7 then it does not commute with k; = 7, ,0,,, (remember that ¢; > 3). Since all
0, ; are of same length A; this is an element in A,. Thus we get h = (1 1, ki, 1.0, 1) in 24, (0,) which does

not commute with g, a contradiction.

On other hand if g; # 7 then g; does not commute with r. We observe that 7 is a product of 1; many cycles, each
of length ¢;. If ¢; is odd then 7 is an even permutation. Further, if both ¢; and ; are even then, also, 7 is an even
permutation. And in these cases we may take s; = 7 and get a contradiction as above.

Now let us assume that 2; is odd and ¢; is even and thus 7 is an odd permutation. In this case instead of ¢ we make
use of two elements 71, 17 € ZSe,J.,- (02;) as follows. The element 7y = (II,1II, ..., e;)and 12 = (I, 1I, ..., e; — 1).
Each of the 7; and t; are product of 1; many cycles, each of length ¢; — 1 and hence even. Now we note that
Zzsem @) (7)) = {62015 ]'Ie"_2 07;;, 1) and Zz,, @, y(12) = {02 Dy Hj.:]l 01, ;> T2) (see Lemma 6.2). This gives
us that Z 25,01, (a;.,.)(fl) Nz 25,1, (al,)(rg) {02,). Since gi is non-diagonal it does not commute with either 71 or 72
else it would be in the intersection of centralizers which is diagonal. Thus we may take /; to be 71 or 72 as required,
and get a contradiction. '

For the proof of (2), let g = (g1,...,8r) € Z(Z4,(0,)) but g ¢ Z;. The component g; is non-diagonal element
in Zs,,, (02;). In this case 0, = 0),,0;,. Take ¢ = (1, 1I) then 7 is an even permutation as /4; is even. If 7 # g;
take h; = 7 and we are done. Else if g; = 7 then we take of“. Since 4; > 2, afm # 1 and it is even permutation.

And now taking h; = ai  would lead to a contradiction. 0O

This leaves us with the following case now. The partition is A = 4; ... ,1,4_1/1,.22,-4_1 ... Ay with 41 > 1 and either
Ai = 2 or A; is odd. And this is where all complication lies.

Lemma 6.8. Let A with A1 > 1 be one of the following,

) ... = 1/1 Ai+1 ... Ay, and suppose, A; is odd and 1, even for some m # i, or,
2) 22)2 LAy wzth some Ay, even.

Then, Z(Z4,(02)) = Z; N Ap.

Proof. For the proof of (1), let g = (g1,-..,8) € Z(Z4,(0;)) but g ¢ Z,. Then g; is non-diagonal. Pick
h; € ZSe,-;.,- (04,) such that h;g; # gihi. If h; iseventhenh = (1,...,h;,..., 1) would do the job. Else take
h=(,...,h,1,...,04,,1...,1) which is an even permutation, and does the job.
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In the second case, we have o3 = (1,2)(3,4)0;,...0,, and Z5,(01) = Z5,((1,2)(3,4)) x (02,) X -+ x (02,)-
Letg = (g1,...,8r) € Z2(Z24,(0;)) but g ¢ Z,. In this case g; has to be non-diagonal. Now we can do the same
thing as above to get a contradiction. 0

At this step we are left with the 4 of following kinds, and its variant (see the discussion following Lemma 6.6)
with exactly one fixed point,

(1) A1...Ai—12%Ai41 ... Ar, where all A; are odd, and,
(2) 2%45... A;, where all A are odd.

Now we are ready to prove the main theorem of this section,

Proof of Theorem 6.4 Lemma 6.5, 6.6, 6.7 and 6.8 prove that if the partition A is not of the type listed in the theorem
then Z(Z4,(0;)) = Z, N A,. Thus it remains to prove if 1 is of one the kinds listed in the theorem then we do not
get equality. Which we prove now case-by-case.

In case . = 13)3...4, and A; are odd for all i then the result follows from Lemma 6.6. Now, take
A =2%)3M4... A, and 23 > 2 and odd for all i. Write o1 = (1,2)(3,4)a4, .. .0, then Zs,(a1) = {1, (1,2), (3,4),
(1,2)(3,4),(1,3)(2,4),(1,3,2,4),(1,4,2,3), (1, 4)(2,3)} x (0)3) -+ X {02,). And Z4,(03) = {1, (1,2)(3,4),
(1,3)(2,4), (1,4)(2,3)} x (0;35) -+ x {(03,) which is equal to its own center, being commutative. However the
element (1, 3)(2,4) ¢ Z;,. Thus we get strict inequality in this case. The argument is similar when 4 = 112243 ... 4,.

Now suppose 4 = A3.. ./1,-_1/1%1[_;_1 ... Ay with A3 > 3 and all odd. In this case, 6, = 0,,...0;,...0;, where
o;; isacycle of length 4; for j # i and o), = 0,,0,, is a product of two cycles, each of length 4;. Then 5),,1 and
0,2 both belong to Z(Z4, (5,)) but none of them belong to Z; instead their product belongs. A similar argument
works for the case when 4 = 1123... 2;_14%Ai41 ... Ar. O

7. z-classes in A, — when the conjugacy class does not split

Our strategy for the proof is similar to that of S, case. That is, we look at the action of Z(Z4,(c21))on{1,2,...,n}
and decide when it determines the partition. This works in almost all cases. We continue to use notation from previous
sections.

Proposition 7.1. The action of Z; N A, on the set {1,2, ..., n} determines the partition A uniquely except when

€1 _ 12
Al =17
Proof. We know that the action of Z, on the set {1, 2, ..., n} determines the partition uniquely except when A‘i’l =12

(see Lemma 3.2). We need to prove that if two points in {1, 2, .. ., n} are related under the action of Z, then they are
so under the action of Z) N A,,. :

Since 0; = 0, ...0;,, we reorder a,,’s, if required, so that g;, for 1 < k < [ are even permutations and o,
for! < k < r are odd permutations. Since ¢, is an even permutation, the number of odd permutations r — [ is even
(including 0). If r = I then Z; = Z; N A, and we are done. Else suppose i # j are related under Z;. That is, there
exists ¢ such that a;'f” (i) = j for some power m. If a;'ft’ is even, we are done. So we may assume a){’,‘ is odd. But since
the number of odd permutations is assumed to be even we have another odd permutation ¢, disjoint from this one.
Thus, UASU;'{,' will do the job. |

We record the following example of the exception case. Take 4 = 124! + 6 then Z5:(3,4,5,6) = ((1,2)) x
((3,4,5,6)) = Zi2q1. And Z1241 N As = {((1, 2)(3, 4, 5, 6)) which would determine the partition 2'4!. Now let us
look at the case when Z(Z4,(0;)) # Z, N A,. In this case we have the following,

Proposition 7.2. If 1 is one of the following with o in Ay,

¢} 12/122 . AY, where Ay > 2, or;
2 v, v wherev=214,... /1,'_1,1,.2,1;4_1 ... Ar, Wwhere A; > 3 and odd for all j,

then, the action of Z(Z,,(0,)) on the set {1, 2, ..., n} determines the partition A uniquely.
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Proof.. The first case appears in S,, where Zg, (0;) determines all A; > 2 except for tfle first orbit which is {1, 2}.
Thus there are two possibilities either 12 or 2!, Since g; = o), ...0), € A, we note that the partition 212;2 s
is not even because this would correspond to the element (1, 2)o;, = (1, 2)ay, . .. 0;, Which is odd. Thus this leaves
a unique choice for A where the first part must be 12. :

For the part (2), from the proof of Theorem 6.4, we see that

Z(Z4,(020)) ={0a1s 3001500150225 Ohiyys -3 04, )
Clearly this determines the partition A uniquely. O
Now, we prove the main proposition as follows.

Proposition 7.3. Letn > 4. Let v be a restricted partition of n — 3, with distinct and odd parts, in which 1 (and 2)
does not appear as its part. Let A = 13v and pu = 3'v be partitions of n obtained by extending v. Then A and u
belong to the same z-class in A,. Conversely, if A corresponds to a non-split class in A, then it can be z-equivalent
to at most one more class (possibly split), provided A is of the form 13v.

Proof. When the partition 2 = 13v then Zs,(0;) = S3 x Zg, ,(0,) and its center is Z; = {1} x Z,. However
2Z4,(03) = A3 x Z4,_5(0v) is Abelian and its action would give the partition 31y, In this case, if we take partition
A" =3 then Z,, (1) = ((1,2,3)) x Za,_5(0y) and Z4,(0,) = Z4,(0,) (in case A’ corresponds to a split class
they are z-conjugate thus we may choose this representative). And thus ¢; and o, would be z-conjugate.

For the converse, if Z(Z4,(0,)) = Z), N A, then from Proposition 7.1, the action of Z(Z4,(s,)) determines the
partition A of n uniquely, and we are done. Otherwise, we use Proposition 7.2 which implies that Z,4, (¢,) determines
the partition 4 uniquely except in two cases. One of the cases is 1v where the centralizer is conjugate to that of 31v as
required in the proposition. Thus we need to rule out the possibility when 4 = 2%v and 1122y where v = A344... A,
A; > 3 and are odd for all . v

Let us deal with the case when 4 = 22v, the other case is similar. The element o; = (1, 2)(3, 4o, ...0;, and

Za,(02) = ((1,2)(3,4), (1,3)(2,4) x (04,) X -+ X {o4,)

which has size 4.4;. .. .. Ar. Since this is Abelian its center is itself which determines the partition A except for the
first orbit which is {1, 2, 3, 4}. Considering that 1 is even, we have the possibilities of the first part being 14, 1131, 22.
We claim that if 1 = 1%y, 1131y or 22v the size of centralizers is different and hence they can not be z-equivalent.
We note that, Z4, (614,) = (A4) X (04,) X - -- X {g,,) which has size 12.1,. .... Jr. Andif Ay > 3, Za,(o1131,) =
((1,2, 3)) x {(02,) x --- x {(03,) of size 3.25..... Ar and if Ay = 3, Z4, (o325, 5,) = ((2,3,4),(5,6,7)) x
(013) X --- x (03,) of size 32.23. ... Ar. o

7.1 Proof of Theorem 1.3

Let C be a conjugacy class of §,, corresponding to the partition 114, ... A, of n with all 4; distinct and odd. Then the
conjugacy class C splits in two conjugacy classes, say, C1 and C3 in A,. From Proposition 5.3 if each 4; is a perfect
square for all 1 < i < r, then both the conjugacy classes C; and C; are distinct z-classes in A,. Else C; U C;, form
asingle z-class in A,.

Now, when C does not split, it follows from Proposition 7.3, that except the partition 13v where v is a partition of
n — 3, with all parts odd and distinct without 1 as its part, all conjugacy classes remain distinct z-classes. And in the
case when 1 = 13v its z-class can coincide with that of 3v.

8. Rational-valued characters of A,

We begin with recalling characters of the alternating group from [Pr]. First we note that, the number of partitions
of n with distinct and odd parts is equal to the number of self-conjugate partitions of n (see Lemma 4.6.16 in [Pr]).
In fact, these are in one-one correspondence via folding. This corresponds to the split conjugacy classes. The complex
irreducible characters of A, are given as follows (see Theorem 4.6.7 and 5.12.5 in [Pr]). For every partition u of
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n which is not self-conjugate (this corresponds to non-split conjugacy classes), the irreducible character y, of S,
restricts to an irreducible character of A,. Since all characters of S, are integer-valued, these characters of A, are
rational-valued too. Now, for all partitions u of n which are self-conjugate (these correspond to split conjugacy
classes), there exists a pair of irreducible characters X;“ and x,;. The character values are given by the following
formula. When g € A, of cycle type A with all parts distinct and odd, say, 1 = 2m; + 1,...,2m; + 1), and the
folding corresponding to A is the partition u then

1
Xf(gf) = 5(6/1 + VealZ,;l)

and Xﬂi(g;) = xff(gf). Here gf and g; denote the two split conjugacy classes in A, and e; = (-1)25:1 mi
Else x,}“(g) =x,@) = ’—‘fiz&g—). Clearly the characters yJ are rational valued if and only if e; = 1 and [Z,] is a
perfect square.

Lemma 8.1. Forl=02mi+1,...,2m;+ 1), if|Z,]| is a square then e; = 1.
Proof. In this case, |Z,| = Hﬁ=1(2m,~ +1) = (2a + 1)? for some a. Then Zf‘__.lv m; must be even. O

Proof of Theorem 1.7 From the discussion above, all characters of A, corresponding to non-split conjugacy classes
are rational-valued. And, both characters corresponding to split conjugacy classes are simultaneously rational-valued
if and only if the partition A has all its parts distinct and odd and the product of parts is a perfect square. Clearly this
is same as the criteria determining conjugacy classes which are rational. a

Example 8.2. Let us work with Ajg. In [AO] Section 2 Theorem 1, it is proved that the alternating groups are not
Q-groups. However, in the proof for Ajg case it is wrongly mentioned that 119! is not rational. It is easy to see from
our criteria that 119! is a rational conjugacy class as the product 1.9 = 9 is a square. In fact, the class corresponding
to 3171 is not rational because of 1.5 part 1(b) as the product 3.7 = 21 is not a square. We also note that the character
value X;; 4 (8511) = 3(—14 /=21) is clearly not rational.

9. Some GAP calculations

In this work, we have come across two functions on natural numbers. The first one is € defined as

e(n):]{n:m%+m%+---+m%|1§m1 <my <---<m <n,m;oddVi}f

and its generating function is [, (1 + x@+D%) And another one is d defined as,

on) =

r
{n=n1+---+nr|l§n_1 <~--<nr5n,n,~oddVi,Hn,-eN2]

Lo g -

Writing a natural number as a sum of squares is well studied problem in number theory. However, we could not find
references to these functions. Clearly €(n) < J(n). The inequality could be strict, for example, n = 78 = 3 + 75

~where 3.75 = 152 but none of the components are square. This happens infinitely often. For example, let p; and
p2 be odd and distinct primes. Consider, n = p; + p2 + p1 p2 and the partition of n given by p% p% (p1p2)'. Then
€(n) < 5(n). We may also consider, for example, m = p;+ p; p%, i.e., we have the partition of m given as p% (p1 p%)l.
Then e(m) < 5(m). We make a table for the values of ¢ and J for small values of n and also note down the partitions
giving rise to the function J. Some values of d(n) are also given in [Br].
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n | €(n) | dn) Partitions n | €(n) | d(n) Partitions

9| 1 1 9! 34| 1 1 91251

10| 1 1 119! 350 1 1 1191251

231 0 1 3151151 39( 0 1 3191271

241 0 1 113151151 401 0 2 113191271 317191211

25| 1 1 25t 41| 0 1 11317191211

26| 1 1 11251 471 0 3 | 31111331, 5171351 51151271

30| 0 1 31271 48| 0 5 1131111331 115171351,

1151151271 5171151211,

3151151251

311 0 2 1131271, 3171211 49 | 1 3 491 113151151251,
115171151211

32| 0 2 | 113171211, 315191951 | 50 | 1 2 11491, 51451

33| 0 1 11315191151 51 0 1 1151451

Next, we used GAP [GAP] to compute z-classes, rational conjugacy classes etc. Here we have some examples for
A,, which verifies our theorem.

n | Number of | Number of ' Partitions
conj. classes | z-classes :
20 324 315 (13315191 325191} (11317191 11317191}

(113151111, 113151111}, (91111, 91111}, {11191, 11191}
(71131, 71131y, {51151, 51151}, {13171, 31171, 31171y
27 1526 1506 (1331517191 32517191y (11315171171 11315171111}
{7'9l11!, 7191111}, (5191131, 5191131}
(13111131, 31111131, 31111131}, (5171151, 5171151
(1391151, 3191151 3191151y (11111151, 1111115)
(1371171, 3171171, 3171171, (1351191, 3151191 3151191}
{11719 1171191} (119117}, 1191171}
(1331211, 32211y, (1151211, 1151211}
(1131231 1131231} (271 2713

The last column combines together the partitions which give same z-class and the repetition of a partition indicates
a split conjugacy class.

[AO]
(BS]
[Cal]
[Ca2]
[Pr]

[Br}
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