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Abstract. Let K be the function field of a p-adic curve, G a semi­
simple simply connected group over K and X a G-torsor over K. 
A conjecture of Colliot-Thelene, Parimala and Suresh predicts that if for 
every discrete valuation v of K, X has a point over the completion Kv, 
then X has a K -rational point. The main result of this paper is the proof 
of this conjecture for groups of some classical types. In particular, we 
prove the conjecture when G is of one of the following types: (1) 2 A~, 
i.e. G = SU(h) is the special unitary group of some hermitian form 
h over a pair (D, r), where D is a central division algebra of square­
free index over a quadratic extension L of K and r is an involution of 
the second kind on D such that U = K; (2) Bn, i.e., G = Spin(q) is 
the spinor group of quadratic form of odd dimension over K; (3) D~, i.e., 
G = Spin(h) is the spinor group of a hermitian form h over a quaternion 
K -algebra D with an orthogonal involution. Our method actually yields 
a parallel local-global result over the fraction field of ,a 2-dimensional, 
henselian, excellent local domain with finite residue field, under suitable 
assumption on ~e residue characteristic. 

2000 Mathematics Subject Classification. 11E72, 11E57. 

l. Introduction 

Let K be a field and G a smooth connected linear algebraic group over K. 
The cohomology set H 1 ( K, G) classifies up to isomorphism G-torsors over 
K, and a class ;; ~ H 1 (K, G) is trivial if and only if the corresponqing . 
G-torsor has a K-rational point. Let QK denote the set of (normalized) 
discrete valuations (ofrank 1) of the field K. For each v E nK, let Kv denote 
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the completion of Kat v. The restriction maps H1(K, G) ➔ H 1(Kv, G), 
v E n.K induce a natural map of pointed sets 

H1(K, G)-----+ IT H\Kv, G). 
vEO.K 

If the kernel of this map is trivial, we say that the Hasse principle with respect 
to n.K holds for G-torsors over K. 

In the case of a p-adic function field, by which we mean the function field 
of an algebraic curve over a p-adic field (i.e., a finite extension of (Q)p), the 
following conjecture was made by Colliot-Thelene, Parimala and Suresh. 

Conjecture 1.1 ([6]). Let K be the function field of an algebraic curve over 
a p-adic field and let G be a sernisimple simply connected group over K. 

Then the kernel of the natural map 

H1(K,G)-----+ IT H 1(K0 ,G) 
VEO.K 

is trivial. In other words, if a G-torsor has points in all completions K v, 

v E n.K, then it has a K-rational point. 

1.2. Let K be a p-adic function field with field of constants F, i.e., K is 
the function field of a smooth projective geometrically integral curve over the 
p-adic field F. Let A be the ring of integers of F. It is in particular a henselian 
excellent local domain of dimension 1. By resolution of singularities, there 
exists a proper flat morphism X ➔ Spec A, where X is a connected regular 
2-dimensional scheme with function field K. We will say that X is a p-adic 
arithmetic su,face with function field K, or that X ➔ Spec A is a regular 
proper model of the p-adic function field K. 

An analog in the context of a 2-dimensional base is as follows. Let A be a 
henselian excellent 2-dimensional local domain with.finite residue field k and 
let K be the field of fractions of A. Again by resolution ·of singularities, there 
exists a proper birational morphism X ➔ Spec A, where Xis a connected 
regular 2-dimensional scheme with function field K. We will say that Spec A 
is a local henselian su,face with function field K and that X ➔ Spec A is a 
regular proper model of Spec A. 

Experts have also been interested in the following analog of Conjecture 1.1: 

Question 1.3. Let K be the function field of a local henselian surface 
Spec A with finite residue field and let G be a semisimple simply connected 
group over K. _ 

Does the Hasse principle with respect to Q.K hold for G-torsors over K? 
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Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field. For most quasi-split K -groups, the 
Hasse principle may be proved by combining an injectivity property of the 
Rost invariant map (cf. [6, Thm. 5.3]) and results from higher dimensional 
class field theory of Kato and Saito. 

The goal of this paper is to prove the Hasse principle for groups of several 
types in the non-quasisplit case. To give precise statement of our main result, 
we will refine the usual classification of absolutely simple simply connected 
groups in some cases. 

1.4. Let E be a field and let G be an absolutely simple simply connected 
group over E. We say that G is of type 

(1) 1 A:, if G = SL 1 (A) is the special linear group of some central simple 
E -algebra A of square-free index; 

(2) 2 A:, if G = SU(h) is the special unitary group of some nonsingular 
hermitian form h over a pair (D, r ), where Dis a central division algebra 
of square-free index over a separable quadratic field extension L of E 
and r is an involution of the second kind on D such that L' = E; when 
the index of division algebra D is odd (resp. even), we say the group 
G = SU(h) is of type 2 A~ of odd (resp. even) index; 

(3) c;, if G = U(h) is the unitary group (also called symplectic group) of a 
nonsingular hermitian form hover a pair (D, r), where Dis quaternion 
algebra over E and r is a symplectic involution on D; 

(4) n: (in characteristic -:/=- 2), if G = Spin(h) is the spin group of a non­
singular hermitian form h over a pair (D, r), where D is quaternion 
algebra over E and r is an orthogonal involution on D; 

(5) FJed (in characteristic different from 2, 3), if G = Autazg (J) is the group 
of algebra automorphisms of some reduced exceptional Jordan £-algebra 
J of dimension 27. 
Recall also that G is of type 

(6) Bn (in characteristic -:/=- 2), if G = Spin(q) is the spin group of a non­
singular quadratic form q of dimension 2n + 1 over E; 

(7) G2 (in characteristic -:/=- 2), if G = Aut0 1g ( C) is the group of algebra 
automorphisms of a Cayley algebra Cover E. 

· 1.5. In the local henselian case, we shall exclude some possibilities for 
the residue characteristic. To this end, we define for any sernisimple simply 
connected group Ga set S(G) of prime numbers as follows (cf. [30, §2.2] or 
[9, p. 44]): 

S(G) = {2}, if G is of type G2 or of classical type Bn, Cn or Dn (trialitarian 
D4 excluded); 

S( G) = {2, 3}, if G is of type E6, £7, F4 or trialitarian D4; 
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S(G) = {2, 3, 5}, if G is of type Es; 
S(G) is the set of prime factors of the index ind(A) of A, if G = SL1 (A) 

for some central simple algebra A; 
S(G) is the set of prime factors of 2.ind(D), if G = SU(h) for some non­

singular hermitian form h over a division algebra D with an involution of the 
second kind. 

In the general case, define S(G) = US(Gi), where Gi runs over the almost 
simple factors of G. 

When G is absolutely simple, let no be the order of the Rost invariant of 
G. Except for a few cases where no = 1, the set S(G) coincides with the set 
of prime factors of no (cf. [21, Appendix B] or [17, §31.B]). 

We summarize our main results in the following two theorems. 

Theorem 1.6. * Let K be the function field of a p-adic arithmetic suiface 
and G a semisimple simply connected group over K. Assume p -1- 2 if G 
contains an almost simple factor of type 2 A~ of even index. 

If every almost simple factor of G is of type 

1 A* 2 A* B C* D* Fred or G2, n' n, n, n, n, 4 

then the natural map 

H\K, G)--+ n H 1(Kv, G) 
vEQK 

has a trivial kernel. 

Theorem 1.7. Let K be thefunctionfield of a local henselien suiface with 
finite residue field of characteristic p. Let G be a semisimple simply connected 
group over K. Assume p ¢ S ( G). 

If every almost simple factor. of G is of type 

1 A~, 2 A~ of odd inde;, Bn, c;, D!, FJed or Gz, 

then the natural map 

H 1(K, G)-+ I] H\Kv, G) 
vEQK 

has a trivial kernel. 
If moreover the Hasse principle with respect to QK holds for quadratic 

forms q of rank 6 over K (i.e., q has a nontrivial zero over K if and only if 
it has a nontrivial zero over every Kv' V E nK ), then th~ same result is also 
true for an absolutely simple group of type 2 A~ of even index. 

*R. Preeti [26] has proved results on the injectivity of the Rost invariant which 
overlap with the results in this paper. Our work was carried out independently. 
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In fact, it suffices to consider only divisorial discrete valuations in the above 
theorems. 

Remark 1.8. Let K be as in Theorem 1.6 or 1.7. Assume the residue char­
acteristic p is not 2. 

(1) By (28, Tom. 3.4] (the arithmetic case) and (13, Thm. 3.4] (the local 
henselian case), a central division algebra of exponent 2 over the field 
K is either a quaternion algebra or a biquaternion algebra. So for a 
group of type Cn, say G = U(h) with h a hermitian form over a sym­
plectic pair (D, -r), the only case not covered by our theorems is the case 
where D is a biquaternion algebra. Similarly, for a group of classical 
type Dn, say D = Spin(h) with h a hermitian form over an orthogonal 
pair (D, -r), the only remaining case is the one with D a biquaternion 
algebra. · 

(2) In Theorem 1.7, the hypothesis on the Hasse principle for quadratic 
forms of rank 6 is satisfied if K = Frac(O[t]) is the fraction field of 
a formal power series ring over a complete discrete valuation ring 0 
(whose residue field is finite), by (12, Thm. 1.2]. In the arithmetic case, 
this is established in (6, Thm. 3.1]. ': 

In the rest of the paper, after some preliminary reviews in Section 2, we 
will prove our main theorems case by case: the cases 1 A~, Cn, FJed and G2 
in Section 3; the cases Bn and v; in Sections 4 and 5; and the case 2 A~ in 
Section 6. 

Our proofs use ideas from Parimala and Preeti's paper (23]. In particular, 
two exact sequences of Witt groups, due to Parimala-Sridharan-Suresh and 
Suresh respectively, play a special role in some cases. Other important ingre­
dients include Hasse principles for degree 3 cohomology of Q/Z(2) corning _ 
from higher dimensional class field theory of Kato and Saito (cf. (15] and 
[27]), as well as the work of Merkurjev and Suslin on reduced norm criterion 
and norm principles ((31,20]). For spinor groups and groups of type 2 A~ of 
even index, we also make use of results ori quadratic forms over the base field 
K obtained in (25,19] (see also (11]) in the p-adic case and in (13] in the local 
henselian case. 

- 2. Some reviews and basic tools - . 

In this section, we briefly review some basic notions which will be used fre­
quently and we recall some known results that are essential in the proofs to 
come later. 

Throughout this section, let L denote a field of characteristic different 
from 2. 
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2.1 Hermitian forms and Witt groups 

We will assume the readers have basic familiarity with the theory of invo­
luti9ns and hermitian forms over central simple algebras ( cf. [29, 16, 17]). 
For'later use, we recall in this subsection some facts on Witt groups, the "key 
exa~t sequence" of Parimala, Sridharan and Suresh and the exact sequence 
of Suresh. The readers are referred to [3, §3 and Appendix 2], [4, §3] and 

I 

[23; §8] for more information. 
lJnless otherwise stated, all hermitian forms and skew-hermitian forms 

(in particular all quadratic forms) in this paper are assumed to be nonsingular. 

2.1. Let L be a field of characteristic different from 2, A a central simple 
algebra over L and a an involution on A. Let E = La. We say that a is 
an L/E-involution on A. To each hermitian or skew-hermitian form (V, h) 
ovef'(A, a), one can associate an involution on EndA(V), called the adjoint 
involution on EndA (V) with respect to h. This is the unique involution ah on 
EndA (V) such that 

h(x, f(y)) = h(ah(f)(x), y) V x, y EV, V f E EndA (V). 

For a fixed finitely generated right A-module V, define an equivalence rela­
tion ~ on the set of hermitian or skew-hermitian forms on V (with respect to 
the involution a) by 

h ~ h' {==} there exists ,1, EE* such that h = ,1,.h'. 

Let rt+ (V) (resp. rt-(V)) denote the set of equivalence classes of hermitian 
(resp. skew-hermitian) forms on V and let 1t±(v) = rt+(v) u 1t-(v). The 
assignment h · ~ ah defines a map from 1t± (V) to the set of involutions on 
EndA (V). If a is of the first kind, then the map h ~ ah induces a bijection 
between rt± (V) and the set of involutions of the first kind on End A (V), and 
the involutions ah and a have the same type ( orthogonal or symplectic) if h 
is hermitian and they have opposite types if h is skew-hermitian. If a is of the 
second kind, then the map h ~ ah induces a bijection between rt+(V) and 
the set of L/ £-involutions on End A (V). (cf. [17, p. 43, Tom. 4.2].) 

If A = L and a = id, a hermitian (resp. skew-hermitian) form h is simply 
a symmetric (resp. skew-symmetric) bilinear form b. In this case, b ~ ab 

defines a bijection between equivalence classes of nonsingular symmetric or 
skew-symmetric bilinear forms on V modulo multiplication by a factor in 
L* and involutions of the first kind on Endi(V). If q is the quadratic form 
associated to a symmetric bilinear form b, we also write aq for the adjoint 
involution ab, 

2.2. Let (A, a) be a pair consisting of a central simple algebra A over a field 
L of characteristic -::/= 2 and an involution ( of any kind) a on A. The orthogonal 
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sum of hermitian forms defines a semigroup structure on the set of isomor­
phism classes of hermitian forms over (A, a). The quotient of the corres­
ponding Grothendieck group by the subgroup generated by hyperbolic forms 
is called the Witt group of (A, a) and denoted W(A, a) = W1(A, a). The 
same construction applies to skew-hermitian forms and the corresponding 
Witt group will be denoted w- 1 (A, a). 

If A = L and a = id, then W(A, a) is the usual Witt group W(L) of 
quadratic forms (cf. [18,29]). One has a ring structure on W(L) induced by 
the tensor product of quadratic forms. The classes of even dimensional forms 
form an ideal J(L) of the ring W(L). For each n ~ l, we write 1n(L) for the 
n-th power of the ideal / (L ). As an abelian group, 1n (L) is generated by the 
classes of n-fold Pfister forms. 

2.3. Let D be a quaternion division algebra over a field L of characteristic 
-:/=- 2. Let ,o be the standard (symplectic) involution on D. The Witt group 
W(D, ,o) has a nice description as follows (cf. [29, p. 352]). 

If h : V x V ➔ Dis a hermitian form over (D, 1:0), then the map 

% : V--+ L, qh(x) := h(x, x) 

defines a quadratic form on the £-vector space V, called the trace form of h. 
If his isomorphic to the diagonal form (AJ, ... , Ar), then% is isomorphic 
to the form (AJ, ... , Ar) ® nD, where nD denotes the norm form of the 
quaternion algebra D. By [29, p. 352, Thm. 10.1.7], the assignment h 1-+ qh 
induces an injective group homomorphism W(D, 1:0) ➔ W(L), whose image 
is the principal ideal of W(L) generated by (the class of) the norm form nv 
of D. In particular, two hermitian forms over (D, 1:0) are isomorphic if and 
only if their trace forms are isomorphic. 

2.4. Let L / E be a quadratic extension of fields of characteristic different 
from 2. The nontrivial element I of the Galois group Gal(L / E) may be viewed 
as a unitary involution on the £-algebra A = L. The Witt group W (L, 1) can 
be determined as follows (cf. [29, pp. 348-349]): 

As in (2.3), to each hermitian form h : V x V ➔ L over (L, 1), one can 
associate a quadratic form% on the £-vector space V, called the trace form 
of h, by defining 

%(x) := h(x,x) EE, V x EV. 

One can show that h 1-+ qh induces a group homomorphism W(L, 1) ➔ 
W(E) which identifies W(L, 1) with the kernel of the base change homo­
morphism W(E) ➔ W(L). In particular, two hermitian forms over (L, 1) 
are isomorphic if and only if their trace forms are isomorphic. (cf. [29, 
Thm. 10.1.2].) 
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Let c5 EE be an element such that L = E(,./J). Then for a E E*, the trace 
form of h = (a) is isomorphic to (a, -ac5) = a.(l, -c5). So the image of the 
map 

W(L, z) -+ W(E); h 1-+ qh 

is the principal ideal generated by the form (1, -J) (cf. [29, Remark 10.1.3)). 

2.5. Let A be a central simple algebra over a field L of characteristic 
ch~(~) -/= 2. Let a be an involution on A and let E = Lu. For any invertible 
element u E A*, let Int(u) : A -+ A denote the inner automorphism 
x 1-+ u.x .u_-I. If a (u)u-1 = ±1, then Int(u) o a is an involution on A of the 
same kind as a. 

Conversely, let a, 1: be involutions -of the same kind on A. If a and i- are 
of the firs_t kind, then there is a unit u E A*, uniquely. determined up to a 
scalar factor in E*, such that -r ,;; Int(u) o a and a (u) = ±u. Moreover, the 
two involutions a and -r = Int(u) o a are of the same type (orthogonal or 
symplectic) if and only if a (u) = u. If a and -r are of the second kind, then 
there exists a unit u E A*, uniquely determined up to a scalar ·factor in E*, 
such that -r = Int(u) o a and a(u) = u. 

Let .f)(A,oJ,.= .f) 1(A,a) (resp. ,fj-1(A,a)) denote the category of 
hermitian (resp. skew..:heimitian) forms over (A, a). Let£, e' E {±1}. Let 
a EA* be !3-n element such that cr(ti) = e'a. Then the functor 

<I>a : Sj 8 (A, Int(a-1) o 11) -+ Sji:i:' (A, a); (V, h) t------+ (V, a.h) 

is ari equivalence of categories, called a scaling. There is also an induced 
· ~ isoin_ol.J?hism of Witt groups 

In particular, if 11 and -r are involutions of the same kind and type on A, then 

there is a scaling isomorphism of Witt groups ¢>a : W (A, 1:) ~ W (A, a). 

2.6. Let A 1:;,e a cen~al simple algebra over a field L of characteristic -/= 2 
and 11 an involution of any kind on A. Let (V, h) be a hermitian form over 
(A, a). Let B ~ EndA (V) and let O'h be the adjoint involution with respect to 
h. There is an equivalence of categories, called the Morita equivalence, 

defined as follows (cf. [3, §1.4], [16, §I.9]): For a hermitian form (M, f) over 
(B_, _ah), define a map 

h * f: (M ®8 V) x (M ®8 V)-+ A 
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by 
(h * f)(m1 ® VI, m2 ® v2) := h(v1, f(m1, m2)(v2)). 

One verifies that cDh(M, f) := (M ®s V, h * f) yields a well-defined 
functor SJ(B, ah) --+ SJ(A, a), which can be shown to be an equivalence 
(cf. [16, p. 56, Thm. I.9.3.5]). The Morita equivalence induces an isomor­
phism of Witt groups: 

¢h: W(EndA(V),ah) ➔ W(A,a). 

2. 7. We briefly recall the construction of the key exact sequence of Parimala, 
Sridharan and Suresh. The readers are referred to [3, §3 and Appendix 2] for 
more details. 

Let (A, a) be a central simple algebra with involution over L. Let E = Lu . 
Assume there is a subfield M s; A which is a quadratic extension of L such 
that a (M) = M. Suppose a IM = idM if a is of the first kind. Let 

A := {a E A I a.m = m.a, V m E M} 

be the centralizer of M in A. This is a central simple algebra over M. 
By [3, Lemma 3.1.1], there exists µ E A* such that a(µ) = -µ and that 
the restriction of Int(µ) to M is the nontrivial element of the Galois group 
Gal(M/L). 

Set , = Int(µ) o a and let ,1 , ,2 be the restrictions of , and a to A respec­
tively. Then ,1 is an involution of the second kind, ,2 is of the same kind and 
type as a, and, is orthogonal (resp. symplectic) if and only if a is symplectic 
(resp. orthogonal). 

On~has a decomposition A= A EB µ.A (as right M-modules). Let n-1, n-2: 
A --+ A be the M -linear projections 

n-1 (x + µy) = x, n-2(x + µy) = y, V x, y EA. 

These induce well-defined group homomorphisms 

1q: W(A,,)----+ W(A,,1) and n-2: w-1(A,,)----+ W(A,,2). 

On the other hand, let ..:l E M be an element such that ..:l2 EL and M = L(..:l). 
For a hermitian form (V-, f) over (A, i-1), define p(f) to be the unique skew­
hermitian form on V = V EB V µ which extends ..:l./ : V x V --+ A. This 
defines a group homomorphism 

p : W(A, i-1)-:-:-+ w-1(A, i-); (V, i) ~-n, EB V µ, p(J)). 

The sequence 

n1 - p n2 -
W 0 (A, i-) ----+ W 0 (A, q) ----+ w-s (A, i-) ----+ W 0 (A, i-2) (2.7.1) 

turns out to be an exact sequence (cf. [3, Appendix 2]). 
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Since r (µ) = - µ, one has a scaling isomorphism ( cf. (2.5)) 

</J";1 : w- 1(A, r) ~ W(A, o). 

We may thus replace w-1(A, r) in the exact sequence (2.7.1) by W(A, a) 
and rewrite it as 

JfJ - p ii'2 -
W(A, r) ---+ W(A, l'I) ---+ W(A, a) ---+ W(A, r2) (2.7.2) 

where p = ¢; 1 op and 1r2 = 1r2 o ¢ µ. This exact sequence is due to Parimala, 
Sridharan and Suresh and is referred to as the key e:xa.ct sequence in [3]. 

We will only use the exact sequence (2. 7 .2) in the case where A = D is a 
quaternion algebra and a is an orthogonal involution. This special case was 
already discussed by Scharlau in (29, p. 359). 

2.8. Now let D be a quaternion division algebra over a quadratic field exten­
sion L of E and let r: be a unitary L/ £-involution on D (i.e. a unitary involu­
tion such that Lr = E). There is a unique quaternion £-algebra Do contained 
in D such that D = Do ®E L and r = r:o ® z, where r:o is the canonical 
(symplectic) involution on Do and z is the nontrivial element of the Galois 
group Gal(L/E). Write L = E(-JJ) ,vith d EE*. Then D = Do EB Do-JJ. 
For any hermitian form (V, h) over (D, r:), we may write 

h(x, y) = h1 (x, y) + h2(x, y)✓d with hi(x, y) E Do, for i = 1, 2 

for any x, y E V. 
The projection h i---+ h2 defines a group homomorphism 

-1 p2: W(D, r)---+ W (Do, ro). 

For a hemiitian form (Vo, f) over (Do, ro), set 

V = Vo ® Do D = Vo'® E L = Vo EB Vo✓d 

and let p (f) : V x V ➔ D be the map extending f : Vo x Vo -+ Do by 
r:-sesquilinearity. One checks that this defines a group homomorphism 

p: W(Do, ro)---+ W(D, r); (Vo, f)-~ (Vo EB Vo✓d, p(f)). 

For any quadratic form q over L = E(,,/d), there are quadratic forms q1, q2 

over k such that q (x) = q1 (x) + q2 (x ),,/d. We have thus group homo­
morphisms 

1ri : W(L)----+ W(E); qi---+ % i = 1, 2. 

We denote by 1i:1 : W(L) ➔ W(Do, r:o) the composite map 

W(L) ~ W(E) ---+ W(Do, r:o) 

where the map W(E) ➔ W(Do, r:o) is induced by base change. 
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Suresh (cf. [23, Prop. 8.1]) proved that the sequence 

ir1 p P2 -1 
W(L) ~ W(Do, ro) ~ W(D, r) ~ W (Do, ro) 

is exact. We will refer to this sequence as Suresh's exact sequence in the 
sequel. 

2.2 Invariants of hermitian forms 

In this subsection, we recall the definitions of some invariants of hermitian 
forms. For more details, see [3, §2], [4, §3] and [23, §5, §7]. 

2.9. Let (D, a) be a central division algebra with involution over L. Let 
E = V'. Let (V, h) be a hermitian form over (D, a). The rank of (V, h), 
denoted rank(V, h) or simply rank(h), is by definition the rank of the 
D-module V: 

rank(h) := rankv(V). 

2.10. With notation as in (2.9), let e1, ... , en be a basis of the D-module 
V (so that rank(h) = rankv(V) = n). Let M(h) := (h(ei, e1)) be the 
matrix of the hermitian form h with respect to this basis. The matrix algebra 
A= Mn(D) has dimension 

Put 
~-- dimL V 

m = J dimL A = rank(h) · degL D = ---. 
degL D 

We define the discriminant disc(h) = disc(V, h) of the hermitian form (V, h) 
by 

: m(m-1) · 
disc(h) = (-1). 2 NrdA(M(h)) 

{ 

E* / E*2 if a is of the first kind 
E . 

E*/NL;E(E*) ifo- isofthesecqndkind 

-~~----· "•--- ----
Ifh is·a hermitianformover([>;a'j;fhellllage ofllie-caifohical maty ·c-:-· .- ·-~-~. · 

·. consists of classes [h'] E iI 1(E, U(h)) of hermitian forms h' which have the 
same rank and discriminant ash. 
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2.11. Let D be a cenral division algebra over L and let a be an orthogonal 
involution on D. Note that the Brauer class of Din the Brauer group Br(L) 
lies in the subgroup 

2Br(L) := {a E Br(L) I 2.a = O}. 

Let h be a hermitian form over ( D, a). Let 

be the connecting map associated to the exact sequence of algebraic groups 

1 -* µ2-* Spin(h)-* SU(h) -* 1. 

Leth' be a hermitian form over (D, u) such that rank(h') = rank(h) and 
disc(h') = disc(h). Then there is an element c(h') E HI(L, SU(h)) which 
lifts [h'J E HI(L, U(h)). The class of J(c(h')) in the quotient 2Br(L)/([DJ) 
is independent of the choice of c(h') (cf. [3, §2.1]). Following [2J, we define 
the relative Clifford invariant 'fifth (h') by 

'fif'lh(h') := [J(c(h'))J E zBr(L). 
([DJ) 

When h has even rank 2n and trivial discriminant, the Clifford invariant 
'fif'l(h) of his defined as 

2Br(L) 
'fif'l(h) := 'fif'lH2n (h) E ([DJ) , 

where H2n denotes a hyperbolic hermitian form of rank 2n = rank(h) over 
(D, a). If D = Land h = q is a nonsingular quadratic form over L, then 
'fif'l(h) coincides with the usual Clifford invariant of the quadratic form q. 

2.12. Let ( D, u) be a central division algebra with an orthogonal involution 
over L. We denote by U2n(D, a), SU2n(D, a) and Spin2n(A, u) respectively 
the unitary group, the special unitary group and the spin group of the hyper­
bolic form over (D, a) defined by the matrix H2n = ( f ~). 

Leth be a hermitian form of even rank 2n, trivial discriminant and trivial 
Clifford invariant. There is an element <; E HI (L, Spin2n (D, a)) which is 
mapped to the class [hJ E HI(L, U2n(D, u)) under the composite map 

HI (L, Spin2n(D, a))-* HI (L, SU2n(D, u))-* HI (L, U2n(D, a)). 

Let 
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be the usual Rost invariant map of the simply connected group Spin2n (D, a) 
(cf. [17, §31.B]). It is shown in [4, p. 664] that the class of Rspin2n(D,a)(() in 
the quotient 

H 3 (L, <Q/::Z(2)) 

H 1(L, µ2) U (D) 

is well-defined. The Rost invariant §t(h) of the form h is defined as 

2.13. Let (D, a) be a quaternion algebra with an orthogonal involution over 
L. We will need some further analysis on the map p: W(D, q)--+ W(D, a) 
in the exact sequence (2.7.2). Note that in this case i5 = M is a quadratic 
field extension of L and r1 is the nontrivial element 1 of the Galois group 
Gal(M/L). Let U2n(M, 1) and SU2n(M, 1) denote the unitary group and the 
special unitary group of the hyperbolic form over (M, 1) defined by the matrix 
H2n = ( 1~ t ) . We have 

U2n(M, 1)(L) = {A E M2n(M) I A.H2n1(A)1 = H2nl-

Note that for A E M2n(M), 1(A) = Int(µ) o o-(A) = µAµ- 1 (cf. (2.7)) and 

A.H2n-l(A)1 = H2n {=} (A.H2n-l(A// 

= (H2n) 1 
{=} 1(A).H2n.A1 = H2n-

Therefore, for A E U2n(M, 1)(L), we have 

A.µ- 1 lH2n.a(A)1 = A.µ- 1 lH2n.A1 

= µ- 1(µAµ- 1)lH2n-A1 

= µ-l l1(A).H2nA1 = µ- 1 lH2n 

inside M2n(D). So we have a natural inclusion 

U2n(M, 1)(L) ~ U(µ-1 lH2n)(L) 

={BE M2n(D) I B.µ- 1 }.,Hzn.a(B)1 = µ-I lH2n}. 

In fact, this defines an inclusion of algebraic groups over L: 

p': U2n(M, 1)--+ U(µ-1 lH2n); A f----+ A. 

By [17, p. 402, Example 29.19], any element <; of H 1(L, U2n(M, 1)) is 
represented by a matrix S E GL2n(M) which is symmetric with respect to 
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the adjoint involution 1 H2n on M2n (M), and ¢ is the isomorphism class of the 
hermitian forin H2ns- 1 . The natural map 

H 1(L, U2n(M,1))---+ H 1(L, U(µ- 12H2n)) 

induced by the homomorphism p' maps ¢ to the class of the hermitian form 
µ- 1 AH2ns-1. On the other hand, by the construction of the homomorphism 
p : W(M, 1) ➔ W(D, a), the form H2nS' over (M, 1) is mapped to the 
form µ-1 ).H2ns-1 over (D, r, ). Hence the natural map 

H 1(L, U2n(M, 1))---+ H 1(L, U(µ-½H2n)) 

is compatible with the restriction of p to forms of rank 2n. 
Clearly, the inclusion p': V2n(M, 1) ➔ U(µ- 12H2n) induces an inclusion 

SV2n(M, 1) ➔ SU(µ- 12H2n) (cf. [4, p. 671]). A choice of isomorphism of 
hermitian forms µ- 1 2 H2n ~ H2n over ( D, a) yields an injection 

This lifts to a homomorphism 

Po: SU2n(M, 1)---+ Spinzn(D, r,). 

The composition 

induces a commutative diagram 

H 1(L, V2n(D, r,)) 

such that the map p : W(M, 1) ➔ W(D, a) restricted to forms of rank 
2n and of trivial discriminant is compatible with the map p' at the level of 
cohomology sets. Moreover, for any¢ E H 1(L, SV2n(M, 1)), one has by 
[4, Prop. 3.20] 

Rspin2n(D,a)(Po(<;)) = Rsv2n(M,z)(¢) E H3(L, (Q/Z(2)), 

i.e., po(<;) E H 1(L, Spin2n(D, a)) has the same Rost invariant as ¢. 
If h is a hermitian form over ( D, r,) representing the class p' ( ¢) E 

H1(L, V2n(D, a)), then the Rost invariant of the form his 

H3(L, Q/Z(2)) 
£%(h) = [Rspinzn(D,a)(Po(<;))] = [Rsu2n(M,1)(¢)] E Hl (L, µz) U (D) 

by definition (cf. (2.12)). 
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2.14. We shall also use the notion of Rost invariant of hermitian forms over 
an algebra with unitary involution. The definition is as follows. Let E be 
a field of characteristic =/=- 2, L / E a quadratic field extension and ( D, r) a 
central division algebra over L with a unitary L / E =involution. Let 0211 (D, r) 
and SU2n (D, r) denote respectively the unitary group and the special unitary 
group of the hyperbolic form ( f ~) over (D, r). For a hermitian form h of 
rank 2n and trivial discriminant over ( D, r), we may define its Rost invariant 
8£(h) by 

3£ H3(E, (Q/Z(2)) 
(h) := [Rsu2n(D,,)(t)] E CoresL;E((L*l) U (D))' 

where t E H 1(E, SU211 (D, r)) is any lifting of the class [h] E H 1 

(E, U211 (D, r)) and 

L*1 = (Rl;e<Gm)(E) = {a EL* I NL;e(a) = l}. 

Indeed, by [23, Appendix, Remark B], the class [Rsu2n(D,,)(t)] is indepen­
dent of the choice of the lifting t, so that this Rost invariant &£(h) is well 
defined. Note that if D = Do ®e L for some central division algebra Do over 
E, then 

CoresL;E((L*1) U (D)) = 0 

and her..ce the Rost invariant of h is simply the usual Rost invariant of any 
lifting t E H 1(E, SU2n(D, r)) of the isomorphism class of h. 

2.3 Spinor norms 

2.15. Let E be a field of characteristic different from 2, A a central simple 
algebra over E and a an orthogonal involution on A. Leth be a nonsingular 
hermitian form over (A, a). The exact sequence of algebraic groups 

1 ----+ µ2 ----+ Spin(h) ----+ SU(h) ----+ 1, 

induces a connecting map 

o: SU(h)(E)----+ H 1(E, µ2) = E* / E*2 

which we call the spinor norm map. We will write 

Sn(he) := Im(o: SU(h)(E) ----+ E* / E*2) 

for the image of the above spinor norm map. If A = E, a = id and h = q is a 
quadratic form,the spinornorm mapo :-SO(q)(E) ---+ E* /E.*2has an e~plicit 
description as follows (cf. [18, p. 108]): Any element 0 E SO(q)(E) can be 
written as the product of an even number of hyperplan reflections associated 
with anisotropic vectors v 1, ... , v2r. The spinor norm o ( 0) is equal to the 
class of the product q(v1) . .. q(v2r) in E* / E*2. 

A deep theorem of Merkurjev is the following norm principle for spinor 
norms. 
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Theorem 2.16 (Merkurjev, [20, 6.2]). With notation as in (2.15), assume 
that deg(A).rank(h) is even and at least 4. 

Then the image Sn(hE) of the spinor norm map is equal to the sub­
group of E* / E*2 generated by the canonical images of the norm groups 
NL/ E (L *) over all finite field extensions L / E such that AL is split and h L is 
isotropic. 

The following corollary is immediate from the above theorem. 

Corollary 2.17. With notation and hypotheses as in Theorem 2.16, for any 
finite field extension E' / E, one has 

2.18. With notation and hypotheses as in Theorem 2.16, the well-known 
norm principle for reduced norms states that the subgroup Nrd(A *) ~ E* 
of reduced norms is generated b~ the norm groups NL;E(L*), where L/E 
runs over all finite field extensions such that AL is split. So Theorem 2.16 
implies that Sn(hE) is contained in the canonical image of Nrd(A*) in 
E* /E*2

. 

2.19. Let (A, er) be a central simple algebra with an orthogonal involution 
over a field E of characteristic i= 2. Let L / E be a field extension which splits 
A and let cp: (A, er} 0£ L ~ (Mn(L), erq0 ) be an isomorphism of £-algebras 
with involution, where erq0 is the adjoint involution of a qu~dratic form qo of 
rank n = deg(A) over L. Leth be a hermitian form over (A, er) 0£ L. Then 
by Morita theory (cf. (2.6)), h corresponds via the above isomorphism cp to a 
quadratic form q of rank n.rank(h) = deg(A).rank(h) over L. The similarity 
class [q] E W(L) of q is uniquely determined by h and is independent of 
the choice of cp and qo. The hermitian form hL is isotropic if and only if the 
quadratic form qL is isotropic. So, if deg(A).rank(h) is even and at least 4, 
one has Sn(qL) = Sn(hL) by Theorem 2.16. 

3. Some easy cases 

We shall now start the proofs of our main theorems. In a few cases, as may be 
already well-known to specialists, the results basically follow by combining a 
general injectivity result for the Rost invariant and a Hasse principle coming 
from higher dimensional class field theory. 

3.1. Recall that our base field K is the function field of a p-adic arithmetic 
surface or a local henselian surface with finite residue field (cf. (1.2)). Namely, 
K is either 
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(the case of p-adic arithmetic surface) the function field F(C) of a smooth 
projective geometrically integral curve C over F, where F 1s a p-adic field 
with ring of integers A and residue field k; 

or 
(the case of local henselian surface) the field of fractions Frac(A) of a 

2-dimensional, henselian, excellent local domain A with finite residue field k 
of characteristic p. 

In either case, by abuse of language we say k is the residue field of K and 
p = char(k) is the residue characteristic of K. 

In our proofs of the main theorems, we only use local conditions at divi­
sorial valuations, i.e., valuations corresponding to codimension 1 points of 
regular proper models (cf. (1.2)). More precisely, the set QA of divisorial 
valuations of the field K is the subset of n.K defined as follows: 

In p-adic arithmetic case, define 

u 
X➔Spec A 

where X ➔ Spec A runs over proper flat morphisms from a regular integral 
scheme X with function field K and xO) denotes the set of codimension 
1 points of X identified with a subset of n.K. 

In the local henselian case, define 

u 
X➔Spec A 

--
where X ➔ Spec A runs over proper birational morphisms from a regular 
integral scheme X with function field K and x<1) denotes the set of 
codimension 1 points of X identified with a subset of n.K. 

3.2. Let L / K be a finite field extension. Then L is a field of the same type as 
Kif K is the function field of a p-adic arithemetic surface or a local henselian 
surface with finite residue field. In the p-adic arithmetic case, let F' be the 
field of constants of L and let A' be the integral closure of A in F'. In the 
local henselian case, let A' be the integral closure of A in L. Then the set n.A' 
of divisorial discrete valuations of L is precisely the-set of discrete valuations 
w E nL lying over valuations inn.A s; n.K ._ 

3.3. By the general theory of sernisimple groups (see e.g. [17, p. 365, 
Thm. 26.8]), any semisimple simply connected group G over K is a finite 
product of groups of the form RLfK(G'), where L/ K is a finite separable 
field extension, G' is an absolutely simple simply connected group over L 
and RL/K denotes the Weil restriction functor. For each v E nA, one has 



172 Yong HU 

L ®K Kv ~ Ilwlv Lw and by Shapiro's lemma, 

H1 (K, RL;KG') ~ H 1(L, G') - and H 1 (Kv, Rt;KG') ~ IT H 1 (Lw, G'). 
wlv 

Therefore, to -prove the Hasse principle for semisimpe simply connected 
groups we may reduce to the case where G is an absolutely simple simply 
connected group. 

3.1 The quasi~split case 

We recall the proof of the Hasse principle for quasi-split groups without Es 
factors (cf. [6, Tom. 5.4]). 

The following theorem is of particular importance to us. 

Theorem 3.4. Let K be the function field of a p-adic arithmetic su,face or 
a local henselian su,face with finite residue field of characteristic p. Let QA 

be the set of divisorial discrete valuations of K (as defined in (3 .1) ). 

(i) (Kato, [ 15 ]) ln the p-rujic arithmetic case, the natural map 

H3(K, (Q/Z(2)) ~ IT H3(K~, Q/Z(2)) 
venA 

is injective. 
(ii) (Saito, [27], cf [13, Prop. 4.1]) In the local henselian case, let n > 0 be 

an integer prime top. Then the natural map 

H3(K, l!2) ~ IT H3(Kv, µ<:2) 
vEf.lA 

is injective. 

The next result is an injectivity statement for the Rost invariant of quasi­
split groups. 

Theorem 3.5 (cf. [6, Thm. 5.3]). tLet E be a field of cohomological 
2-dimension ::: 3 and let G be an absolutely simple simply connected quasi­
split group over E. Assume that G is not of type Es. Assume further the 
characteristic of E is not 2 if G is of classical type Bn or D11 • 

Then the kernel of the Rost invariant map RG H 1(E, G) --+ H 3 

(E, Q/Z(2)) is trivial. · 

t See (26] for a recent improvement of this theorem. 
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Proof For a quasi-split group of type 1 An or Cn, it is well-known that 
H 1 (E, G) = 1 over an arbitrary field E. For exceptional groups (not of type 
Es), the kernel of the Rost invariant is trivial over an arbitrary field by the 
work of Chernousov, Garibaldi and Gille (cf. [9, Thm. 5.2], [5,7] and [8]). 
If G is of type 2 An, Bn or classical type Dn, the proof can be done as in 
[6, Thm. 5.3], by passing to a quadratic form argument. D 

The p-adic case of the following result is [6, Thm. 5.4]. 

Theorem 3.6. Let K be the function field of a p-adic arithmetic suiface or a 
local henselian suiface with.finite residue field of characteristic p. Let G be an 
absolutely simple simply connected quasi-split group not of type Es over K. 
Assume p i S(G) in the local henselian case (see (1.5)for the definition of 
S(G) ). 

Then the natural map 

H 1 (K, G)--+ TI H 1 (Ku, G) 
vEQA 

has a trivial kernel. 

Proof The result follows from the following commutative diagram 

H 1(K, G) ----+ ITvEQA H 1
(Kv, G) 

1 1 
H3(K, µn®2) IT H3(K ®2) ----+ vEQA v, µn 

where the vertical maps have trivial kernel by Theorem 3.5 and the bottom 
horizontal map is injective by Theorem 3.4. D 

3.2 Groups of type 1 A~ 

For groups of inner type A~, the proof is essentially the same as the quasi-split 
case. 

Theorem 3.7. Let K be the function.field of a p-adic arithmetic suiface or 
a local henselian suiface with finite residue field of characteristic p. Let A a 
central simple K-algebra of square-free index n and G = SL1 (A). Assume 
p f n in the local henselian case. 

Then the natural map 

H 1(K, G)--+ TI H1(Kv, G) 
vEQA 

is injective. 
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Proof A well-known theorem of Suslin ([31, Thm. 24.4]) implies that under 
the assumptions of the theorem, the Rost invariant map 

is injective for E = Kor K 0 • An argument similar to the proofofTheorem 3.6 
yields the result. □ 

3 .3 Groups of type c; 

Lemma 3.8. Let K be the function field of a p-adic arithmetic suiface or 
a local henselian suiface with finite residue field of characteristic p. Assume 
p =I= 2 in the local henselian case. 

Then the natural map 

I\K)--+ TI I 3(Kv) 
DEilA 

is injective. 

Proof Consider the following commutative diagram 

I3(K) ~ TivEOA /3(Kv) 

~1 l 
H3(K, 'll/2) ~ TivEilA H 3(Kv, 'll/2) 

where the vertical maps are induced by the Arason invariants. Since 
cd2(K) :::: 3, we have I4 (K) = 0. So the map 

e3 : I 3(K)--+ H 3 (K, Z/2) 

is injective by [I, Prop. 3.1]. The map 

H3(K, Z/2)--+ TI H3(Kv, Z/2) 
VEilA 

is injective by Theorem 3.4. The lemma then follows from the above com­
mutative diagram. □ 

Theorem 3.9. Let K be the function field of a p-adic arithmetic suiface 
or a local henselian suiface with finite residue field of characteristic p. Let 
D be a quaternion division algebra over K with standard involution •O and 
h a nonsingular hermitian form over (D, ro). Assume p =I= 2 in the local 

I 

henselian case. Let G = U(h) be the unitary group of the hermitian form h. 
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Then the natural map 

H 1(K,G)---+ I1 H 1(Kv,G) 
VEO.A 

is injective. 

Proof The pointed set H 1 (K, G) = H 1 (K, U(h)) classifies up to isomor­
phism hermitian forms over ( D, ro) of the same rank as h. Let h I and h 2 be 
hermitian forms over (D, ro) of the same rank ash. Put h' = h11-(-h2). 
Note that h' has even rank, so the class of qh' in the Witt group W (K) lies in 
the subgroup J3(K) = I (K) • J2 (K) (cf. (2.3)). Thus 

[qh1l - [qh2l = [qh,] E /
3(K) . 

. If (hi) 0 ~ (h2)v for all v E QA, then by Lemma 3.8, [qh,] = 0 E J3 (K). 
This implies that q,lJ ~ qh 2 over K. Two hermitian forms over (D, ro) 
are isomorphic if and only if their trace forms· are isomorphic as quadratic 
forms (cf. (2.3)). So we get from the above that ht ~ h2, proving the . 
theorem. D 

3.4 Groups of type G2 or FJed 

Theorem 3.10. Let K be the function field of a p-adic arithmetic swface or 
a local henselian surface with finite residue field of characteristic p. Let G 
be an absolutely simple simply connected group of type G2 over K. Assume 
p =I= 2 in the local henselian case. 

Then the natural map 

H 1(K, G)---+ I1 H 1(Kv, G) 
vEQA 

has a trivial kernel. 

· Proof The group G is isomorphic to Auta1g(C) for some Cayley algebra C 
over K. Let i; E H 1 (K, G) be a locally trivial class and letC' be a Cayley 
algebra which represents i;. We have C Kv ~ C~ for every v E QA by 

. V 

hypothesis and we want to show C ~·c1 over K. Since two Cayley algebras 
are isomorphic if a~io~ly if th~i; norm.forms.are isomorphic and since the , 
norm form of a Cayley algebra is a 3-fold,Pfister form (cf. [17, .P· 460]), the 
result follows easily from Lemma 3.8. D 

Theorem 3~11. Let K be the function field of a p-adic arithmetic surface or 
. a local henselian surface with finite residue field of characteristic p. Assume 
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p f 6 in the local henselian case. Let G = Autazg (J) be the automorphism 
group of a reduced 27-dimensional exceptional Jordan algebra over K. 

Then the natural map 

H 1(K, G)----+ IT H 1(Kv, G) 
vEOA 

has a trivial kernel. 

Proof Recall that (cf. [30, §9]) to each exceptional Jordan algebra J' of 
dimension 27 over a field F of characteristic not 2 or 3, one can associate 
three invariants 

/3(1') E H 3(F, Z/2), fs(J') E H\F, Z/2) and g3(J1
) E H 3(F, Z/3). 

One has g3(J') = 0 if and only if J' is reduced. Two reduced exceptional 
Jordan algebras are isomorphic if and only if their /3 and /s invariants are the 
sanie. 

Now our base field K has cohomological 2-dimension cd2(K) = 3. So the 
invariant fs(J') is always zero. Let c; E H 1(K, G) correspond to the iso­
morphism.class of an exceptional Jordan algebra J' over K. Assume that c; 
is locally trivial in H 1(Kv, G) for every v E QA. By Theorem 3.4, we have 
/3(1) = h(J') and g3(J) = g3(J'). Since J is reduced by assumption, we 
have g3 ( J ') = 0 and hence J' is reduced. Thus it follows that J ~ J' over K, 
showing that c; is trivial in H 1 (K, G) as desired. D 

4. Spin groups of quadratic forms, 

4.1. Let E be a field of characteristic different from 2 and q a nonsingular 
quadratic form of rank 2': 3 over E. Recall that Sn(qE) denotes the image of 
the spinor norm map 

SO(q)(E)----+ E*/E*2, 

i.e., the connecting map associated to the cohomology of the exact sequence 

1 ----+ µ2 ----+ Spin(q) ----+ SO(q) ----+ l. 

Proposition 4.2. Let K be the function field of a p-adic arithmetic surface 
or a local henselian surface with finite residue field of characteristic p. 
Assume p f. 2 in the local henselian case. Let q be a nonsingular quadratic 
form of rank 3 or 4 over K. 

Then the natural map 

is injective. 
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Proof If rank( q) = 3, we may assume q = ( 1, a, b) after scalingl Let D be 
the quaternion algebra (-a, -b)K over K. Then Sn(q) = Nrd(D*) modulo 
squares. The result then follows from Theorem 3.7. 

Assume next rank(q) = 4. If disc(q) = 1, we may assume after scaling 
q = (1, a, b, ab). Put D = (-a, -b)K- Then Sn(q) = Nrd(D*) and 
the result follows again from Theorem 3.7. If d = disc(q) is nontrivial in 
K* / K*2 , we may assume q = (1, a, b, abd). Then 

Sn(qK) = Nrd(D;(.JJ) n K* modulo squares 

by [17, p. 214, Coro. 15.11]. The field K(,/d) is a field of the same type as 
K (cf. (3.2)). Let .QA' denote the set of divisorial valuations of K' = K ( ./d). 
If a EK* lies in Sn(qK

0
) for all v E .QA, then a is a reduced norm from DK, 

IO 

for all w E .QA'· By Theorem 3.7, a is a reduced norm from DK' = DK(✓ci)· 
This finishes the proof. D 

Recall that the u-invariant u(E) of a field E of characteristic -:f=. 2 
is the supremum of dimensions of anisotropic quadratic forms over E 
(so u(E) = oo, if such dimensions can be arbitrarily large). 

Proposition 4.3. Let Ebe a.field of characteristic -:f=. 2 and q a nonsingular 
quadratic form of rank rover E. Assume u(E) < 2r. 

Then Sn(qE) = E* / E*2, i.e., the spinor norm map 

SO(q)(E)---+ E*/E*2 

is surjective. 

Proof The image Sn(qE) of the spinor norm map consists of elements of 
· the form n:m q(v;), where Vi are anisotropic vectors for q (cf. (2.15)). 
If q is isotropic over E, then for every a E E*, there is a vector Va such 
that q(va) = a. Let v1 be a vector such that q(v1) = 1. Then we have 
a = q(va) · q(v1) E Sn(q£). 

Assume next q is anisotropic. For any a. E E*, the form q..L(-a • q) 
is isotropic over E by the assumption on the u-invariant. Hence there are· 
vectors x, y such that q (x) - a · q (y) = 0. Since q is anisotropic, we have 

. Ji. := q (y) E E* and q (x) .E E*. It follows that 

whence the desired result.· D 

Corollary 4.4. Let K be the function field of a p-adic arithmetic su,face or 
a local henselian su,face with finite residue field of characteristic p. Assume 
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p -/= 2 in the local henselian case. Lei q be a nonsingular quadratic form of 
rank:::: 5 over K. 

Then $~(qK) = K* / K*2, i.e., the spinor nonn map 

SO(q)(K)-+ K*/K*2 

is surjective. 

Proof In the p-adic arithmetic case, we have u(K) = 8 by [25] (if p -/= 2) or 
[19] (see also [11]). In the local henselian case, it is proved in [13, Thm. 1.2] 
that u(K) = 8. The result then follows immediately from Proposition 4.3. 

D 

Theorem 4.5. Let K be the function field of a p-adic arithmetic suiface or 
a local henselian suiface with finite residue field of characteristic p. Assume 
p =I 2 in the local henselian case. Let q be a n_onsingular quadratic form of 
rank:::: 3 over Kand G = Spin(q). 

(i) The natural map 

H 1(K, G)-+ [I H 1(Kv, G) 

has a trivial kernel. 
(ii) The Rost invariant 

has a trivial kernel ifrank(q) :::: 5. 

veQA 

Proof Consider the exact sequence of algebraic groups 

1-+ µ2-+ Spin(q) = G-+ SO(q)-+ 1 

which gives rise to an exact sequence of pointed sets 

SO(q)(K) ~ K*/K*2 __!__,,, H 1(K,Spin(q)) ~ H1(K,SO(q)). 
(4.5.1) 

The image of the map 17 is in bijection with isomorphism classes of non­
singular quadratic forms q' with the same rank, discriminant and Clifford 
invariant as q. 

Let( E H 1(K, G) = H 1(K, Spin(q)) with 17(() E H 1 (K, SO(q)) corres­
ponding to a quadratic form q'. Then in the Witt group W(K) the class of 
q...L(-q') lies in J3(K) by Merkurjev's theorem (cf. [29, p. 89, Thm. 2.14.3]) 
and its Arason invariant e3([q..l(-q')]) E H 3(K, Z/2) coincides with Rost 
invariant Re(() of ( whenrank(q):::: 5 ([17, p. 437]). 
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For (i), assume the canonical image (v of r; in H 1 (Kv, G) is trivial for every 
v E QA. We have 

[ql_(-q')]v = 0 E I 3(Kv), V v E QA. 

By Lemma 3.8, we have q ~ q' over K. This means that r; E H 1 (K, G) lies 
in the kernel of 

17: H 1 (K, G)-----+ H 1 (K, SO(q)). 

By the exactness of the sequence (4.5.1), r; = lf/(a.) for some a. E Coker(J) = 
~:(~*)2 

• Consider now the following commutative diagram with exact rows 

~ 'fl H 1(K, G) 1/ H 1(K, SO(q)) 1- q ) - -
1 1 1 

1-
K*/K*2 'fl IT H 1(Kv,G) 

1/ IT H 1 (Kv, SO(q)) J~t Sn(qK~) - -vEOA vEOA 

The canonical image av of a. in Ks;(; K;
2
) is trivial for all v t= QA. From 

n qKv 
Proposition 4.2 and Corollary 4.4, it follows that a. = 1 and hence r; = lfl(a.) 
is trivial. 

For (ii), assume the Rost invariant Re (r;) of r; is trivial. Then the Arason 
invariant e3 ([q 1-(-q')]) is zero. Since cd2 (K) :s 3, the map e3 : / 3 (K) ➔ 
H3(K, Z/2) is injective. So we get q ~ q' over K and therefore r; = lfl(a.) 

for some a. E ~:(~*)2 • When the rank of q is::: 5, we have K* / K*2 = Sn(qK) 
by Corollary 4.4. So a. = 1 and r; is trivial. D 

Remark 4.6. Assertion (ii) of Theorem 4.5 may be compared with the 
following result, which was already known to experts (cf. [6, Prop. 5.2]): 
Let E be a field of characteristic -=/= 2 and of cohomological 2-dimension 
cd2(E) :s 3. Let q be an isotropic quadratic form of rank::: 5 over E. Then 
the Rost invariant 

for the spinor group Spin(q) has a trivial kernel. 

5. Groups of type D! 
Proposition 5.1. Let K be the function field of a p-adic arithmetic su,face 
or a local henselian su,face with finite residue field of characteristic p. 
Assume p -=/= 2 in the local henselian case. Let (D, a) be a quaternion division 
algebra with an orthogonal involution over K and let h be a hermitian form 
of rank:=: 2 over (D, a). 
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Then the natural map 

is injective. 

K* /K*2 

--- ----+ 
Sn(hK) 

K*/K*2 IT V V 

,.... Sn(hKJ 
VE><A 

Proof First assume rank(h) = 2. Put d = disc(h) E K* / K*2
• 

If d = 1 E K* / K*2 , then h is isotropic and Sn(h) = Nrd(D*) modulo 
squares by Merk:urjev's norm principle (Theorem 2.16). The result then 
follows from Theorem 3.7. Let us assume d = disc(h) E K* / K*2 is non­
trivial. Let (A, a) = (M2(D), a1i), where a1i denotes the adjoint involution 

. of h on A = M2(D). The even Clifford algebra C = Co(A, a) of the pair 
·(A, ii) (cf. [17, §8]) is a quaternion algebra over the field K (,Jd) and one has 

Sn(hK) = Nrd(C*) n K* (mod K*2
). 

(cf. [17, p. 94, Thm. 8.10 and p_-214, Coro. 15.11].) As in the proof of 
Proposition 4.2, it follows from Theorem 3.7 that an element 2 E K* / K*2 is 
a spin or norm for h K if and only if it is a spin or norm for h Kv for all v E QA. 

Assume next rank(h) ::: 3. Let 2 E K* and assume}, is a local spinor norm 
for hKv for every v E QA, Merk:urjev's norm principle (Theorem 2.16) implies 
that}, E Nrd(Di) for every v E QA, Hence 2 E Nrd(D*) by Theorem 3.7. 

(Note that K*2 £;; Nrd(D*) since Dis a quaternion algebra.) Let K' / K be a 
field extension such that DK' is split and 2 = N K'; K (µ) for some µ E (K')*. 
By Corollary 2.17, NK'fK(Sn(hK,)) £;; Sn(hK), Since 2 E K*/K:2 lies in 
the image of NK' /K : (K')* /(K')*2 ➔ K* / K*2

, to show 2 is a spinor norm 
for hK it suffices to show that the map 

t : SU(h)(K') ----+ (K')* /(K')*2 

is surjective. Note that D splits over K' by the choice of K'. So we see from· 
(2.19) that Im(o') = Sn(hK,) = Sn(qK,), where qK' is a quadratic form of 
rank 2 • rank(h) > 6 over K'. Now the result follows immediately from 
Corollary 4.4. D 

Proposition 5.2. Let K be the function field of a p-adic arithmetic surface 
or a local henselian swface with finite residue field of characteristic p. 
Assume p :/= 2 in the local henselian case. Let (D, a) be a quaternion 
division algebra with an orthogonal involution over K. Leth be a nonsingular 
hermitian fonn of even rank ::: 2 over (D, a). Assume that h has trivial 
discriminant, trivial 'Clifford invariant and trivial Rost invariant ( cf §2.2 ). 

If the form hKv over (DK
0

, a) = (D ®K Kv, a) is hyperbolic for every 
v E QA, then thefonn hover (D, a) is hyperbolic. 
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Proof Let L ~ D be a subfield which is a quadratic extension over K 
such that a (L) = L and a IL = idL. Such an L exists since a is an 
orthogonal involution. Let µ E D* be an element such that (J (µ) = - µ, 
Int(µ)(L) = Land Int(µ)IL = l, where z denotes the nontrivial element of 
the Galois group Gal(L/ K). The involution r := Int(µ) o a is a symplectic 
involution on D (and hence coincides with the canonical involution on the 
quaternion algebra D). The "key exact sequence" of Parimala-Sridharan­
Suresh ( cf. (2. 7 .2)) yields the following commutative diagram with exact 
rows 

Jr] p ir2 

W(D, ,) ---- W(L, 1) ---- W(D, u) --~- W(L) 

l l l l 
where for any K -algebra B we denote Bu = B ® K Ku for each v E QA. (Here 
Lu need not be a field. It can be a Galois Ku-algebra of the form Lw1 x Lw2 , 

where w1, w2 are discrete valuations of L lying ovet v. But this does not 
affect the construction of the key exact sequence for Du. Indeed, the same 
choice ofµ E D* ~ DZ satisfies the condition that Int(µ)ILv is the nontrivial 
automorphism of the Ku-algebra Lu. It is not difficult to check that the key 
exact sequence for Du is still well defined.) 

The form "ir2(h) E W(L) has even rank, trivial discriminant and trivial 
Clifford invariant by [3, Prop. 3.2.2]. Hence n2 (h) E J3(L) ~ W(L). Let 
QA' denote the set of divisorial valuations of L. Then for every w E nA' one 
has n2(h) = 0 in W(Lw)- By Lemma 3.8, n2(h) = 0 in W(L). So by the 
exactness of the first row in the above diagram, there exists a hermitian form 
of even rank ho over (L, z) such that p(ho) = h E W(D, a). 

Let a = disc(ho) EK*/ NL;K(L *) be the discriminant of ho. One has 

Ylf(p(ho)) = (L, a) E 2Br(K)/(D) 

by [3, Prop. 3.2.3]. Since Ylf(p(ho)) = Ytff(h) = 0 by assumption, one has 
either (L, a) = 0 or (L, a) = (D) in Br(K). If (L, a) = 0 E Br(K) then 
a isanormfortheextensionL/K sothatdisc(ho) = 1 E K*/NL;K(L*). 
If ·(L, a) = D, writing L = K(,./a,) such that D = (a, a)K, one 
has disc((l,-a)) = a . . E K*-/NL;K(L*)._By __ the construction_of the 
map 1r1, one has 1r1((l)) = (1, -a) E W(L, z) (since D = L EB µL 
with µ 2 = a). Replacing ho by ho - 1r1((i)), we may assume that 
disc(ho) = 1 E K* /NL/ K (L *). Let 2n = rank(ho) and let SU2n (L, z) denote 

the special unitary group of the hyperbolic form ( f ~) over (L, z ). The form 

ho, having trivial discriminant, now determines a class in H 1 (K, SU2n (L, z)). 
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Let H2n be the hyperbolic form ( f ~ ) over ( D, a) and let U 2n ( D, a), 
SV2n(D, a) and Spin2n(D, a) denote respectively the unitary group, the 
special unitary group and the spin group of the form H2n. By (2.13), there is 
a homomorphism 

which induces a commutative diagram 

PO 1 
H 1 (K, SU2n(L, 1)) ---------➔ H (K, Spin2n(D, e1)) 

~~ 
such that the map p : W(L, z) ➔ W(D, a) in the "key exact sequence" 
(2.7.2) restricted to forms of rank 2n and of trivial discriminant is compatible 
with the map p' at the level of cohomology sets. 

By [4, Prop. 3.20], one has 

Rspin2n(D,a)(Po([ho])) = Rsv2n(L,z)([ho]) E H\K, Q/Z(2)). 

Thus by the definition of the Rost invariant !:!J2 (cf. (2.12)), 

0 = !:!J2(h) = [Rspinzn(D,a)(po([ho]))] 

h H3(K, (Q)/Z(2)) 
= [Rsu2n(L,1)([ o])] E Hl(K, µ2) LJ (D) · 

Therefore, there is an element fJ E K * / K *2 = H 1 ( K, µ 2) such that 

Rsv2n(L,z)([ho]) = (/J) U (D) E H3(K, (Ql/Z(2)). 

A direct computation shows that the element ho := n1((l, -/J)) E W(L, z) 
has associated trace form q,;

0 
= (1, -/J) ® nD, where no denotes the norm 

form of the quaternion algebra D. By [17, p. 438, Example 31.44], the class 
of ho has Rost invariant 

Modifying ho by ho = n1((l, -/J)), we may further assume that the class 
[ho] E H 1(K, SV2n(L, z)) has trivial Rost invariant, i.e., e3(qh0) = 0. 
Since cd2(K) :-:S 3, the Arason invariant e3 : J3(K) ➔ H 3(K, Z/2) is 
injective. Hence [%0 ] = 0 E W(K) and [ho] = 0 E W(L, t) by (2.4) 
(cf. [29, p. 348, Thm. 10.1.1]). It then follows immediately that 
[h] = p([ho]) = 0 E W(D, a). □ 
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Corollary 5.3. Let K be the function field of a p-adic arithmetic surface or 
a local henselian surface with finite residue field of characteristic p. Assume 
p -::/=- 2 in the local henselian case. Let (D, a) be a quaternion division algebra 
with an orthogonal involution over K. Let h1, h2 be hermitian forms over 

·•· .... 
( D, a) with the same rank and discriminant such that · 

and 

Proof Apply Proposition 5.2 to the form h 
cancellation theorem. 

h 1 ..L(-h2) and use Witt's 

□ 

Theorem 5.4. Let K be the function field of a p-adic arithmetic surface or 
a local henselian surface with finite residue field of characteristic p. Assume 
p -::/=- 2 in the local henselian case. Let (D, a) be a quaternion division algebra 
with an orthogonal involution over K, h a nonsingular hermitian form of rank 
:::::: 2 over (D, a) and G = Spin(h ). 

Then the natural map 

H 1(K, G)--+ TI H 1(Kv, G) 
vEf.lA 

has a trivial kernel. 

Proof Let? E H 1 (K, Spin(h)) be a class which is trivialin H 1(Kv, Spin(h)) 
for all v E QA. The image of? under the composite map 

is the class of a hermitian form h' which has the same rank and discriminant 
as h such that 

Cef'f(h..L(-h')) = 0 E 2Br(K)/(D). 

Let n = rank(h). Let Spin2n(D, a) and U2n(D, a) denote respectively 
the spin group and t!ie unitary group of the hyperbolic_ form ( Z, ~-) over_ _ 

(D, a). Then the class [h..L(-h')] E H 1(K, U2n(D, a)) lifts to an element 
?' E H 1(K, Spin2n(D, a)). By [23, Lemma 5.1), we have 
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Since ¢ is locally trivial, the commutative diagram 

H 1(K, G) 
RG 

H3(K, (Q/Z(2)) ---+ 

I 1 1 
IT H 1 (Kv, G) 

RG IT H 3 (Kv, (Q/Z(2)) ---+ 
VEilA VEilA 

shows that the Rost invariant Ra(¢) is locally trivial. By Theorem 3.4, 
noticing that the Rost invariant Ra takes values in the subgroup H 3 (K, µf 2

), 

we get Ra(¢)= 0 E H 3(K, (Ql/Z(2)). Thus, by (5.4.1), 

!3t(hl.(h')) = 0 E H3(K, (Q/Z(2)) . 
H 1 (K, µ2) U (D) 

Now Corollary 5.3 implies that h ~ h' and hence the image of¢ E H 1 (K, G) 
in H 1(K, U(h)) is trivial. By [4, Lemma 7.11], the canonical image of c; in 
H 1(K, SU(h)) is also trivial. 

Now consider the following commutative diagram with exact rows 

f!cfu rp 
H 1(K, G) H 1(K,SV(h)) 1--+ ) - -

1 1 1 
- Il K1/K;2 - IT H 1(Kv, G) - IT H 1(Kv, SU(h)) Sn hK0 ) 

VEilA VEilA VEilA 

which is induced by the natural exact sequence of algebraic groups 

1 ----+ µ2----+ G = Spin(h)----+ SU(h)----+ 1. 

K* I K*2 
The exactness of the first row yields c; = <p(0) for some 0 E Sn(hK) . The 
commutative diagram then shows that 0 is locally trivial since c; is locally 

trivial. From Proposition 5.1 it follows that 0 = I E 1~{t*; and hence 

( = <p(0) is trivial in H1(K, G). This completes the proof. D 

6. Groups of type 2A! 
6.1 Case of odd index 

Proposition 6.1. Let K be the function field of a p-adic arithmetic surface 
or a local henselian surface with finite residue field of characteristic p. 
Assume p -:j=. 2 in the local henselian case. Let L/ K be a quadratic field 
extension, (D, r) a central division algebra of odd degree over L with an 
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L/K-involution T (i.e., a unitary involution T such that L' = K). Let h1, h2 
be nonsingular hermitian forms over (D, T) which have the same rank and 
discriminant. 

If the forms (h1)K
0 
~ (h2)K

0 
over (DK

0
, T) = (D ®L L ®K Kv, T) are 

isomorphic for all v E QA, then the forms h 1, h2 over (D, T) are isomorphic. 

Proof Let M / K be a field extension of odd degree such that 
DM = D®L (L®K M) is split over the field LM = L®K M. (Such an exten­
sion M/ K exists by [3, Lemma 3.3.1].) The base extension TM of Tis a unitary 
involution on the central simple (LM)-algebra DM such that (LM)'M = M. 
Let z denote the nontrivial element of the Galois group Gal(L / K) and regard 
lM E Gal(LM/M) as a unitary involution on LM. There is a non­
singular hermitian form (V, f) over (LM, lM) such that (DM, TM) ~ 

(EndLM(V), z f ), where z f denotes the adjoint involution on EndLM(V) with 
respect to f (cf. [17, p. 43, Thm. 4.2 (2)]). We have a Morita equivalence 
between the category of hermitian forms over (DM, TM) and the category of 
hermitian forms over (LM, lM) (cf. (2.6)), which induces an isomorphism of 
Witt groups 

<Pt: W(DM, TM) ➔ W(LM, lM), 

Leth = h1J_(-h2) and let hM be its base extension over (DM, TM). Via the 
Morita equivalence mentioned above, h M corresponds to a hermitian form h M 

over (LM, lM ). Let qM := q-;;_M be the trace form of hM (which is a quadratic 
form over the field M). Since h has even rank and trivial discriminant, the 
class [qM] E W(M) of the quadratic form qM lies in J3(M). The hypothesis 
on the local triviality (with respect to QA) of [h] = [h1J_(-h2)] implies that 
[qM] E J3(M) is locally trivial (with respect to the set of discrete valuations 
of M defined in the same way as QA), By Lemma 3.8, we have [qM] = 0 
and hence [hM] = 0 in W(LM, lM), Since W(DM, TM) ~ W(LM, M), 
[hM] = 0 in W(DM, TM). Since M / K is an odd degree extension, the natural 
map W(D, T) ➔ W(DM, TM) is injective by a theorem ofBayer-Fluckiger 
and Lenstra (cf. [17, p. 80, Coro. 6.18]). So we get [h] = 0 in W(D, T), thus 
proving the proposition. D 

Lemma 6.2. Let K be the function field of a p-adic arithmetic su,face or a 
local henselian su,face with finite residue field of characteristic p. Let L / K be 

a separable quadratic field extension and (D, T) a central division L-algebra 
of_sq11,are-free index ind(D) with a unitary involution T such that L' = K. 
Assume pf ind(D) in the local henselian case. - ·· · ·- · · · -.... _ -------

Then for any nonsingular hermitian form h over (D, T ), the natural map 

(Ri;K<Gm)(K) (Ri;K<Gm)(Kv) 

Nrd(U(h)(K)) ~ u!l Nrd(U(h)(K0 )) 

is injective. 
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Proof First assume ind(D) = 2 so that D is a quaternion division algebra 
over L. By [17, p. 202, Exercise III.12 (a)], we have 

Nrd(U(h)(K)) = {zr(z)-1 I z E Nrd(D*)} = Nrd(U2(D, r)(K)), 

where U 2 ( D, r) denotes the unitary group of the rank 2 hyperbolic form (? A) 
over (D, r). So we may assume that h = (? A)- The exact sequence of alge­
braic groups 

gives rise to the following commutative diagram with exact rows 

1 -----+ 
(Rl_;KGm)(K) (() 

H 1(K,SV2(D, r)) Nrd(U(h)(K)) -----+ 

1 1 
1 -----+ IT 

(Rl;KGm)(Kv) 
-----+ IT H 1(Kv, SV2(D, r)) 

VEilA 
Nrd(U(h)(K0 )) 

VEilA 

We need only to show that the vertical map on the right in the above diagram 
is injective. 

By [17, p. 26, Prop. 2.22], there is a unique quaternion K -algebra Do con­
tained in D such that D = Do ®K L and r = ro ® 1, where ro is the 
canonical involution on Do and 1 is the nontrivial element in the Galois group 
Gal(L/ M). Write L = K (.Jd) and let nv0 be the norm form of the quaternion 
K-algebra Do. Then by [17, p. 229], we have SU2(D, r) = Spin(q), where 
q = (l, -d) ® nv0 • Now the result follows from Theorem 4.5. 

Assume next ind(D) is odd (and square-free). By [17, p. 202, 
Exercise III.12(b)], 

Nrd(U(h)(K)) = Nrd(D*) n (Rl;KCGm)(K). 

Let ,1, E (Rl;KCGm)(K) = {z EL* I NL/K (z) = l} be such that for every 

v E QA, ,1, E Nrd(U(h)(K0 )) = Nrd((D ®K K 0 )*) n (Rl;K<Gm)(K0 ). Since 
ind(D) is square-free, it follows from Theorem 3.7 that ,1, E Nrd(D*). Hence 

,1, E Nrd(U(h)(K)) = Nrd(D*) n (Rl;K<Gm)(K). 

Now assume ind(D) is even such that ind(D)/2 is odd and square-free. 
In this case we have D = H 0 L D' for some quaternion division algebra 
H over L and some central division algebra D' of odd index over L. 
By [3, Lemma 3.3.1], there is an odd degree separable extension K' / K 
such that D' ®K K' = D' ®L LK' is split. By Morita theory, there is a 
unitary L K '/ K '-involution a on H ® L L K' and a hermitian form f over 
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(H ®L LK', a) such that the involution r on D ®L LK' is adjoint to f, and 
moreover, the form hK' over (D ®L LK', r) corresponds to a hermitian form 
h' over (H ®L LK', a). Consider the commutative diagram 

R},l'.KGm(K) I'/ ll R},l'.KGm(Kv) 
Nrd(U(h)(K)) ------+ Nrd(U(h)(K0 )) 

oEl.1A 

1 1 
RiK' /'.K'Gm (K') 11' 

ll 
RiK'lK'Gm(K~) 

Nrd(U(h')(K')) ------+ Nrd(U(h')(Km 
oEl.1A 

The map rt' is already shown to be injective. Let .,1. E Rl;K<Gm(K) s; L* be 
an element which is a reduced norm for U(h)(K0 ) for every v. Then, con­
sidered as an element of RlK'/K'(K') s; (LK')*,). lies in Nrd(U(h')(K')). 
By [23, Prop. 10.2], we have 

NLK'/K'(Nrd(U(h')(K'))) s; Nrd(U(h)(K)). 

Hence, ;.2r+l E Nrd(U(h)(K)), where 2r + 1 = [K' : K]. It is sufficient 
to show that ;.2 E Nrd(U(h)(K)). For this, we choose a quadratic exten­
sion M/K such that H ®KM = H ®L LM is split. A similar argument 
as above, using the result in the case of odd index this time, shows that 
). E Nrd(U(hM)(M)). Thus, 

).2 = NLM/M(A) E NLM/M(Nrd(U(hM)(M))) s; Nrd(U(h)(K)). 

This completes the proof of the lemma. □ 

Theorem 6.3. Let K be the function field of a p-adic arithmetic suiface or a 
local henselian surface with.finite residue.field of characteristic p. Let L/ K be 
a separable quadratic field extension and (D, r) a central division L-algebra 
with a unitary L/ K-involution whose index ind(D) is odd and square-free. 
Assume further that p f 2 · ind(D) in the local henselian case. 

Then for any nonsingular hermitian form hover (D, r), the natural map 

H 1(K, SU(h)) ~ TI H 1(K0 , SU(h)) 
oEl.1A 

has a trivial kernel. 

Proof Let c; E H 1(K, SU(h)) be a class that is locally trivial in H 1(K0 , 

SU(h)) for every v E QA, Let h' be a hermitian form whose class [h'] E 

H 1 (K, U(h)) is the image of c; under the natural map H 1(K, SU(h)) ➔ 
H 1(K, U(h)). The two forms h' and h have the same rank and discriminant, 
and they are locally isomorphic since c; is localJy trivial. So by Proposition 6.1, 
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h'-~ has hermitian forms over (D, r). This means that<; E H 1(K, SU(h)) 
maps to the trivial element in H 1 ( K, V (h)). 

Consider now the following commutative diagram with exact rows 

I ---------+ 
(Rt;KGm)(K) 
Nrd(U(h)(K)) ---------+ 

There is an element 0 E (Rl;K<Gm)(K)/Nrd(V(h)(K)) such that <p(0) = <;. 
The map Y/ is injective by Lemma 6.2. So we have 0 = 1 and<; = <p(0) is 
trivial. The theorem is thus proved. □ 

6.2 Some observations on Suresh's exact sequence 

6.4. Let E be a field of characteristic =I= 2. Let D be a quaternion division 
algebra over a quadratic field extension L of E. Let r be a unitary L / E -
involution on D. There is a unique quaternion £-algebra Do contained in D 
such that D = Do®E Land r = ro©z, where ro is the canonical (symplectic) 
involution on Do and z is the nontrivial element of the Galois group Gal(L / E). 
Then we have Suresh's exact sequence (cf. (2.8)) 

n'1 P P2 -1 
W(L) ----+ W(Do, ro) -+ W(D, r) ----+ W (Do, ro). 

The goal of this subsection is to analyze the image of the map i'1 in this 
sequence. 

6.5. With notation as in (6.4), let ho be a hermitian form of rank m over 
(Do, ro). Let M(ho) E A := Mm (Do) be a representation matrix of ho. 
One can define the pfaffian norm Pf(ho) as the pfaffian norm of M(ho) E A 
with respect to the adjoint involution of ho on A (cf. [17, p. 19]). This is a 
well defined element of the group E* /Nrd(D0). If ho = (a1, ... , am) with 
ai E E*, then Pf(ho) is represented by the discriminant of the quadratic form 
(cq, ... , am) over E. 

Lemma 6.6. With notation as in (6.4), write L = E(Jd) with d E E*. Let 
ho be a hennitianfonn of even rank over (Do, ro). 

(i) If the class [ho] E W(Do, ro) lies in the image of i1, then its pfaf­
fian nonn Pf(ho) E , E* /Nrd(D0) lies in the subgroup generated by 

NL;E(L*). 
(ii) The converse of (i) is true_ if ho is of rank 2. 
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Proof (i)Fora+b,Jd E L*witha,b E E,theformi1((a+b,./J))is 
represented by the matrix 

(
a bd) 

bd ad . 

One can then verify that 

i ((a+ b-Jd)) = I (a, ad(a
2 
-b

2
d)) if a i= 0 

1 
( 2bd, - 2bd) if a = 0 i= b 

So it follows easily that Pf(i1 ( ( a + b,Jd) )) is represented by an element of 
NL;E(L *). 
(ii) Conversely, let ho be a hermitian form of rank 2 whose pfaffian norm 
Pf(ho) is represented by an element of NL;E(L *). We want to show 
[ho] E Im(i1). By Suresh's exact sequence, it suffices to show that the form 
p(ho) is hyperbolic over (D, r). 

We may assume ho = (a, -ya) with a, y E E*. The assumption on the 
pfaffian norm implies that 

for some u E vi and some a, b EE. Since 

(a, -ya)~ (a, -yaro(u)u) over (Do, ro), 

replacing y by y ro(u)u = y • Nrdv0 (u) if necessary, we may assume 
y = a2 - b2d for some a, b EE. From the definition of the map p, it follows 
easily that the form p(ho) over (D, r) is also represented by the diagonal 
matrix (a, -ya). But then for v = (a+ b,Jd, 1) E D 2, one has 

p(ho)(v, v) = (r (a+ b✓d), r(l)) ( ~ -~a) e + :Jd) 
= a(a2 

- b2d - y) = 0. 

This show that the rank 2 form p (ho) is isotropic and hence hyperbolic. □ 

Lemma 6.7. With notation as above, assume that the field E has finite 
- ·u-lnvariant u(E) = r. Then for any hermitian form ho of rank m > r /3 over 

(Do, ro), the form p(ho) over (D, r) is isotropic. 

Proof We may assume D0 is the underlying space of the form ho and 
ho = (a1, ... , am) with ai E E*. Then the underlying space of p(ho) is 
Dm = D0 EB D0 ,Jd. We fix a quaternion basis { 1, i, j, i j} for the quaternion 
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algebra Do. The subspace Sym(D, r) ~ D consisting of r-invariant elements 
is a 4-dimensional £-vector space with basis 

Let V 5;; Sym(D, r) be the subspace generated by i,Jd., j,/d. and ij,/d.. For 
w = xi • i ,Jd. + x2 · j ,Jd. + x3 • i j ,Jd. with Xi E E, a straightforward calculation 
yields 

So the map 

<P: vm----+ E; V =(vi, ... ' Vm) t----+ p(ho)(v, v) == I>ivl 

defines a quadratic form of rank 3m over E. By the assumption on the 
u-invariant of E, the quadratic form ¢ is isotropic and hence the hermitian 

· form p(ho) is isotropic. □ 

Lemma 6.8. Assume that u(E) < 12. Then for any hennitian fonn ho of 
even rank 2n over (Do, ro), one has 

Proof In view of Lemma 6.6, we need only to prove that if Pf(ho) E 

NL; E(L *)Nrd(D0), then [ho] E lm(n1). 
To prove this, we use induction on n = rank(ho)/2, the case n = l 

being treated in Lemma 6.6. Now we assume rank(ho) = 2n ::::: 4 and ho is 
anisotropic. Let Vo be the underlying space of ho. Then the underlying space 
of the form p(ho) is V = Vo EB Vo,/d.. By Lemma 6.7, the form: p(ho) is 
isotropic, that is, there is a nonzero vector x1 + YI ,Jd. E V = Vo EB Vo,/d. 
such that 

0 = p(ho)(xi + Y1 ✓d, xi + YI ✓d) 

= (ho(x1, xi) - ho(Y1, Y1)d) + (ho(xi, YI) - ho(y1, x1))-v'd. 

Thus 

(6.8.1) 

Since ho is anisotropic, ho(x1, x1) and ho(yi, y1) are both nonzero and hence 
lie in 

E* = {x E Do I ro(x) = x}. 

In particular, x1 =fa 0, Yl =fa O and 

ho(xi, Y1) = ho(Y1,x1) EE= {x E Do I ro(x) = x}. 
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If x1 = YlA for some A E D0, then (6.8.1) yields 

ro(2)Jc = d and ro(Jc) = Jc 

whence d = 2 2 E E*2 . Since d is not a square in E, the two vectors x1, 

Y1 E Vo generate a Do-submodule Wo := x1 Do + Yl Do ~ Vo of rank 2. 
Put a = ho(y1, Y1) E E* and bd = ho(x1, Y1) = ho(Yl, x1) E E. Then the 
restriction Jo of ho to Wo is represented by the matrix 

(
ad bd) = (0 1) (a bd) (0 1) 
bd a 1 0 bd ad 1 0 . 

A direct computation then gives 

n1 ((a+ b✓d)) = [Jo] E W(Do, ro). 

This means that ho contains a subform Jo of rank 2, which lies in the image 
of n1. Writing ho = fo_l_go, we get Pf(go) E NL/ E (L *)Nrd(D0) since Pf(fo) 
and Pf(ho) lie in NL/ E (L *)Nrd(D0). Now the induction hypothesis yields 
[go] E lm(n1), whence [ho] = [Jo]+ [go] E lm(n1). □ 

6.3 A Hasse principle for H4 of function fields of conics 

Lemma 6.9. Let F be a field of characteristic -:fa 2, F a separable closure 
of F and C ~ IP} a smooth projective conic over F. Put C = C XF F and 
let F(C), F(C) denote the function fields ofC and C respectively. 

Then the natural exact sequence 

0---+ F(C)* 0 Q2/Z2(2)---+ Div(C) 0 Q2/Z2(2) 

---+ Pie( C) 0 Q2/Z2 (2) ---+ 0 

induces an injection 

Proof Let cO) be the set of closed points of C. For each P E cO), let Gp 
be the absolute Galois group of the residue field F(P) of P. This is an open 
subgroup of G = Gal(F / F). Write Mp __ = Homap (Z[G], Z): We have an-: 
isomorphism of abelian groups Mp ~ EB Q~ p z, where the notation Q f-+ p 

means that Q runs over the closed points of C lying over P. On the other 
hand, we have an isomorphism of G-modules: 

Div(C) ~ E9 Mp. 
PeC(l) 
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Since C is a smooth projective conic, Pic(C) ~ Z as G-modules. The natural 
map Div( C) -+ Pie( C) can be identified with the summation map 

a: EB EBZ-+Z 
PECO) Qt-+P 

So the exact sequence in the lemma may be identified with the following 

0--+ F(C)*®(h/Z2(2)-+ EB Mp®(h/Z2(2) ~ Q2/Z2(2)-+ 0. 
PEC(l) 

For any i ~ 0, 

It is thus sufficient to prove that the map 

EB H2(F(P), ()li/Z2(2))--+ H2(F, Q2/Z2(2)) 
'\, PEC(l) 

.\ 
is surjective. In fact, we can choose a closed point P E c(I) of degree 2 and 
consider the corresponding map 

which coincides with the corestriction map. We claim that this map is already 
surjective. To see this, consider for each n E N the corestriction map 

By the Merkurjev-Suslin theorem, the map I.fin may be identified with the 
norm map 

NF(P)/F : K2(F(P))/2n --+ K2(F)/2n 

in Milnor's K-theory. The cokemel of this norm map is killed by 2 = [F(P) : 
F]. So taking limits yields the surjectivity of the map I.fl. This proves the 
lemma. D 

Theorem 6.10. Let K be the function field of a p-adic arithmetic su,face or 
a local henselian su,jace with finite residue field of characteristic p. Assume 
p =I= 2 in the local henselian case. Let C be a smooth projective conic in IP'i,. 

Then the natural map 

H 4 (K(C), Z/2)-+ II H 4(Kv(C), Z/2) 
VEOA 

is injective, where v runs over all divisorial valuations of K. 
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Proof By the Merkurjev-Suslin theorem, we may replace 'll/2 by (h/Z2(3). 
Also, we may replace the completion Kv by the henselisation K(v) for each v 
(cf. [14, Thm. 2.9 and its proof]). Let K be a separable closure of K. Then we 
have a diagram of field extensions 

K(C)..o---K 

which identifies the Galois groups 

Gal(K/K) = Gal(K(C)/K(C)) and Gal(K/Kcu)) = Gal(K(C)/K(u)(C)). 

This induces Hochschild-Serre spectral sequences 

and 

Using 

Efq (K(v)) = HP(K(v), Hq (K(C), Q2/'ll2(3))) 

==} Hp+q (K(v)(C), Q2/'ll2(3)). 

cd2(K(C))::: 1 and cd2(Kcu))::: cd2(K)::: 3, 

one finds easily that the above spectral sequences indric'e canonical isomor­
phisms 

and 

.. .. ' . ,( 

Since H 1(K(C), «:h/Z2(3)) ~ K(C)* ® Q2/Z2(2), we need only prove the 
injectivity of the natural map 

H 3 (K, K(C)* (8) Q2/'ll2(2))---+ IT H3(K(v), K(C)* (8) Q2/'ll2(2)) 
vEQA 

is injective. 
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By Lemma 6.9, we have an injection 

H3 (K, K(C)* ® Q2/Z2(2)) 4 EB H3(K(P), Q2/Z2(2)). 
pEC(l) 

For each v, let C(v) = C XK K(v) be the base extension of C and let K(v)(C) 

denote the function field of C(v)· By functoriality, we may reduce to proving 
the injectivity of the map 

For fixed v and P E c(I), the corresponding component <fJv,P of the map <p is 
given by 

(fiv,P : H 3(K(P), Q2/Z2(2))---+ EB H 3(K(v)(Q), Q2/Z2(2)), 
QIP 

where Q runs over the points of the fiber C(v) xc P = Spec (K(v) ®K K (P)). 
An element o. = (o.p) E $pH3(K(P), Q2/Z2(2)) lies in ker(<p) if and only 
if for each P E cO), o.p lies in the kernel of 

V 

V 

It suffices to prove that for every P, the map <p p is injective. 
Replacing K (P) by the separable closure of K in K (P) if necessary, 

we may assume that K (P)/ K is a finite separable extension. Then we have 

K(v) ®K K(P) ~ IT K(P)(w), 
wlv 

(cf. [10, IV.18.6.8]). So the map <pp gets identified with the natural map 

w 

where w runs over divisorial valuations of K (P). This map is injective by 
Theorem 3.4. The theorem is thus proved. □ 

Corollary 6.11. Let K be the function field of a p-adic arithmetic surface or 
a local henselian surface withfinite residue field of charachteristic p. Assume 
p -:/= 2 in the local henselian case. Let C a smooth projective conic in 1P'Jc 
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Then the natural map 

I 4 (K(C))--+ TI I 4 (Kv(C)) 
vEQA 

is injective, where v runs over the set QA of divisorial valuations of K. 

Proof For F = K(C) or K0 (C), we have cd2(F) :::: 4. By the degree 4 
case of the Milnor conjecture (cf. [32] and [22]), we have an isomorphism 
I 4 (F) ~ H4(F, ?L/2). (In the p-adic arithmetic case, we can also deduce 
this isomorphism from [l, p. 655, Prop. 2] together with [19, Thm. 3.4].) The 
result then follows immediately from Theorem 6.10. D 

6.4 Case of even index 

Proposition 6.12. Let K be the function field of a p-adic arithmetic suiface 
or a local henselian suiface with finite residue field of characteristic p. Let 
L / K be a quadratic field extension, (D, r) a central division algebra over 
L with a unitary L / K -involution whose index is not divisible by 4. Let h 
be a nonsingular hermitian form over (D, r) which has even rank, trivial 
discriminant and trivial Rost invariant (cf (2./4)). Assume p i= 2 if ind(D) is 
even. In the local henselian case, assume further that the Hasse principle with 
respect to divisorial valuations holds for quadratic forms of rank 6 over K. 

Then we have [h] = 0 E W(D, r) if and only if [h ®K Kv] = 0 E 

W(D ®K Kv, r)for every v E QA. 

Proof If the index ind(D) is odd, the result is already proved in Propo­
sition 6.1. We assume next that ind(D) is even and not divisible by 4. 

We first consider the case where D is a quaternion algebra. As in (6.4), 
we write D = Do ® K L with Do a quaternion division algebra over K and 
L = K ( -/d) with d E K*, and we have Suresh's exact sequence 

ir1 P P2 -1 
W(L) --+ W(Do, ro)--+ W(D, r)--+ W (Do, ro) (6.12.1) 

Let C s:; JPi, be the smooth projective conic associated to the quaternion 
· algebra Do. Then the algebra D ®K K(C) = Do ®K L(C) is a split central 

simple algebra over L(C) with a unitary L(C)/ K(C)-involution r. By Morita 
theory, the hermitian form h ®K K(C) over (D ®K K(C), r) corresponds to 
a hermitian form h~ over (L(C), 1), where 1 denotes the nontrivial element 
of the Galois group Gal(L(C)/ K(C)). The trace form %,C of h~ gives a 
quadratic form over K(C). By [17, Example 31.44], the quadratic form qh,C 

has even rank, trivial discriminant, trivial Clifford invariant and trivial Rost 
invariant, since h~ has even rank, trivial discriminant and trivial Rost invariant 
(these invariants being invariant under Morita equivalence). Hence in the 
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Witt group W(K(C)) we have [qh,c] E J4(K(C)). Since his locally hyper­
bolic, it follows from Corollary 6.11 that [%,cl = 0 E W(K(C)), whence 
[h 0K K(C)] = 0 E W(D ®K K(C), r). In the commutative diagram 

W(D, r) 

1 
W(D ®K K(C), r) 

P2 
--+ 

P2 
--+ 

w-1(Do, ro) 

1 
the right vertical map is injective by [24]. So we have pz(h) 0 E 

w-1(Do, ro). The exactness of the sequence (6.12.1) implies that 
[h] = p([ho]) for some hermitian form ho over (Do, ro) of even rank. 

Let 2 = Pf(ho) E K* /Nrd(D0) be the pfaffian norm of ho. Since h is 
locally hyperbolic, by considering Suresh's exact sequence locally, we see that 
(ho)v lies in the image of (i1)v for every v. By Lemma 6.6, this implies that 
A E Nrd((Do)i) · NLv/Kv (Li) for every v. In other words, the quadratic form 

¢:=A· nv0 - (1, -d), 

where n Do denotes the norm form of the quaternion algebra Do, is isotropic 
over every Kv. By the assumption on the Hasse principle for quadratic forms 
of rank 6 (and [6, Thm. 3.1] in the p-adic arithmetic case), ¢ is isotropic 
over K, which shows A E Nrd(D0) ·NL/ K (L *). As was mentioned in the proof 
of Corollary 4.4, the field K has u-invariant 8. So by Lemma 6.8, we have 
[ho] E Im(i1). Hence [h] = p([ho]) = 0 E W(D, r) as desired. 

Consider next the general case where ind(D) is even and not divisible 
by 4. In this case we have D = Q ®L D' for some quaternion division 
algebra Q over Land some central division algebra D' of odd index over L. 
By [3, Lemma 3.3.1], there is an odd degree separable extension K' / K such 
that D' ®K K' = D' ®L LK' is split. By Morita theory, there is a unitary 
LK' / K'-involution a on H ®L LK' and a hermitian form f over (H ®L 
LK', a) such that the involution r on D ®L LK' is adjoint to f, and more­
over, the form hK' over (D ®L LK', r) corresponds to a hermitian form h' 
over (H ®L LK', a), which has even rank, trivial discriminant and trivial Rost 
invariant. The hypothesis that h is locally hyperbolic over every Kv implies 
that h' is locally hyperbolic over every K~, where w runs over the set of divi­
sorial valuations of K'. By the previous case, [h'] = 0 E W(H ®L LK', a) 
and hence [h] = 0 E W(D ®L LK', r). Since the degree [LK' : L] = 
[K' : K] is odd, the natural map W(D, r) ---+ W(D ®L LK', r) is injective 
by a theorem of Bayer-Fluckiger and Lenstra ( cf. [17, p. 80, Coro. 6.18]). So 
we get [h] = 0 E W(D, r). This completes the proof. D 

Theorem 6.13. Let K be the function field of a p-adic arithmetic surface or 
a local henselian suiface with finite residue field of characteristic p. Let L / K 
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be a quadratic field extension, (D, r) a central division algebra over L with 
a unitary L / K -involution whose index ind(D) is square-free. Leth be a non­
singular hermitian form over (D, r). 

Assume p =I=- 2 if ind(D) is even. In the local henselian case, assume 
further that pf ind(D) and that the Hasse principle with respect to divisorial 
valuations holds for quadratic forms of rank 6 over K. 

Then the natural map 

HI (K, SU(h)) ~ TI HJ (Kv, SU(h)) 
vEOA 

has trivial kernel. 

Proof Let, E H 1 (K, SU(h)) be a class that is locally trivial. Let the image 
of, in H 1(K, U(h)) correspond to a hermitian form h'. The form h'J_(-h) 
has even rank, trivial discriminant and is locally hyperbolic. We claim that 
the Rost invariant f£(h' J_(-h)) is trivial. Indeed, as , is locally trivial, 
Rsu(h)(,) is locally trivial in H 3 (Kv, (Q)/Z(2)) for every v. By Theorem 3.4, 
Rsu(h) (,) = 0. There is a group homomorphism 

SU(h) ~ SU(hJ_(-h)), f 1---+ (f, id) 

which induces a map 

a : HI (K, SU(h)) ~ HJ (K, SU(hJ_(-h))). 

The image a(,) of, lifts the class [h'J_(-h)] E HI(K, V(hj_(-h))). 
By general property of the (usual) Rost invariant, there is an integer na such 
that 

Rsu(H(-h))(a(,)) = naRsu(h)(,). 

We have thus f£(h' J_(-h)) = Rsu(h.l(-h)) (a(,)) = 0 since, has trivial Rost 
invariant. Now Proposition 6.12 implies that the two forms h', hover (D, r) 
are isomorphic. 

Consider the cohomology exact sequence 

RJ Gm(K) 
1 ~ Nr~~(h)(K)) ~ H1(K, SU(h))---+ H

1
(K, U(h)) (6.13.1) 

arising from the exact sequence of algebraic gro~ps __________ _ 
· · - ------ - ·- -- - - Nrd I 

1 ~ SU(h) ~ U(h)---+ RL/KGm ---+ l. 

The fact that h' ~ h implies that, lies in the image of the map <p in the above 
cohomology exact sequence (6.13.1). Considering the sequence (6.13.1) 
locally and using Lemma 6.2, we conclude that, is trivial in H 1(K, SU(h)), 
thus proving the theorem. □ 
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