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Abstract. In this paper, we construct diagonal cubic surfaces over Q which have a Q-rational point under the
assumption that the Tate-Shafarevich group of elliptic curve X3 4 Y3 = AZ3 is finite. We can also check that there
is no Brauer-Manin obstruction for these surfaces without the finiteness assumption of the Tate-Shafarevich group.
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0. Introduction
Let V be the smooth projective surface over (Y defined by
V:ia X? + azX% + a3X§’ + a4X2 =0,

where ajazasas # 0. Without loss of generality we may assume that a; are cube free integers. It is a fundamental
problem of determining whether an algebraic variety has a rational point or not. If an algebraic variety over QQ has
a Q-rational point, then obviously it has a QQ,-rational point for every place v of Q. If the converse is also true,
then we say that it satisfies the Hasse principle. The Hasse-Minkowski theorem says the Hasse principle holds for
the projective quadratic hypersurfaces [Coh, Theorem 5.3.3]. However the Hasse principle does not hold in general
for V. In fact, a lot of counterexamples were constructed, for example, in [CKS], [Corn]. All these counterexamples
are explained by the Brauer-Manin obstruction (See, for example, [Sko] for the Brauer-Manin obstruction). The
problem here is that if there is no Brauer-Manin obstruction, then it has a rational point or not. It is conjectured that
the Brauer-Manin obstruction is the only obstruction to the Hasse principle for V' (It is conjectured for more general
algebraic varieties. See [PV, Conjecture 3.2 and Remark 3.3] for this conjecture and its history.).

As for the existence of rational points on V, there are several results in [BF], [SD], [Sat]. They gave some sufficient
conditions for V to have a rational point under the assumption that the Tate-Shafarevich group of elliptic curve
X3 + Y3 = AZ3 is finite. Note that it is known that the Brauer-Manin obstruction is empty without the finiteness
assumption of the Tate-Shafarevich group under their conditions. In particular, in [Sat], Sato showed the existence of
a Q-rational point on V by showing that the curve C on V (e.g., a1 X i” + ang + a3 Xg = 0) has a Q-rational point
by calculating the Selmer group of the Jacobian of C. More specifically, he showed that the Selmer groups of the
elliptic curves defined by

X2 +Y2 = pipap3Z®
where p; are distinct rational primes such that (p;, p2, p3) = (2,2,5) or (5,5, 2) mod 9 and
X} +Y’ = pip;piz’
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where p; are distinct rational primes such that (p1, p2, p3) = (2,2,2) or (5,5,5) mod9 are Z/3Z x Z/3Z
[Sat, Lemma 2.5, Lernma 2.6]. In this paper, we calculate the Selmer groups of all elliptic curves defined by
X} +yd=ph. . pm73

where r is a positive integer, pi,..., p, are distinct rational primes such that p;,..., p, = 2 mod 3, and
ni,...,n, € {0,1, 2} and classify curves whose Selmer groups are Z/3Z x Z/3Z. Then we construct new diagonal
cubic surfaces over (Q which have a Q-rational point under the assumption that the Tate-Shafarevich group of the
elliptic curve X3 + ¥3 = AZ3 is finite (Theorem 3.1). For example, we show the following.

Theorem 0.1 (Theorem 3.1 (i)). Let p1, pa, p3 be rational primes, each congruent to either 2 or 5 modulo 9 and
V:p1X; + p2X3 + p3X3 + pipap3X; =0
be a cubic surface over Q. Assume that the Tate-Shafarevich group of the elliptic curve over Q defined by

X3 +Y3=pipap3Z®  if(p1, p2, p3) = (2,2,2) 0r (5,5,5) mod 9
X3+ Y3 =plp3psZ® if (p1, p2, p3) = (2,2,5) 0r (5,5,2) mod 9

is finite. Then V(Q) # 0.
Remark 0.2.

(1) The statement of Theorem 3.1 (i) is slightly different from the above statement of Theorem 0.1. However note
that the above statement is also true since the defining equation of V' is symmetric.
(ii) There is no Brauer-Manin obstruction for the surfaces V in Theorem 3.1 without the finiteness assumption of
the Tate-Shafarevich group. See Remark 3.3 and Remark 3.5 for the details.
(iii) We can check easily that we cannot apply [SD, Theorem 1] to Theorem 3.1 (i) ~ (xi) (Remark 3.2). The
- condition in [SD, Theorem 1] is slightly stronger than the disappearance of the Brauer-Manin obstruction.

We give an overview of this paper. In §1, we recall the argument on descent developed by Basile and Fisher [BF]
and introduce some notations. Our assumption that the Tate-Shafarevich group of the elliptic curve

Eqf: X +Y3=4AZ?

is finite is needed to use their argument. In §2, we calculate the ~/=3-Selmer group of elliptic curve E4
for A = p;” ...pr" where r is a positive integer, p1,..., p, are distinct rational primes such that pj, ...,
pr =2 mod 3, andny,...,n, € {0, 1,2}. Then we classify curves whose Selmer groups are Z/3Z x Z/3Z.In §3,
we prove Theorem 3.1 by use of the calculation results of the Selmer groups in §2.
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1. Descenton X3 + Y3 = 473

In this section, we recall the argument on descent developed in [BF]. Let ¢3 be a primitive cube root of unity and
K = Q(¢3). For a cube free integer A € Z\{0, 1}, we denote by E 4 the elliptic curve defined by

Ea: X +Y3=4AZ3
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with identity O = (1, —1, 0). E4 admits complex multiplication, so that Endg (E4) = Z[¢3]). In fact, (3 actson E4
by (x,y, z2) — (x, ¥, {32), and the multiplication-by-/ —3 endomorphism on E 4 is given by

V=313, e (0 = 39, 65 - X0 (@~ aya).

Fix the algebraic closure K of K and we denote by G the absolute Galois group of K. Then we have the following
commutative diagram with exact row

0 —> EA(K)/~/—3EA(K) — HY(Gg, EAl~/=3]) — WC(Es/K)[V/-3]—>0
[T, WC(Ea/Ky)IV-3]
where WC(E 4/K) is the Weil-Chaelet group of E4/K and v runs over all the places of K.

Lemma 1.1. The group E4 (B)[v/=3] of ~/=3-torsion points is isomorphic to the group us(K) of cube roots of
unity as a G g -module.

Proof. A calculation shows that the kernel of /—3 : E4 — E4 is {O,T,—-T} where T = (¢3, —g32, 0) and
—T = (¢%,-¢3,0). An isomorphism of Galois modules : : u3(K) — Ea(K)[V-3] is given by
1¢3) = (&3, —¢%,0) where i =0, 1, 2. o

By Kummer theory and Lemma 1.1, H}(Gg, E4[+/—3]) is isomorphic to K*/(K*)* and so we get the exact
sequence

f

0 —— Es(K)/v/=3Ea(K) — K*/(K*) WC(Ea/K)[v/=3]—0.
I
[1, WC(Ea/K)IV=3]

Lemma 1.2. The above map f sends an element a(K*)? to the principal homogeneous spases
Cag:aX3+a7ly3=4Z73
forEs.

Proof. Let T and : be the same as the proof of LLemma 1.1. The translation by T map E4 — E4, P I—>_P +Tis
given by (x, y, z) — ((3x, C{ly, z). Let S beacuberootof a and y : C4,4 — E 4 be the isomorphism K given by
(x,y,2) — (Bx, 7'y, z). Then for o € G, we have

w° o w1 = translation by i (¢ (8)/p) map.
Therefore the class of C4 4 in H!(Gg, E,) is represented by the cocycle o > 1(o(8)/B). This cocycle takes
values in E 4[+/—3] and so also  represents an element in H WGk, EAlV-3)). Finally we note that the identification
of K*/(K*)3 and H(Gg, u3(K)) coming from Kummer theory identifies a (K *)? with the class of o > & (8)/8.
This give the description of the map f as desired. . L S 0

We denote by S(A) the +/—3-Selmer group S +-3) (E 4/K) (which is defined to be the kernel of the map g in the
diagram above) and by C(A) the kernel of the map f. Then C(A) is a subgroup of S(A) and by Lemma 1.2 we can
write them explicitly

SA) = {oc(K")3 | C4.q has K,-rational points for any prime v of K, a € K*},
C(A) = {a(K*)? | C4,4 has K-rational points, a € K*}.
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Furthermore, we have the exact sequence

0—C(4) S(A) UI(EA/K)[«/-—_3] —0

where III(E 4 /K) is a Tate-Shafarevich group of E4 /K. The followmg lemma provides the Hasse pnnaple for the
curve Cy o when S(A) = Z/3Z x Z/3Z.

Lemma 1.3.  Notations are the same as above. Assume that the Tate-Shafarevich group III(E 4 /Q) of E4 over Q
is finite. If S(A) = Z/3Z x Z/3Z, then C(A) = S(A). .

Proof. Assume that C(A) is a proper subgroup of S(A). Note that C(A) contains a nontrivial element A(K*)> since
Ca,4 has a point (1, 0, 1). Thus C(A) = Z/3Z. From the exact sequence

0 — C(A) — S(4) UI(E4/K)[v=31—0

we have III(E4/K)[+/—3] = Z/3Z. However this is impossible by [BF, Lemma 5]. ' a

2. Calculation of Selmer groups

n;

Let A be a cube free integer. In this section we calculate the Selmer group S(A) for A = p'; ...py whererisa
positive integer, pi, ..., pr are distinct rational primes such that p;, ..., pr =2 mod 3and ny,...,n, € {0, 1, 2}.
Then we classify curves whose Selmer groups are Z/3Z x Z/37Z. We use this calculation results in §3. In §1,
we regard S(A) as a subgroup of K*/(K*)3. In the following, we identify an element of K* with its images in
K*/(K*)3. For a prime element g in Z[¢3], we simply denote by K, the (g)-adic field K ;).
~ Leta € K* be a representative of an element in K*/(K*)3. Then we may assume that & € Z[¢3] is a non-zero
cube free.integer by multiplication by an element of (K*)?. Let A = [[/_, ;" be a prime factorization of A in Z[{3],
where g; are distinct primes in Z[¢3] and n; € Z>;. The condition a € S(A) implies that a is of the form

,
a=¢r e, momi,....mr €(0,1,2)

by [Sat, Lemma 2.1]. Conversely, if the ébove a satisfies Cy 4(Kg) # @ for every prime ¢ of K dividing 3 A, then it
follows fr_om [Sat, Lemma 2.2] that o € S(A).
Before calculating the Selmer groups, we show the following three lemmas.

Lemma 2.1. Let pi,..., p, be distinct rational primes such that pj = 2 mod3 (i = 1,...,r). Put
A =pl'--p’and a = g3pl' - p;'" where ny,...,n, € {1,2}, my,...,m; € {0,1,2}. If there exists
ie{l,...,r}suchthat p; # 8 mod?9, thena ¢ S(A).

Proof. Since p; =2 mod 3, p; remains prime in Z[¢3] and Z’;i C (Q*[;i)3. Therefore the curve C4 , is isomorphic
to

C - C3p;”ix3 + (?’—lp’:‘mi Y3 — p:h Z3

over Kp,. A valuation-theoretic argument yields that if C has a.K p,-rational point, then we see that {3 is a cube in
K ;. On the other hand, as p; # 8 mod 9, there can’t be any elements of order 9 in the residue field (as the residue
field has cardinality piz, which is not 1 mod 9), and so ¢3 can’t be a perfect cube. This is contradiction. Therefore
a & S(A). O

Lemma2.2. Let py,...,p, be distinct rational primes such that pj = 2 mod3 (i = 1,...,r). Let
A= pi'-pianda = pl" - p;" whereny,...,n, € (1,2}, m,m;,m, € {0,1,2}. If m = O, then
Caa(Kp,) #0foralli e {l,.. ,r}. : ‘
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Proof. Since p; =2 mod 3, the curve C4 4 is isomorphic to
X+ p MY = pliZ?
over K Pi" This has a K, -rational point. : a
In the following, we write 1 = 1 — (3.

Lemma 2.3. Let A = p;” ...py" Where pi,...,p, are distinct rational primes and ny,...,n, € {1,2}.
Fpi=-=p =8 mod9, then S(A) = (z3, p1, ..., pr) = [1}21 Z/32.

Proof. As p; =8 mod 9, the residue field has an element of order 9 and hence (3 is a cube in K p,. The curve C4
is isomorphic to

over K p,. This has a K, -rational point. Since p; = 8 mod 9, p; is a cube in Q3 C K. Thus the curve Cy ¢y is
isomorphic to '

OxX’+3y =2
over K. This has a K -rational point (X, Y, Z) = (1, 1, —1). Therefore ¢3 € S(A). The curve Cy, p, is isomorphic to
piX> 4+ piy’ = piZ°
over K, for j =i and
v X34+Y3 = p;fj 73
over K, for all j # i. These have a K ;-rational point. The curve C4,p, is isomorphic to
x}+y3=23

over K. This has a K;-rational point. Thus p; € S(A). Therefore we have S(A) = {(¢3, pi,..., pr) = Hl':% Z./3Z.

]
Let r be a positive integer and p, . .., p, be distinct rational primes such that p; = 2 mod 3,and A = p{' ... py”
where ny,...,n, € {0,1,2}. In the following proposition, we show all calculation results of S(A) which have

order 9 (Even if the order is not equal to 9, we can calculate S(A) in the same way.).

Proposition 2.4. Let r be a positive integer and p1, .. ., p, be distinct rational primes.

(i) Let A = py or p}. Then
S(A) = (A, ;3) S Z/3Z x Z/3Z if py =8 mod 9._
(ii) Let A = pypy. Then '
S(A) = (A, p1) = Z/3Z x Z/3Z if (p1, p2) = (2,2), (2,8), (5,5), (5,8) mod 9.
(iii) Let A = p)p3. Then
S(A) = (A, p1) ZZ/3Z x Z/3Z if (p1, p2) = (2,5), (2,8), (5,2), (5,8), (8,2), (8,5) mod 9.
(iv) Let A = p?p2. Then

S(A) = (A, p1) EZ/3L x Z/3Z if (p1, p2) = (2,2), (2,8), (5,5), (5,8) mod 9.
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(v) Let A = p1pap3. Then

S(4) = [(A, p1p3) ZZ/3L X /3L if (p1, p2, p3) = (2,2,2) 0r (5,5,5) mod 9
(A, p1p2) 2Z/3Zx Z/3Z if (p1, p2, p3) = (2,5,8) mod 9.

(vi) Let A = pipyp2. Then

(A, p1p}) = Z/3Z x Z/3Z if (p1, p2, p3) = (2,8,2) or (5,8,5) mod 9
S(A) = {(A, p1p3) EZ/3Z x Z/3Z if (p1, p2, p3) = (2,2,5) or (5,5,2) mod 9
(A, p1p2) EZ/3Z x Z/3Z  if (p1, p2, p3) = (2,5,8) mod 9.

(vii) Let A = p)p2p?. Then
(A, p2p3) S Z/3Z x Z/3Z if (p1, p2, p3) = (2,5,5) or (5,2,2) mod 9
S(A) = {(A, p1p3) D L/3Z X Z/3Z if (p1, p2, p3) = (2,2,8) or (5,5,8) mod 9
[ (A, p2p3) = Z/3Z x Z/3Z  if (p1, p2, p3) =(8,2,5) mod 9.

(viii) Let A = p% p% pg‘. Then

S(A) = {<A, pip3) 2 Z/3Z x Z/3Z i (p1, p2, p3) = (2,2,2) or (5,5,5) mod9
(A, p1p2) S Z/3Z xZ/3Z  if (p1, p2, p3) = (2,5,8) mod 9.

(ix) Assume py,...,pr = 2 mod3. Put A = p{'---p;" where ni,...,n, € {0,1,2}. If A is not listed -
above (i) ~ (ix), then the order of S(A) is not equal to 9. Thus we cannot apply Lemma 1.3.

Proof. Let p1, ..., p, be rational primes such that p;,..., p» = 2 mod 3 and A'='.pl ..pr" where np, ...,
n, € {0,1,2}. If (p1,..., p3) = (8,...,8) mod9, then we have already calculated S(A) in Lemma 2.3. Assume
(P1s-..»pr) # (8,...,8) mod9. By Lemma 2.1,if ' py" ... p7" € S(A), thenm = O and C,, mpm, has a

K p, -rational point for i = 1,...,r by Lemma 2.2. Thus we only have to check whether or not C g has-
a K;-rational point. We note from [Cora, Proposition 2.2] that since these curves are defined over Q they have a
K ,-rational point if and only if they have a Q3-rational point. As an example, we only prove (v). Put A = pipaps.
If (p1, P2, p3) =(2,2,2) or (5,5,5) mod 9, then it sufficient to show that Capin? (Q3) # @and Cq 5, (Q3) = 8.
The curve C 4 P12 is isomorphic to

p2 X3+ p1Y3 = p3 23

over Q. Since p; = p; mod 9, p1/p2 € Z} is a cube in Q3 and this has a Q3-rational point. The curve Cy p, is.
isomorphic to

X3+ p1Y? = pyp3Z?
over Q. Modulo 9, this equation becomes
X3 4273 =423 (resp. X3 + 5Y% = 723)

if (p1, p2, p3) = (2,2,2) mod 9 (resp. (5,5,5) mod 9). It has no nontrivial solution in Z/9Z. Therefore C4, p,
has no Qs-rational points. If (p1, p2, p3) = (2,5,8) mod 9, then it sufficient to show that C4 5, p, (Q3) # & and
Ca,p,(Q3) = 0. The curve Cy p, p, is isomorphic to

X? + p1pa¥? = p3Z®
over Q. Since p1p2 = 1 mod 9, this has a (J3-rational point. The curve Cy,p, is isomorphic to

X3+ p1Y? = pap3Z®
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over Q. Modulo 9, this equation becomes
X3 +2v3 =473,
It has no nontrivial solution in Z/9Z. Therefore C4, p, has no (Q3-rational point. : O

Remark 2.5. The case (p1,p2,p3) = (2,2,5) or (5,5,2) mod9 in Proposition 2.4 (vi) was proved in
[Sat, Lemma 2.5] and the case (p;, p2, p3) = (2,2,2) or (5,5,5) mod 9 in Proposition 2.4 (viii) was proved in
[Sat, Lemma 2.6]. On the other hand, none of the cases in the above proposition were proved in [Sat], [BF], and [SD].

Remark 2.6. In particular, if r > 4 in Proposition 2.4 (ix), the order of S(A) is greater than 9. Indeed, we can
easily find at least three generators of S(A).

3. Proof of the main theorem

In this section, by use of the calculation results of the Selmer groups in §2 we constfuct/diagonal cubic surfaces
which have a Q-rational point under the assumption that the Tate-Shafarevich group of the elliptic curve E4 is finite
(See also Remark 3.3 and Remark 3.5).

Theorem 3.1. Let V be the diagonal cubic surface over Q defined by the equation in Table 1 (D) below where
P1, P2, P3 are rational primes satisfying the condition in Table 1 ) . Assume that the Tate-Shafarevich group of the
elliptic curve E 4 is finite for A in Table 1 3). Then V(Q) # @.

Qv @ (p1, p2, p3) mod 9 OF;)
) 2,2,2),(5,5,5
@ P1X3 + prX3 + an% +p1pap3X3 =0 ( ). ) p;p;m
(2’ 25 5)» (5) 53 2) P] p2p3
. 2,2,2),(5,5,5
() | p1X}+paX3+p3X3 + papiX3 =0 2,2.2),6,5,5) P1P2P3
(2; 29 8)a (5) 59 8) p1p2p3
’ 2,2,2),(5,5,5
(i) | p1X3+ paX; + p3X3+ pap3X; =0 2,2,9,6.,53) FLP2P3
(2', 2a 8)5(55 5> 8) P1P2P3
. 2,2,5),(5,5,2 2 p2
) | p1X3+p2X3+p1p2p3X3 + p1p2piXs =0 229,052 FLRh
(23 25 2)’ (5: 53 5) P] p2p3
2,2,8),(5,5,8
) | p1X]+ paX3 + p2p3X3 + p1p2piX] =0 @.29,6,38 ”;”g”;
. (2’ 2: 2)’ (5’ 57 5) plpzp’}
) ' 2,2,8),(5,5,8
V) | p1X3+ p2aX3 + pap3X3 + p1o2apiX3 =0 ¢ ). { ) p;plzp;
(2’ 2’ 2)’ (Sa 5’ 5) P1P2p3
. 2,2,5),(5,5,2
M) | p1X3 + paX3 + pIX3 + papiX; =0 2,2,5,6,5,2) ””’%”’;
(2’ 27 8): (5’ 5’ 8) J 4! pzp’;
2,2,5),5,5,2) 2
(i) | p1X3 + paX3 + p3X3 + pap3X3 =0 2,2,5,6,5,2) PLPR
(2,2,8),5,5,8) P1PIP3
: 2,2,8),(,5,8 2 p2
(x) | p1X}+ p2X3 + p2p3X3 + prpap3X; =0 (2,2,8),6,5.8) P1PaPs
(2; 2’5)’ (5’5’ 2) p|p2p3
2,2,8),(5,5,8 2
®) | p1X}+ p2X3+ pap3X3 + p1p2p3X; =0 @29,6,5% AL P
(23 25 5), (5’ 59 2) P] p2p3
. 2,2,5),(5,5,2 2
(x1) mX + sz2 + p3X3 + p1pzp3X4 =0 ¢ ) ( ) ”é”i”%
(2’ 2’ 2)’ (5’ 57 5) P]Png
. 2,2,2,(,5,5
(Xll) P1X%+P2X%+p3x3+l73x4=0 ( > ) ( ) p1p2p;
(21 2, 5), (5, 5, 2) P1P2Py
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Proof. We can prove by the following way. Note that the surfaces V are of the form
V:ipi X3+ paX; + pilpp X3 + pllpiplixi = 0.
Put A = p'i‘“ p;ﬁ'l p? or p{‘“ pézﬂ pf according to the condition of (pj, p2, p3) mod 9 and assume

that II(E4/Q) is finite. If p1p3 € S(A) and S(A) = Z/3Z x Z/3Z, then C 2 = (X3 + p2Y? =

A.,p1p
j i1+1 _ix+1 i3

pi'p;zp;3z3} (resp. CA,mp% = (X3 + poY? = p{‘p52p§323}) has a K-rational point if A = p}'™ p" p;

(resp. A = p{‘“ péz'H pf) by Proposition 2.4 and Lemma 1.3. Thus the surface V clearly has a K-rational point.
Then it follows from [Cora, Proposition 2.2} that V has a (Q-rational point. As an example, we only prove (i). Note
that we may assume that pj, py, p3 are distinct. If (p1, p2, p3) = (2,2,2) or (5,5,5) mod 9 (in this case we
assume that ITI(E , p, p, /Q) is finite), then the curve

C = ;X + paY? = p3Z3)

PLP2P3,P1 DA
has a K-rational point by Proposition 2.4 (v) and Lemma 1.3. If (p;, p2, p3) = (2,2, 5) or (5, 5, 2) mod 9 (in this

case we assume that IT(E P02 ps /Q) is finite), then the curve

- Cr2p2ps,mpd = (1 X* + p2¥? = p1pap3Z?)
has a K -rational point by Proposition 2.4 (vii) and Lemma 1.3. Thus V has a (Q-rational point. m]

Remark 3.2. Theorem 3.1 (xi) was proved in [Sat, Theorem 2.8] and we can apply [SD, Theorem 1 (i)]
to Theorem 3.1 (xii). On the other hand, We can check easily that we cannot apply [SD, Theorem 1] to
Theorem 3.1 (i) ~ (xi). :

Remark 3.3. The surfaces V in Theorem 3.1 have a Qp-rational point for any rational prime p (without the
finiteness assumption of the Tate-Shafarevich group) by the following lemma.

Lemma 34. Let V be a diagonal cubic surface over Q defined by
V: ale +a2'lX;_ +a3X§’ + a4X2 =0

where ay, ..., as are non-zero cube free integers. Assume that if q | ajazazaas, then g = 2 mod 3 for any rational
prime q. Then V(Q) # @ for any rational prime p. .
Proof. Assume that p { 3ajazasas. Then V(Q,) # @ by Chevalley-Warning theorem and Hensel’s lemma. Assume
that p | ajazxasay. Since p =2 mod 3, V is isomorphic to

P X} + pX3 + pB X3 + pUX; =0

over Q, where iy,i2,i3,i4 € {0,1,2}. This has a Qp,-rational point. Assume that p = 3. Since Q3 /((@§)3 is
generated by the image of 3 and 2 as a group, at least two of the coefficient in Q3/ (Q;‘)3 are the same. Therefore V
has a 3-rational point. O

Remark 3.5. For the surfaces V in Theorem 3.1, there is no Brauer-Manin obstruction to the Hasse principle
(without the finiteness assumption of the Tate-Shafarevich group). In fact, the surfaces V in Theorem 3.1 (ii), (iii),
(vii), (viii) are not birationally equivalent to a plane over Q,, , the surfaces V in Theorem 3.1 (v), (vi), (ix), (X) are not
birationally equivalent to a plane over Qp,, the surfaces V in Theorem 3.1 (i), (xi) are not birationally equivalent to
a plane over Q3 and the surfaces V in Theorem 3.1 (iv), (xii) are not birationally equivalent to a plane over Q,, and
Qp, by use of [CKS, Lemma 8]. Thus it follows from [CKS, Proposition 2] that there is no Brauer-Manin obstruction
to the Hasse principle.
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