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Abstract.  Let g be a prime power and F, be a finite field with ¢ elements. Let e and d be positive integers.
In this paper, for d > 2 and ¢ = 1(mod ed(d — 1)), we calculate the number of points on an algebraic
carve Epq @ y° = x? + ax + b over a finite field F, in terms of 4F4-) Gaussian hypergeometric series
with multiplicative characters of orders d and e(d — 1), ‘and in terms of ;-1 Fy—2 Gaussian hypergeometric
series with multiplicative characters of orders ed(d — 1) and e(d — 1). This helps us to express the trace of
Frobenius endomorphism of an algebraic curve E, 4 over a finite field F; in terms of above hypergeometric series.
As applications, we obtain some transformations and special values of 7 F1 hypergeometric series.

1991 Mathematics Subject Classification: 11G20, 11T24.

1. Introduction

In the 19™ century Gauss introduced classical hypergeometric series. Since then, many mathematicians such as
Kummer, Ramanujan, Beukers, Stiller and others studied classical hypergeometric series extensively and found
many interesting connections between classical hypergeometric series and different mathematical objects. In 1980’s,
Greene [7] introduced hypergeometric functions (or Gaussian hypergeometric series) over finite fields analogous to
classical hypergeometric series as finite character sums over a finite field. It is found that these functions satisfy
many summation and transformation formulas analogous to classical hypergeometric series. In a series of papers,
many interesting relations have been established between special values of these hypergeometric functions and the
pumber of points on certain algebraic curves over finite fields (see, for examples, [1-6,9,10,12,14]).

Fuselier [6] and Lennon [12] found formulas for the trace of Frobenius endomorphism of a certain family of
elliptic curves in terms of Gaussian hypergeometric series containing characters of order 12. In [4], Barman and
Kalita found the number of solutions of the polynomial equation x? + ax + b = 0 over a finite field F, in terms
of special values of Gaussian hypergeometric series with characters of orders d and d — 1 under the condition that
g = 1(mod d(d — 1)) and d > 2. The same authors, in {5], expressed the number of I,-points on a hyperelliptic
curve in terms of special values of Gaussian hypergeometric series.

Let ¢ and d be positive integers and E, 4: y° = x +ax + b be an algebraic curve over a finite field F,;. Throughout
this paper, we assume that a,b # 0. Let N, 4 denotes the number of points on the algebraic curve E. 4 over F,
excluding points at infinity and a, (E, 4) denotes the trace of Frobenius of the algebraic curve E, 4. In this paper,
ford > 2 and g = 1(mod ed(d — 1)), we express N4 and a4(E, ) in terms of gF4—1 and 41 F4—2 Gaussian
hypergeometric series containing multiplicative characters of orders d, e(d — 1) and ed(d — 1). We deduce the result
of Lennon [12] on the trace of Frobenius of an elliptic curve from our main results. In [14], Ono obtained special
values of hypergeometric functions containing quadratic and trivial characters. Only a few such values are known
for heigher order characters. In the last section, we derive some interesting special values of 2 F1 hypergeometric
function containing multiplicative characters of order 12.
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2. Preliminaries

Let F, be a finite field with ¢ elements, where ¢ = p”, p is a prime number and n is a positive integer. Note
that F7 = TF,\{O} is a cyclic multiplicative group of order ¢ — 1. A multiplicative character y : F; — Crisa
- group homomorphism. Throughout, we reserve the notations ¢ and ¢ for the trivial and the quadratic characters,
respectively. Thus, for x € Fy

x 1, if x is a square of some element in %,
p(x) = (—) = (2.1)

—1, if x is not a square of any element in [F i
is the Legendre symbol. The following theorem gives the structure of multiplicative characters on Fy.

Theorem 2.1 ([13]).  Let g be a generator of the multiplicative group Fy. For j =0,1,2, ..., 9 — 2, the functions

2nijk
2@ =T, for k=0,1,2,...,9 -2,

define multiplicative characters on Fy.

The set ]f‘g of all multiplicative characters on 7 is a cyclic group under multiplication of characters. One extends
the domain of a multiplicative character x on Iy to Fy by defining x (0) = 0.

i

Define the additive character 8 : F, — C* by 8(a) = ¢'"®), where ¢ = e # andtr : F, — F, is the trace map

given by
tr(a) =a+a’ +aP . taf

Throughout this paper, by capital letters A, B, C, ... and Greek letters x,y,..., we will denote multiplicative
characters. Let d denote both the function on F; and the function on Fy:

{ 1 ifx=0;
o(x) = 2.2)
0 ifx #0,

and

1 if A 1s trivial character,
8(A) = (2.3)

0 otherwise.

Define 7 by xx = €. We write >, to denote the sum over all x in F, and > , to denote the sum over all characters of
Fy.
We recall the definitions of the Jacobi sum

J(A,B)=D A()B(l -x) (2.4)

and the Gauss sum

G(A) =: D> A(x)¢'"®. (2.5)
X
Definition 2.2 ([13]). For characters A and B of ¥, the binomial coefficient (g) is defined as

A _B(—l) -
() =225,

In terms of the binomial coefficients, A(1 + x) can be written as

: = 9 A
A(l +x) =6(x) + py %“ (X))((x). (2.6)
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Some useful properties of the binomial coefficients which follow easily from properties of the Jacobi sums are

()-(4)
(@)= ()

(2) = g)AB(—l). 2.9)

Let T be a fixed generator of @ and G, = G(T™). The following lemma gives the beautiful properties of the Gauss
sum.

aIld L

Lemma 2.3 ([6]). IfT™ is not trivial for m € N, then we have
GuG_pm =qT"(-1).
The following lemmas give the nice relationship between the Gauss sum and the Jacobi sum.

Lemma 2.4 ([12]). If T™" is not trivial for m,n € N, then we have

Tm
GmGon = q(Tn)Gm_,,T"(—l)
= J(T™, T™™)Gp—n.

Lemma 2.5 ((13]). If Th, 7%, ..., T* are nontrivial multiplicative characters of F,; and Thithkyt -tk g
nontrivial, then

n

Jrh, TR, Ty = gkl_GEZ__(_;L
Gy +hy+--tkn

Lemma 2.6 ([6]). If T is a fixed generator of ﬁl*:z and n € N, then orthogonality relations for multiplicative
characters are given by

-1 fT" =¢;
(D) Zrer; T"G) = {q v ¢

0 ifT" #£e.
1 ifx=1;
2) S92 () =17
@ TS5 T [o ifx # 1.

The following lemma gives the relation between additive characters and the Gauss sums.

Lemma 2.7 ([6]). Let @ be an additive character and a € IF;. We have

2
0(a) = ——= D G_nT™(a).
A q9- 1 m=0

Theorem 2.8 (Davenport-Hasse Relation [11]). Let m € Z* and q = 1(mod m). For multiplicative characters
X,V € F*, we have

[1 6w =-6Gmye™ ] GG
xm=1 xm=1

We have the following two special cases of the above theorem.
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Corollary 2.9 ([4]). Let d be a positive integer,l € Z,q = 1(modd) andt € {1, —1}. Ifd > 1 is an odd integer,
then -

d—1 _ d-H{d+1)(g-1 _
GiGyy, 021Gy 20 - Gy e = ¢ T TS Ly T @G,

Ifd is an even integer, then

A

- d—2){g-1
G1G1+19§-161+t2( -1 "'Gl;’_tgd—l%;g—ll =q%2Ggi_lT 5 (—I)T_l(dd)Gld.
The following lemma gives the values of the Gauss sum at the trivial and the quadratic characters.

Lemma 2.10 ([6]). We have

(1) G(€) =Go=—1,

(V@ ifq=1amod4);
i/q9 ifq=3(mod4).

Theorem 2.11 ([8]). Let 8 be an additive character and x, y, z € F,. Then we have

@ GP)=Cg = {

D 0(z(x — y)) = gb(x, »),

zeF,

1 ifx=y;
0 ifx #y.

Definition 2.12 (13]). If Ao, A1, ..., An and By, B, ..., B, are characters of Fq and x € Iy, then the Gaussian
hypergeometric series ,11 Fy, over Fy is defined as

_q Aox\ (A1 x ,(Anx)
e > (x )(le)f” Bux 2 ).

where 6(x,y) = [

AO’ Al, ~-'aAn

n+1Fn

By, ..., By

" Theorem 2.13 ([7]). For characters A, B, C onF, and x € F,,

A, B A, B
B B
) 2F x| = A(=1)a2F } 1—x +A(—1)(XC)(5(1 —X) —(C)(S(x),
C , ABC :
A, B A, CB
- B
@ 2/ x | =C(—=1DA(1 = x)F 2= +A(—1)(XC)5(1—x)-
Cc c '

3. Main Theorems

In this section, we state and prove the main theorems of this paper.

Theorem 3.1. Let e and d be positive integers and let N,q denotes the number of Fy points on E.4
y¢ = x9 + ax + b excluding points at infinity. If d > 2 and is an even integer;, and q = 1(mod(ed(d — 1))), then
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e—1 e—1
_ilg=1 1 ig-) fd-1
Nea=gq+2 T« (b)+ CEDTEINED 2 MT (_)
_ d42 _
¢, 6’ X’ X29""X42—23 XT,""Xd 1
X aFg—1 als

d, s L d=2, d+2, TV
W(ze 1), l//e i er 1’”.,!//—2—1 i WTe ',“-’W(d e—i

bd )d—l

where o = %(m , x and y are characters of orders d and e(d — 1) respectively and

M;=G G G d-og-1) G (d=2e)g-1) -+ G
! ~f-h _(4e-i)@-v Gl & gl id—(4-1)e) @-n
@D

ed(d—T)

e ide(d— _ i =1,2,...,(e—1).
a(44+1)ea-1 G d=td-ne Jemns 1L,2,...,(e-1)
€

—1

x G

Remark 3.2. In the above theorem, by using Lemmas 2.4 and 2.5, we can simplify the expression of M;. If e = 2,
—1
then M1 = g2 T% (=1), and if ¢ # 2, then

: —1
, (;(2,._,_,3_E - TQI_-_ez)éL—ll T
M;=gq G, .. i(g=1) (%e—i)(q-l)
o d T
!ld—ie!(q—l) e T e@d-D
ed{d—1) )
id—e)(g—1 (id~2e)(g—1 id—(d—1)e)(g—1
xJ(TL_ﬂ')’iT)e -, T~ e@-n TLW‘)?Ll = ) i=1,2,...,(e—1).

Theorem 3.3. Let ¢ and d be positive integers and let N, 4 denotes the number of ¥, points on E, 4
y¢ = x? + ax + b excluding points at infinity. If d > 3 is an odd integer, and q = 1(mod(ed(d — 1))), then

(2i(d—2)+ed)(g—1
VA=l

e-1 Gd-g-1)
_ig=1) T (-1 < (e=)(g=1) b
Ne,d =4q + ZT € (b) _—(d_-l)—-t— ZN G 1(g—12T ( 1) (——_—I
r Gir d
a2 +3d-1)g-1) i -
+T (1)261_1 _gg_z( qu.%“‘v‘)(__
gid—e, pdevid=2e el=tegididse g lokgilidze i Bed+id+e
X d-1Fq-2 ’ —al,
v, LW T, T e

where a = %(7—‘1 fi"il))d_l

M; = G(zd—e)( CELI) G gd— 2091 " g d ,e)(q 1) m— e)(q oy (:d (-1

, n and y are characters of orders ed(d — 1) and e(d — 1) respectively,

and

N; = [G%—_l G_ (e;i;(_gl—ll] [Gz(g‘—llG_(Zee—Q_(%—ll} . e 1;(3-1 )1
‘T_Led )]

X ng+1g(g—l2G ( ”"2(" o[- [G d— 1%(1—12G (d— 12(&—1%(1 1)] i=1,2,...,(e=1).
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Remark 3.4. In the above theorem, by using Lemmas 2.3, 2.4 and 2.5, we can simplify the expressions of M; and
- d—1){g~1 d— -
Nilfe =2, then My = g7 T~ (~1), and Ny = ¢4~ 17~ (Z1). If ¢ # 2, then

(d—e)(g=1)  (id—2e)(g—1) {id—(d=1)e)(g=1) _
M; = GSZi—e%ég—]) JVT edd-0 T ed@d-n T  edd-D , 1=1,2,...,(e—-1

and

_ d2—1)(g-1 (e=i)g=1) 2e—i)(g—1 (d=De-i)(g—1
N = ¢ T (<) G_ged_y)gg_l)J(T‘ﬁ%’Te S = I e = ) i=1,2,...,(c—1).
2e

Proof of the Theorem 3.1. Let P(x,y) = x? + ax + b — y°. Then N,q4 = #{(x,y) € ]Fg : P(x,y) = 0}.
Now using the elementary identity,

> 6P, ) =

z€lF,

g if P(x,y)=0;
0 if P(x,y) #0,

we obtain that

gNea= D 0GP y)= D, 00PE, )+ D 0@PO,0)+ > 6(PO,y)

x,y,2€F, x,y€F, ze]F; y.z€F;
+ D 0GPE )+ D 6(Pkx,y)
x,zeIF; x,y,ze]F;
=g+ D 02+ D 06)0(-2) + D 0(b2)8(ex?)8(azx)
zeF} y.2eF} x,z€F} )

+ Z 8(b2)8(zx¥)0(azx)8(—zy°).

x,y,zeIF;

This we can write as

gNeq:=g*+A+B+C+D, 3.1
where .
A= D 0(bz), B= D 6(b2)0(-2y),
ze]F; y,ze]P‘,’;
C= D 0(b2)0(zxH0(azx) and D= D 0(b2)0(zx")8(azx)6(~2zy°).
x,z€ly x,y,zeIF;
Following in a similar fashion as in [5] and using Lemmas 2.6, 2.7 and 2.10, we have A = -l and B = 1 +

—1 o ilg=1)
g3 T e ()
Similarly, we calculate C and D,

1

q-—2
= m Z G—IG—mG—nT’(b)T” (a) Z T1+m+n (Z) Z de-i—n(x)

1,m,n=0 ZGIF; xe]F;
and

q-2

D GatGnG-nGT DT @TH(=1) D T () 3 T @) 3 TH0).

P ETY
(q 1) I,m,n,k=0 zelFy xelFg yelFy

1
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The innermost sum of D is non zero only if k = ig—1) _1 ,i=0,1,...(e—1).Fork =0, D = —C. Thus, we can write
e—1 g-2
=-CH+ =7 2. 2 GiG-mGnG _ianT' B)T"(a )T (=)
9 ) i=11l,m,n=0
x Z Tl+m+n+l'(g_a—12 (Z) Z de-f-"(x).
zelF; xefF;
Now we can write D = —C + D', where
1 e—1 g=2
D' = 2. 2. G-1G-mG-nG_ignT’ GT@T T (=1) 3 phmtnt S5 () S pmdtngy),

T 1\3
(q 1) i=11,m,n=0 zeIF* xelFy

Here, the term D’ = O unless n = —md and [ = (d — 1)(m + "—(’d)(qﬁl)) Thus

) 1 e—1 —i
D' = (q_l)ZG m;nzT . 1)ZG(d o(- m_ﬂM)G_medT(d 1) (e )(b)T""d(a). (3.2)

ed—1)

m=0

By putting the values of A, B, C and D in Eq. (3.1), we get

e—1
_i(g=1)
qNea=g*+q > T ¢ (b)+D'. , (3.3)
i=1

If d > 2 is an even integer and m € Z, then Davenport-Hasse relation for ¢ = 1(mod 4d), ¢t € {1, —1} gives

G Gm m+971 m+ . Gm+(d—lg(q—ll
dm =
9% Gt T—’E“—’( T @

" and

G e—i)g-) G @e=Dig~1) '+ G ((d=D)e=i)(g~1
. ~m-tecas0 Gy Cepieon G ey

8y (e=Dlg=D) = —2)(g— e~i)(g—
(@-1)(-m- L350 g BT S @ - 1)

Now using G4 and G y d—l)(—m— (e:,-dx}l_),)) in~ Equation (3.2), we get

, i=1,2,...,(e=1).

-1 G :gg—l)T(e = T (<)

{(d-2)(2d-1)(g—1 Z (e=D(g-1
dz(q—l)G T 8@D  (=1) iz T7— e (@d-1)

Dl

m=

0o < s [ ]

x -
G +4@= 2;(ﬂ I[G (ue_l!(q 1 m+9--—lG !7e—l!(q—l)
—m— “[@-1 T TTE-

’ bd ldd
) m

e(d-1
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By arranging these terms, we get
{e—D(g—-1 i
1 G g T (BT (1) g2

Dl e—i)(g— [ Gm _IG—m
d2(q—1)Gg_1T—5_V—” (=1 i=1 7% @-1 0{ T }

m=l

X 1 GmG_m— (%Z_i_) . [Gm+g;_l G_m_(z;i;(_gl—)lz ] [Gm+2gg-1) G_m_(Zee—:'i)—ggl)—Q } e

L

r

x{1G -2gq-10 G G g-1) G
{ m+& 22((1 1 (d—g—ze—i g-1) m+(d+22«§ : —n— (%2“’_" g-1)

e(d—1 eld—

bd ldd
G —1)(g— —~e—i)(g— " —.
X [ m+ @0 G, @-ne-ng-n ]T ((d— 1)a-1gd

By using Lemma 2.4 in the above equation, we have

e—1
itg—1) d—
D= f’,z _ G_ignT 7 ( )ZGLIT 1)
(g — DG ng—)%_)"—lsd (=)o ¢ =0
st e o- T"’
X G /, T E (—1) do Vo | O dd=a@-1
m _(8e-i)@-n ,,,-+£7_<_L e
e@-1) T e(d-1)
-1 2(g~1
(e=i)(g=1) B ey 2e—iY(g—1 T™+=3a
x T @D (1) L fe=i) G a20q-n T @0 (=1) (e—i)(g-1
yacaneccconll BN G T
m+- o d= _ )
G (g™ 0 OV (e | O (g
R [(: ) Tt @0 “dd—T

(d+2%(g—1)
442.-i}(g-1 ™t

(d=1)e~i)(g—=1)
X Tm+ e(d-1) (_1) (ii’_ze__i) (=D PR G gid“(ed_l_)e 12)&_12 Tm+ e(d—1) (—1)
R

X

e+ R pd—1gd
. R R
Tm+!gd—23:xl!)(g—1! (d . 1)(d——1)ad

By collecting the terms of G and T*, we get

2 e—1 X q—
q i(g=1) d-—1 d+ 4=
D’ = M:T e (_ ) Tm + ( 1)
G=2@=G=]) Z i z
(@- DT (-1) i=1 b Jas
m - —
T gy T+ T T m+2eFl)
™" Tm+(7ﬁ2# Tm+$7(31%12 Tm+(2ee—zgi%-1)

pm+ @3 pm+ @3- SR pd14d
ces 7 —
X - Id—2:-i)(q—n —-— H2.i)@-1) g+ el ((d - l)d—lad)

e(d—1
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where

M; = G__igge—QG (%e_i)(q 1)G(ldd(e)(q)nG(mMz;)(ql) -G i £,2__1)8)(11_1) Gid—(g—+l]e(q—1)
=y — g_if;ed -1

e(d—1) e(d—1)

X G(id—gdd—;—)e l))(g—l) , i=1,2,...,(e—1).

de+__q_2

Since d is even, thus (—1) = 1. By Definition 2.12, we have

e—1
q ig=y fd—1
D' = @2)@d-1)g-1 Z M;T" e ( )
T 8d-1) (_1) i=1 b

2 d—2 42 d—1
¢’ €, x> As-vs X3 X250 X

x aFg-1 al,

2e—i Fe—i w"—;le—i, ., ydDei

e—i

w(%e_i), e, wT Ly

where a = Z( a(g‘il))(d_l), y and y are characters of orders d and e(d — 1) respectively. We complete the proof by

putting the value of D’ in equation (3.3).

Proof of the Theorem 3.3. If 4 > 3 is an odd integer, then Davenport-Hasse relations for G4, and G @1 (——m— (e=1)(g=1 )

are given by
Gm Gm+ -1G +_Qi Gm+(d Dg-1)
Gam = ,
m daT(d l)(d+1)(1 ( ]_)T—M(dd)
G e—i)(g— G i G —-De—i(g—
G 0y = —m— e(t}(—ql)l) —m- (2ee )5111 D “m"——w"lyq_l«d le) —1( . i=12 (e—1)
d 1 < — - — _ (e—i ( -1 s hand ) 5 o vy .
( )( —%ﬂ—le( =y ) Gg;_lq%T(d Bl7e (_1)T’"+—et£‘—qﬂ‘l(d _ 1y@-

Using these identities in Eq. (3.2), we get

D = z G ig-nT ¢ (DT

T(3d—:;%(ﬂ'l_l (_1) e—1 i(a—1 (e~Dg-1) ( b )
— — e
@ = DgDG T H i T

q-2 v
X Z {GmG_im} [Gm+9_;lG e (eezg(_gl—q } [Gm+2(g—12 G_m_(zee—i2£gl—12 ] ..
m=0

x G'"+(i_—lzlff_—ll ¢ (€2e-i) - Oy g G (4Le-i)@-n

—m= e(d—1) T )
G m b(d .l)dd
X [ m+gd—1%(g—12 G_m_g(d—le)(z-—_ilz)(g—lz } T m .

2_iy(g—
Since d is an odd integer, thus T " o= (—1) = 1. Next, we eliminate the term {G,,G_p,}, using the fact that if
m = 0,then G,G_p =qT™(—1)— (g —1),and if m # 0, then G,,G_,, = qT™(—1). Using these identities in the
above equation and rearranging the second term, we have
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qTQd—g}Ll( 1) ZG T ( 1) le=id(g—1) b
(g — 1)g¥- DG g et d—1

D =

q-2
x_z [Gm+ —1 G_m_ (e;ig(_g-)q ] [ +_@3-_QG Qe ,2(%-12 ]
m=0

x {Gm+i—£§q—l“"‘ = G_ _ (e (q—l)][ +le-1 G 4l e-i)(g— )}

m e(d— e(d—
" b(d—l)dd
X [Gm_'_(zl—l)d(q—l) G_m_((d-le)(;-igq—]) ] T _(d——l)(d_rad
3d-1)(
TL'E%LZ( 1) < G T:(q 1) 1 T(e—i)(q—l) b
- (d Z)Gg_—r z ‘_(9;11 -1 d—1

X [Gg?—_lG_(e;ig(_g—lz ] [Gz(%-ll G_gze;iz_gg]-l) ] e {G @=g=1) G_ (ii—le—i (;—1) ]

e{ld—1

[ngH%éﬂ—l)G d e_, | (@=1) ] [G(d—l)d(q—l) G_((d-le)(fi—_?;q—l) ] .

e{d—

By using Lemma 2.4 in each terms of the above equation and collecting the terms of G and T* and T"@-1D(—1) = 1
(since d is an odd integer), we have :

g4d2+3d-1)gg-1)
@ = DGt d—1
8 {G ide_aa(-i_)l G ide_azeié—ri nG ide-3e.(_l—1 Y (id—gd—z_—l)-e)(q—l) G (iq._ﬂ'%le))(q_l) -G {id—(;i;l_)e 12)?"—12 ]
ed(d-1) ed(d—1
q-2 T”."*‘gil Tm+zg%—12 m+ d—1)(g—1 T+ d+1)(g—1
X eivan e | bl N i e
oo \ Tt | \ e S 7+ e Tm+§—a-)rﬁ_¥_e AR
@=1)(g-1
y e+ Eah) —— 8 1%(9—2( 1) S ZG s )( 0T =itg-1) ( b )N‘
Ram = (d‘Z)G%— e a—1/)""

where

N; = - e—i)(g— )G @e-pg-n - ~1)(g— -1,
; [Gg?_l G_ e(sg_gl)l)l IGz(qd 1) _(Zee(d)iql) 1)} [ng 1)g-1) G_ dsl, (q—l)]

e(d-1)

eld—

[ng+1%§rq—11G 41, ) g~ ] {G(a-nd(g-nG_«d—%—-:;;q—g] , i=12,...,(e—1),
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d-1)
and a = (£) (%) . Replace m + %@Dl) by m in the above equation, we have

@2 43d-1)(g=1) -2 (id— e;(g—l)
D/_qZT (— 1)ZG ( IT:.‘_(HeLQ b qu Tm+ -1
- @-DGm & da-1)"" m

m=0
m+ ﬁgi%%l%g%q;lz ™ +(ed2_4e2i+2if-re)(g—lz 7 +(942_2ed+2iire)(g—12
X

-1 o d=3)e(g—1 d—De(g-1
Tm+ed 1) Tm+(—28()5%—1 Tm+(_ﬁ%r2

(ed?—3ed+id+e)(g—1 (3d—1)(g—1
Tt @@ _=dg=D Y
X T"(—a)T™ ¢@0 (—a)— D

)e(g—1) @-2G,.
- e @=2e@-1 q ng_x

e—1
b
leG ,(g_lﬂ T E)Y (ﬁ) Ni,
i

where

= 1 G (d-e)g-1) G (id-2e)(g=1) G (id=3e)(g=1 d=1, Gy, du
{ (led(ed(—l) (o Lﬁ_)ja_l' ] D ’d' (" D (’d__g"')(q"‘)

ed(d—l) 2d@=1)

x G a3 g1 G(id—(ed—-l_)e )(q-1) ] , i=1,2,...,(e—1.

ed(d—1

By using Definition 2.12 in the above equation, we have

Bd-1)(

T——sa“‘—( 1) =gy (b
,_— —
D = e 2 NiG_ (_1)T L (—D)T (d 1)

wﬂgm_z I _,( B b a1
+q G (=D ZG ig=1 e (ﬁ) M, T D (—a)dg-1Fa-2
o1 —4—1 _

g . N ed?—4ed+2id+e ed? —2ed+2id—e 2_ .
ngid—e, pid+ed 2‘—’,,,,,;7—2—1, g i ped? BedHid e

ve, ..y, pTe, ..., yd-2e

where 7, y are characters of orders ed (d — 1) and e(d — 1) respectively. We complete the proof by putting the value of
d—1 d-Dg-1
D’ in equation (3.3). Note that if ¢ = 2, then N; becomes g? =17~ B (=1 and M; = qd Sr- e D,

Remark 3.5. Let 7 € I}, be of the order e. If e = d and p = 1 (mod e), then there are e points at infinity, namely
[1:1:0,{1:7:0],[1:%22:0],...,[1:7°!:0]. Againife = d and p # 1 (mmod e), then the point at infinity
isonly [1:1 :0]. Now if e # d for e < d, the point at infinity is only [0 : 1 : 0] and for e > d, then the point at
infinity is only [1 : 0 : O].

Remark 3.6. Letg,e,d and E, 4 be as in Theorems 3.1 and 3.3. Let a,(E, 4(IF4)) denotes the trace of Frobenius
of the algebraic curve E, 4. Since a4(E.,4(Fg)) = g — Ne,q, from Theorems 3.1 and 3.3, we can express the trace
of Frobenius of the algebraic curve E, 4 in terms of 4 Fz_1 and 4—1 F4_> Gaussian hypergeometric series containing
multiplicative characters of orders d, e(d — 1) and ed(d — 1).
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4. Applications

In the following example, we deduce Theorem 2.1 of Lennon [12] from Theorem 3.3.

Example 4.1 ([12]). Letq = p", p > 3 a prime and g = 1(mod 12), Let E2 3 : ¥ = x3 4+ ax + b be an elliptic
curve over Fy, with j(E2;3) # 0, 1728, then the trace of Frobenius map on E3 3 can be expressed as

T, 72
3
g=1 f a 2
Era)=—qT 75 | — |,F _ 2
%

Lete = 2 and d = 3 in Theorem 3.3. In this case, we have M; = qT‘gﬁl('—l), Ny = qu“il_?l(—l) and

Nos =g +¢0b) — T~ 7 (~1)p(=2b)T T (1)

n o

(g1 1 o 2 ,
+gT 1)) T~ ()T (‘%b?) JFy ‘ _m ),

w?

where # is a multiplicative character of order 12 and y is multiplicative character of order 4. Thus, we have

%, 7%
—1 -1 3
Nog =g +¢(b) — ¢(=26)TF (=1) +qT*F (;—7)2F1 } B 247,,32
Lo

Since ¢ = 1 (mod 125, therefore, ¢(2) = Tgi_l(—l) and ¢(—1) = 1. Thus, ¢(2b)Tg4__1(—1) = ¢(b). Hence,
we have

T, 7Y%
afad
Ny3 = Tir — 1o F 27b?
23=49+4g (27 2F ’ - 2k
@
Since a4 (E2,3) = ¢ — Ny 3, we have
%, %"
3
1 a
E =TT (= ),F 27b%
ay(E23) q (27)2 1 l 1.
¢

We now give an example to show how Theorem 3.3 is applied for specific values of e and d.

Example 4.2. If g = 1(mod 36) and E3 4 is an algebraic curve over IF,, then the trace of Frobenius map on E3 4
can be expressed as
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7%\ [ 1%

_q! _2¢-b -1 (3
ayEsa@®) = -T- 50 -1 0 - [ ) n |7 (5)
T73 T 3

6, € TE, 7%

5(g=1) S(g—1
F 256b° s (T d
X4 3 _-27_¢4_ _q Tz(!_u Tis%l

5(g=1) 21 8(q9-1)

T-9y , T 9, T
) TS, 7%
3 6, b
x 7252 (—1yr 5 (%) +F3 _ 2566

%, 7%

4(g-1)
T 5

2

Lete = 3 and d = 4 in Theorem 3.1. In this case, we have

2 2
i(g— — i(g— 3
Nag=q+ > T By +T 7 (-1 M5 (Z) +F; l 2563
i=1 i=1 ‘

where y and y are characters of orders 4 and 9 respectively, and

M; = {G_i(q—l)G_(G—i)(g—l) G @i-3)g-1 G(4i—9)iq—l)} , =1,2.
3 5 15 38

Using Lemmas 2.3 and 2.4, we find the values of M; fori = 1,

4(g—1 -1
T %2 5% _
My =4 1 o | T D,
- -1)
TS T

and fori = 2,

T 5( 9—1 T 5(%——1!

29(;-—1)
M2 = q3 _ _ T (—1)
T %2\ 1%
By putting the value of M; in equation (3.1), we have
4(g-1 -1
-1 2Ag—1) T79 T%K_ -1 /3
N3’4=q+T‘93_(b)+T_ 3 (b)+q3 4 S TQB_ (—)
TS T b

&, €, ng_l, quﬂ:u
X 4F3 ‘ - @ +4°
R
&, €, Tgi_‘l, Tﬂqli)
X qu%ll(—l)Tme (%) 4F3 _ 256b°

274%
T4§g—1), T"L;l, T7gg—12
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Since a;(E3.4) = g — N34, thus

_ KD\ e
I D ¢S PRGN & | -12)
ag(B34Fp) = T~ ) - T- 52 ) - g (T%)(Tﬂ%&) s (b

6, € TF, 1%

b3 , T 5~ T 5 %~1!
x 4F3 ' - 22576a4 —-4 T2§1—ll T%—zl
Ts(g—l!, sz-l!’ Ts(g—l!
6, e T, 7%
2(q~-1 2¢-) 3
¥ ¥R (2 _ 256>
X (=D (b)4F3 2o

T4gg—12 ’ Tg_;_l T 1(g=1)
We recall the following theorems from [3,7].

Theorem 4.3 ([3)). Let g = p", p > 0 an odd prime and let T be a generator of the character group F};
The number of points on the twisted Edward curve Cq g : ax?+y? =1+ Bx%y? over F ¢ can be expressed as

¢, ¢
#Ca,p(Fg) = g — 1 — ¢(B) — $(aB) + gp(—a)2F1 £
' €
Theorem 4.4 ([7]). If A, B and C are characters of F,, then
A, A 0 ' if B is not square

=

F, = A(-2
2F1 ~ ' (=2) (C)+(¢C) #B = C2.
AB A A

We have the following special case of the above theorem.

Corollary 4.5. If A = ¢, B = ¢ and q = 1(mod 4), then we have

¢, ¢ -1 3(g—1
e [()C))
¢ ¢

Theorem 4.6. Let g = p", p > Oan odd prime and g = 1(mod 12). Ifa, b,k € Fj and 3k + a = O, then the
number of points on the elliptic curve Eq p 0 : y2 = x3 + ax? + bx can be expressed as

Tgr_il, ngg]—l)
sg-0) 3k + 2ak + b ‘
#E =q+4qT —— )2 F; _ 27¢3+ak?+bk)?
2,60 =49+ g ( 3 2F Zém')%_
¢

2F

&
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Proof. Since a # 0, we find k € Iy such that 3k +a = 0. A change of variables (x, y) — (x +k, y) takes the
algebraic curve E, p, to birationally equivalent form E), 5 : y* = x3 + (3k? + 2ak + b)x + (k3 + ak? + bk). Clearly
#Eq 3,0 = #E) 5, using Example 4.1 for a’ = 3k> + 2ak + b and b’ = k3 + ak? + bk, we have

%, 7%
@t 2
#Eab0=q+qT3 4l w 2F1 _27§k3+ak2+bk)2
T 3 4(3K2 4 2ak+b)?
¢

O

Corollary 4.7. Letq = p", p > 0 an odd prime and q
anda # +2./b, then

1(mod 12). If a, b,k € F%, b is a square, 3k +a = 0

%, 7%
_ 2
ngqa_g 3k” +2ak +b 2 Fy _ 2703 +ak?+bk)?
3 4(3k2+2ak+b)?
¢

¢, ¢
= —¢(a — 2vb) + ¢(ab — 2bvb) + qp(—a — 2/b), F a-2/b
a+2Jb

€

Proof. A change of variables (x,y) — (£ "—_A/-l—’) takes the algebraic curve E,po : ¥2 = x> + ax? + bx to

Y’ x+/b
birationally equivalent form Cy g : ax? +y2 = 1+ Bx%y? where a = a + 2+/b and B = a — 2+/b. Now
the points on E, po for y = 0 and x = —+/b do not correspond to any points on Ca,p. For y = 0, there are

2 + Tg”?(a2 — 4b) extra points on E; o, and for x = —+/b, there are 1 + Tﬂil(ab — 2b«/5) extra points on
Eqsp,0. Similarly under the inverse transformation, a change of variables (x, y) +—> (ﬂl(i—;“y—), %) takes the
algebraic curve Cy g to birationally equivalent form E, 5 0. Now the points on Cq,4 for x = O and y = 1 do not

correspond to any points on E, 5 0, so for x = 0 and y = 1, there are two extra point (0, 1), (0, —1) on Cq g. Clearly
#Eqp 0 +2=#Cop + 3+ T (a® — 4b) + TS (ab — 2b+/b). From Theorems 4.3 and 4.6, we have

%, 7% A
- 2 :
g +qr2 (3 2ek+ 0 o _ 2763 +ak24bk)? | 42
3 4(3k2+2ak-+b)>
S ¢
=g~ 1—¢(a—2vb) — ¢p(a* — 4b) + 3 + ¢(a® — 4b) + ¢ (ab — 2b/b)
¢, ¢
+ qp(—a — 2Vb),F a=2vh
gé(—a )2F1 a2t
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By solving the above equation, we have -

. % 4%t
-_— v 2 ’
qu:t—12 (Mﬂ)zlﬁ __ 2703 +ak?+bk)?
3 4(3k24+-2ak+b)3
¢

. ¢ ¢
= —¢(a — 2vb) + ¢(ab — 2b/b) + gp(—a — 2v/b), F, a=2vb
a+2Vb

€

a

In the next theorem, we obtain some special values of 3 F; hypergeometric function containing characters of
order 12.

Theorem 4.8. Let g = p”, p be a prime with q = 1(mod 12) and let T be a fixed generator of F%, then

/T’ﬁl, yin T \

|-l (7]
\ ¢ y

s
w

(1) 21

—

/T%l, T4 \
-1 —1 9;—1 QQ{—Q
@) JF; 2| =TT 017 (4) 00 [(T¢ )+(T ) )]
\ ¢ /
/T’r_r', %

.-1 3@=-1)
3 2F l =2 [ =1% (o) 77 (-%) #@ [(T:_)+(T ¢4 )}

([T, 776 -
g-1 3(g=1
| =17 Enr®E (B8) 17 (%) 4@ [(Tq: )+(T , )}
\ €

Proof. Seta = 12 and b = 4 in Corollary 4.7, we have
%, 7%

2 rd
qTa(g-Q (3k + 24k + 4)2F1 ’ _ 27(3+12k2 +-4k)?
- 3 4(3k2 +24k+4)3

4 2R/

¢, &

N—

= —¢(8) + ¢(32) + gp(—-16)22F;
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Since in Corollary 4.7, 3k + a = 0, so k becomes —4, then we have

T, 7% ¢, ¢
2Fi 1%%% "¢( DTAT'( )2F1 3
P €

Using Corollary 4.5, the above equation becomes

7%, 7%
1 =4\ [ (TS %"
i =¢(2)Tg4_(7)[( y )+( y )]

(2) Putting x = 38 A = 7% B = 7% and C = ¢ in Theorem 2.13-(1), we obtain

1331
e, %" %, 7%
q-1
— _ 1323
2F % _T12( 1)2F1 131
€ ¢
Thus the proof of (2) follows from the proof of (1).
()Forx = 38 A =7, B=T"%" and C = ¢, Theorem 2.13-(2) yields
1331
%, 7% 7%, 7%
g1
F 1323 | =T12 1) F 1323
2 -5 (1331)¢( )2F1 351
¢ ¢

Since ¢ = 1 (mod 12), therefore ¢(—1) = 1, then the proof of (3) follows from the proof of (1).
(4) Finally putting x = TSM, A= Tzl’_Zl, B = T5 o and C = ¢ in Theorem 2.13-(2), we obtain

%, T ‘ %, 7%
-1 (1323
F s | =1 (=2),F 8
2 - B3 (1331) 21 31
€ €
Hence the proof of (4) follows from the proof of (2). a
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