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1 Introduction

Dielectric thin films play an important role in modern sci-
ence and technology. Numerous applications in the areas of
optical coatings, protective coatings, integrated optics, etc.
are concerned with thin films, and much chemistry and
physics can be learned from studies of materials in thin-
film form. While there are a large number of methods avail-
able for the measurement of the refractive index and the
thickness of a thin film, only a few are capable of giving
the refractive-index profile of a graded-index film.'

In integrated optics, several fabrication processes, such
as ion exchange and ion diffusion, lead to graded-index
waveguides. The Wentzel-Kramers-Brillouin (WKB)
method (see, for example, Refs. 2 and 3) was once a popu-
lar method for the analysis of such waveguides. With the
tremendous improvement in computational power over the
years, the WKB method, which is an approximate method,
has long been replaced by highly accurate numerical meth-
ods. The inverse WKB method for refractive-index profil-
ing of graded-index waveguides,*” however, remains popu-
lar, as the inverse problem cannot be solved conveniently
by those numerical methods. In the inverse WKB method,
the profile is calculated directly from the effective indices
of the guided modes, which can be measured to a high
accuracy by the prism-coupler method.® A version of the
method” has in fact been implemented in a commercial
prism-coupler system (Metricon Model 2010) for the char-
acterization of thin films. However, the early methods*” are
applicable only to wavcguides that support many guided
modes. Recently, we have shown that, by combining the
measurements for both the TE and TM modes and/or at
different wavelengths,” the method can be applied to
single-mode and two-mode waveguides. Unfortunately, the
technique of combining the measurements for both mode
types cannot be applied to waveguides that do not support
both mode types or contain unknown material birefrin-
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gence. The technique of combining the measurements at
different wavelengths is more general, but it requires sev-
eral laser sources and an accurate knowledge of the disper-
sion properties of the waveguide material. More recently,
we have demonstrated a technique of profiling single-mode
waveguides at a fixed wavelength by combining the effec-
tive indices measured with different external refractive
indices.® However, because of the approximation in the
WKB equation,>*’ the accuracy of the method drops sig-
nificantly for single-mode profiles with relatively large in-
dex differences. While a couple of techniques'™'" have
been proposed to improve the accuracy of the inverse WKB
method, they have been developed only for multimode
waveguides, in which case, the inverse WKB method is
accurate enough and the improvement is not significant. In
this paper, we demonstrate a technique of improving the
accuracy of the inverse WKB method for the profiling of
single-mode waveguides. A significant improvement in ac-
curacy is achieved.

2 Inverse WKB Method

We consider a graded-index profile n(x), which is a mono-
tonically decreasing function of x for x=0 with a peak
value ny at x=0. The substrate index at x=+2 and the
external index for x<<(0 are denoted as n and n, . respec-
tively. The WKB equation is written as

.\,1IH| 5 5 - )
k f [n(x)—N?*(m)]"?dx=(m+0.25)7+ ®(N,n,),
0

(1)
with the phase change & given by

d(N,n,)=arctan{r,[(N>—n?)/(nj—N?)]"3}, (2)

where k=2/\ is the free-space wave number with A\ as
the wavelength, m is the mode order, N(m) is the effective
index (propagation constant divided by k), and x, is the
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turning point at which n(x,)=N(m). The constant r, is
equal to unity and (n,/n,)?, respectively, for the TE,, and
TM,, modes.

The inverse WKB method” is based on treating N(m) as
a continuous function of m (the effective-index function) so
that it can be constructed by curve fitting of the measured
effective indices N(0), N(1), N(2),.... The profile n(x)
can then be recovered from the function N(m) with an
efficient algorithm.® The peak index at the surface n is
simply equal to N(—0.75), i.e., by extrapolating’ the curve
N(m) to m=—0.75. For a completely unknown profile
shape, at least three effective indices must be available,
although the accuracy increases with the number of effec-
tive indices available. To increase the number of points for
curve fitting, we can combine the effective indices mea-
sured with different external refractive indices to construct
the effective-index function® N(m). To do that, we define
an effective mode order m as

ol ®(N,n,)—P(N,n,)
m=m-— 77 X 3)

where n, is a reference external index (air with n,=1 is
normally used as the reference). Using the new variable m,
the WKB equation, Eq. (1), can be written as

x,(m)
kf [n?(x)— N*(m)]"?dx=(m+0.25) 7+ P(N,n,),
0
(4)

where N(m) is the effective-index function that character-
izes the refractive-index profile. When evaluated at the val-
ues of m given by Eq. (3), N(m) gives the effective indices
obtained with various external indices. With the introduc-
tion of the effective mode order, the effective indices ob-
tained with different external indices become specific
points of the same effective-index function. The effective-
index function can therefore be constructed from a set of
measurements with different external indices using the con-
ventional algorithm, even if the waveguide supports only
one guided mode.® In practice, to provide the external index
needed, a suitable index-matching liquid can be applied
thinly on the waveguide surface when the effective index is
measured by the prism-coupler method.®

3 Error Correction

In general, the effective index calculated by the WKB
equation is smaller than the exact value and the discrepancy
can be significant for single-mode waveguides.’ Therefore,
in applying the inverse WKB method, which relies on the
one-to-one correspondence between the refractive-index
profile and the effective-index function, if the effective-
index function is constructed with exact effective indices,
the recovered profile will contain errors due to the inaccu-
racy of the WKB equation. To eliminate such errors, the
effective-index function should rather be constructed with
the effective indices that are the solutions of the WKB
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Fig. 1 Recovery of a single-mode Gaussian profile using effective
indices obtained with different external refractive indices: (a) differ-
ence in the peak indices calculated from two successive iterations
as a function of the number of iterations, (b) the effective indices (®)
and the effective-index functions with error correction (solid line) and
without error correction (dot-dashed line), and (c) the recovered pro-
files with error correction (solid) and without error correction (dot-
dashed line) and the actual profile (dashed line).

equation (instead of the exact effective indices), so that the
inverse of the WKB equation generates a profile that agrees
more closely to the actual profile. In practice, we use the
following procedure to correct such errors.
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Fig. 2 Recovery of a single-mode truncated parabolic profile using
effective indices obtained with different external refractive indices:
(a) difference in the peak indices calculated from two successive
iterations as a function of the number of iterations, (b) the effective
indices (@) and the effective-index functions with error correction
(solid line) and without error correction (dot-dashed line), and (c) the
recovered profiles with error correction (solid line) and without error
correction (dot-dashed line) and the actual profile (dashed line).
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We start with the profile n;(x), which is constructed
with the exact effective indices N, (in practice, the accu-
rately measured effective indices) of the actual profile n(x)
using the inverse WKB method. The profile n(x) thus
contains errors due to the WKB approximation. To com-
pensate for the errors, we calculate a set of corrected effec-
tive indices N, according to No=N;—(Ng;—N,), where
Npg, are the exact effective indices of the profile n(x),
which are obtained by solving the wave equation numeri-
cally. Here, Np; —N(>0) are the errors in the WKB ap-
proximation for the profile n;(x) and N, should be closer
to the solutions of the WKB equation for the actual profile
than N, . The profile constructed from the effective indices
N,, denoted as n,(x), is therefore expected to match the
actual profile better. We can continue the process by con-
structing the profile n3(x) with the effective indices N,
where N3=N,— (Ng,—N;) with Ng, being the exact ef-
fective indices of the profile n,(x). Since n,(x) is closer to
the actual profile than n,(x), N3 should be closer to the
solutions of the WKB equation for the actual profile than
N, . Note that according to Eq. (3), the values of m are also
modified slightly in each iteration. In general, we construct
the profile n;,,(x) with the effective index N;,,, where
Nj 1 =N;—(Ng;i—N)) (j=12,.). As Ng;y, approach
Ny, nj (x) approaches the actual profile n(x). This con-
dition could be used as a criterion to stop the iterative pro-
cess. In practice, we use a simpler criterion, i.e., the con-
vergence of the peak index calculated from the effective-
index function as the criterion. A few iterations are usually
sufficient to give good results. In the following, we present
two numerical examples to demonstrate the performance of
the method.

In the first example, we assume that the actual profile
is a Gaussian profile given by n(x)=1.50+0.02
exp[—(x/1.5)?] for x=0 in micrometers, which is single-
moded in air at 632.8 nm. We first construct the profile with
the effective indices for the TE, mode calculated exactly
for four different external indices at 632.8 nm. We then use
this profile as the initial profile to start the iterative proce-
dure. In each iteration, the effective-index function is fitted
with a second-order polynomial.® The difference in the
peak indices calculated from two successive iterations as a
function of the number of iterations is shown in Fig. 1(a).
The calculated peak index converges rapidly, but the differ-
ence between two successive iterations does not decrease
further when the number of iterations becomes large
enough. This is due to the inherent errors arising from the
determination of a continuous function with discrete points
(i.e., interpolation and extrapolation), which are fundamen-
tal to the method and cannot be eliminated. The effective-
index function and the effective indices calculated after six
iterations are shown in Fig. 1(b) together with the initial
ones without iteration. The corresponding recovered pro-
files are shown in Fig. 1(c), from which we can see that the
recovered profile after six iterations matches the actual pro-
file much better, compared with the initial recovered profile
that has no error correction. Without error correction, the
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peak index of the recovered profile is N(—0.75)
=1.52224, which is larger than the actual value 1.52 by
11% with respect to the index difference ny—n,=0.02.
With error correction, the peak index obtained is N
(—0.75)=1.52036, which corresponds to a discrepancy of
only 1.8%.

In the next example, we consider a truncated parabolic
profile given by n(x)=1.50+0.07(1 —x?) for0<x<1 and
n(x)=1.50 for 1 =<x, where x is in micrometers. The wave-
guide in air supports only the fundamental mode at 632.8
nm. The difference between the surface index and the sub-
strate index is deliberately chosen to be large to amplify the
errors in the WKB approximation and hence provides a
more stringent test for the error correction method. Again,
we first construct the profile with the effective indices for
the TE, mode calculated exactly for four different external
indices at 632.8 nm, and then use this profile as the initial
profile to start the iterative procedure. In each iteration, the
effective-index function is fitted with a second-order poly-
nomial. The difference in the peak indices calculated from
two successive iterations as a function of the number of
iterations is shown in Fig. 2(a). Small oscillations after a
few interactions similar to those shown in Fig. 1(a) can be
seen. The effective-index function and the effective indices
calculated after three iterations are shown in Fig. 2(b) to-
gether with the initial ones without iteration. The corre-
sponding recovered profiles are shown in Fig. 2(c). The
recovered profiles using more than three iterations do not
differ much, and they all agree with the actual profile
closely. On the other hand, the recovered profile that has no
error correction deviates significantly from the actual pro-
file. Without error correction, the peak index of the recov-
ered profile is N(—0.75)=1.58059, which is larger than
the actual value 1.57 by 15% with respect to the index
difference ny—n=0.07. With error correction, the peak
index obtained is N(—0.75)=1.57097, which corresponds
to a discrepancy of only 1.4%. The improvement in accu-
racy is similar to that in the previous example.

4 Conclusion

We outlined the inverse WKB method for index profiling of
graded-index planar waveguides and demonstrated an itera-
tive procedure to correct the errors in the recovered profile
caused by the WKB approximation. This procedure can
give significantly improved results for single-mode
waveguides. With this development, the inverse WKB
method becomes an even more powerful tool for the char-
acterization of dielectric thin films.
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