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Abstract. Vasiu proved that the level torsion e M of an F -crystal M 
over an algebraically closed field of characteristic p > 0 is a non-negative 
integer that is an effectively computable upper bound of the isomorphism 
number nM of Mand expected that in fact one always has nM = lM, 

In this paper, we prove that this equality holds. 

1. Introduction 

1.1 Notations 

Let p be a prime number and k an algebraically closed field of characteri
stic p. For every k-algebra R, let W(R) be the ring of p-typical Witt vectors 
with coefficients in R. For every integer s ~ 1, let Ws(R) be the ring of 
truncated p-typical Witt vectors of length s with coefficients in R. Let a R be 
the Frobenius of W(R) and Ws(R). Let 0R be the Verschiebung of W(R) and 
Ws(R). Recall that aR0R = 0R<7R = p. When there is no confusion of the 
base ring, we also denote <7R by a and 0R by 0. Set B(R) = W(R)[l/p]. 
When R = k, B(k) is the field of fractions of W(k). An F-crystal Mover k is 
a pair (M, <p) where Mis a free W(k)-module of finite rank and <p: M ➔ M 
is a a-linear monomorphism. Unless mentioned otherwise, all F-crystals in 
this paper are over k. We denote by MR the pair (M®w(k) W(R), <p®aR)- For 
every W(k)-linear automorphism g of M, we denote by M(g) the F-crystal 
(M, g<p) over k. 

The isomorphism number nM of an F-crystal M = (M, <p) is the smallest 
non-negative integer such that for every W(k)-linear automorphism g of M 
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with the property that g = IM modulo pnM, the F-crystal M(g) is isomor
phic to M. This is the generalization of the isomorphism number n D of a 
p-divisible group D over k, which is defined to be the smallest non-negative 
integer such that for every p-divisible group D' over k with the same dimen
sion and codimension as D, D'[pnD] and D[pnD] are isomorphic if and only 
if D' is isomorphic to D. The isomorphism numbers of p-divisible groups are 
known to exist as early as in [8], as a consequence of Theorems 3.4 and 3.5 
of the loc. cit. Recently, the isomorphism numbers of F.-crystals are known to 
exist by [13, Main Theorem A]. 

Traverso proved that nD ~ cd + 1 in [11, Theorem 3], where c and dare 
the codimension and the dimension (respectively) of the p-divisible group D. 
He later conjectured that nv ~ rnin{c, d} in [12, Section 40, Conjecture 4]. 
In search of optimal upper bounds of n D, the following theorem plays an 
important role: . 

Theorem 1.1 ([7, Theorem 1.6]). If Dis a non-ordinary p-divisible group 
over an algebraically closed field k, then its isomorphism number n D is equal 
to its level torsion lv. 

For the definition of lD, see [16, Subsection 1.4] and [7, Definition 8.3]. 
We point out that the two definitions are slightly different. In the case when D 
is a direct sum of two or more isoclinic ordinary p-divisible groups of differ
ent Newton slopes, we get lv = 1 by the definition in [16, Subsection 1.4]; 
on the other hand, we get l D = 0 by [7, Definition 8.3]. If we assume that D 
is non-ordinary, then. the two definitions coincide. 

Vasiu proved that nv ~ lv in [16, Main Theorem A], and that 
n D = l D provided D is a direct sum of isoclinic p-divisible groups, that is, 
of p-divisible groups whose Newton polygons are straight lines·. Later Lau, 
Nicole and Vasiu proved the equality n D ·= l D in [7] for all p-divisible 
groups D over k. Theorem 1.1 builds a bridge between the isomorphism 
number nv and other invariants of D, such as the level torsion lD, the endo
morphism number ev, and the coarse endomorphism number fv, which tum 
out to be all equal by [7, Theorem 8.11]; see [7, Definitions 2.2 and 7.2] for 
their definitions. Using Theorem 1.1, Lau, Nicole and Vasiu were able to find 
the optimal upper bound of nv ~ L2cd/(c + d)J (see [7, Theorem 1.4]), 
which provides a corrected version of Traverso's conjecture. 

The level torsion l M of an F -crystal M is well-defined; see 
[16, Section 1.2] or Subsection 4.4 for its definition. Therefore it is natural to 
ask if the similar equality n M = l M holds or not in general. As mentioned 
before, Vasiu has already proved that nM s lM and the equality holds 
when M is a direct sum of isoclinic F -crystals. He expressed the expecta
tion that the equality is true in general; see the paragraph after [16, ~.3 Main 
Theorem A]. In this paper, we confirm this expectation. 
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Theorem 1.2 (Main Theorem). If M is a non-ordinary F -crystal over an 
algebraically closed field k, then its isomorphism number nM is equal to its 
level torsion lM-

See Theorem 5.5 for its proof. The definition of the level torsio'1 lM in 
our paper is slightly different from the definition in [16, Subsection 1.2]; see 
Remark 4.9. When M is a non-ordinary F-crystal, the two definitions are 
exactly the samejust as in the case of p-divisible groups. 

1.3 On the proof of the Main Theorem 

The proof of the Main Theorem uses many ideas from [7], [14], and [4]. 
It involves two m~jor steps: 

Step/. Generalize the level torsion eM, the homomorphism number eM, 
and the coarse homomorphism number /M to F-crystals M over k. Then 
prove that they are all equal via a sequence of inequalities f M ::=:: eM :::: 
e M :::: f M that are the generalization of the inequalities f D :::: e D :::: e D :::: f D 

obtained in [7]. 
The main difficulty in Step 1 is to have the right generalizations of eM, 

e M and J M so that they remain unchanged under extensions of algebraically 
closed fields. This requires the constructions of suitable groups schemes 
Ends(M) (resp. Auts(M)) whose k-valued points are the endomorphisms 
(resp. automorphisms) of F-truncations modulo ps of M for all s ::: 1. 
The F -truncations modulo ps of F -crystals are the generalization of trun
cated Barsotti-Tate groups of level s associated to p-divisible groups. They 
are first introduced by Vasiu in [13] and will be recalled in Section 2; see 
Definition 2.1. We will show that eM, eM and f Mare invariant under exten
sions of algebraically closed fields. This allows us to generalize the proof in 
[7, Section 8] to our case. 

Step 2. Prove that f M = nM by showing that both f M and nM are equal 
to the smallest number m d<?fined by the property that the image of the natural 
reduction homomorphism n-s,1 : Ends(M)-+ End1 (M) has zero dimension 
if and only ifs - 1 ::: m. 

In Step 2, the main result (see Theorem 3.15) is to show that llM is the place 
where the non-decreasing sequence ( dim(Auts (M) ))s> 1 stabilizes, which 
generalizes a similar result for p-divisible groups in [4]. In order to show 
this, we construct a.group acti_on_ f~! each s ::: 1 whose orbits parametrize 
isomorphism classes of F-truncations -modulo p":,·; -s~e -Su6section3:2.0 It-turns -
out that the dimension of the stabilizer of the identity element of this action is 
equal to the dimension of Auts_(M) (Lemma 3.11). This allows us to use the·· 
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machinery of group actions to work with the sequenct (dim(Auts(M)))s:=:1 
in a way similar to [4] and [14]. · 

We note that the proof of our Main Theorem does not rely on the known 
fact that n M ::: £ M proved in [ 16]. · 

Notes. After this manuscript was finished, we learned that Sian Nie had a 
proof of the fact eM ::: nM where Mis defined over the ring k[[E]] of formal 
power series instead of over W(k); see [9]. He expressed the hope that the 
same strategy might be used to prove Theorem 1.2. 

2. F -truncations of F -crystals 

In this section, we recall F -truncations modulo ps of an F -crystal M over k 
and provide several equivalent descriptions of homomorphisms and isomor
phisms between them. 

2.1 Filtrations of F -crystals 

Let r be the rank of M. Throughout this paper, the integers e1 ::: · · · ::: e, will 
always be the Hodge slopes of M and the integers f1 < • • · < ft will always 
be all the distinct Hodge slopes of M; thus {!1, ... , ftl = {e1, ... , e,} as 
sets. Clearly ft = ei and ft = er. For each integer s :::: 0, let hs be the Hodge 
number of M, that is, hs = #{ei I ei = s, l ::: i ::: r }. Clearly, hf; :::: 1 for all 
1 ::: i ::: t. We say that a W(k)-basis {vi, v2, ... , v,} of Mis an F-basis of 
M if {p-e1ip(v1), p-e2 ip(v2), ... , p-erip(vr)} is as well a W(k)-basis of M. 
Every F -basis of M is also an F -basis of M (g) for all g E GLM (W (k)). For 
each isomorphism of F-crystals h : M1 ➔ M2 and an F-basis B of M1, 
it is easy to see that h (B) is an F -basis of M 2-

For each positive integer 1 ::: j ::: t, we define / j = { i I ei = Jj, l ::: 

i :::: r}. For an F-basis B of M, let FJ(M) be the free W(k)-submodule of M 
generated by all Vi with i E 11. We obtain two direct sum decompositions of 
M that depend on B (and thus on M): 

For each 1 ::: i ::: t, by letting Fb{M) := ffiJ=i FJ(M), we get a decreasing 
and exhaustive filtration of M 
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For each Fb(M), let <p Fh(M) Fb(M) -+ M be the restriction of p- f; <p to 

Fb(M). For every integers > 0, let Fr/M)s be the reduction modulo PS of 
the filtration Fr/M), namely 

For each 1 :::: i :::: t, we denote by <p Fh (M) [ s] the a -linear monomorphism 

<p Fh(M) modulo ps, and by <p Fi3(M) [s] the sequence of the a-linear monomor

phisms <pFh(M)[s] with 1 :::: i :::: t. By afiltered F-crystal modulo ps of an 

F -crystal M, we mean a triple of the form 

Let M1 and M2 be two F-crystals with the same Hodge polygons as 
M, B1 and B2 two F-bases of M1 and M2 respectively. By an iso
morphism of filtered F -c,ystals modulo ps from a filtered F -crystal 
modulo ps of M 1 to a filtered F-crystal modulo ps of M2, we mean a 
Ws(/c)-linear isomorphism f: M1/psM1 -+ M2/psM2 such that for all 
1 :::: i :S: t we have f(Fb/M1)/ps Fb/M1)) = Fb/M2)/ps Fb/M2) and 

<p Fh
2 

(M2 }s]f = f <p Fh/Mi}s]. 

2.2 F -truncations 

In this subsection, we recall the F -truncation modulo ps of an F -crystal 
defined in [13, Sect. 3.2.9]. It is the generalization of the D-truncation 
(M / ps M, <p[s], 0[s]) of a Dieudonne module (M, <p, 0); see [13, Sect. 3.2.1] 
for the definition of D-truncations. 

Definition 2.1. For every integer s > 0, the F -truncation modulo ps of an 
F -crystal M is the set Fs (M) of isomorphism classes of filtered F -cry1stals 
modulo ps of M as ·B varies among all possible F -bases of M. Let M 1 and 

M2 be two F-c,ystals with the same Hodge polygon. A Ws (k)-linear isomor:
phism f : M1 / ps Mi -+ M2/ ps M2 is an isomorphism of F-truncations mod
ulo ps from Fs(M1) to Fs(M2) if for every F-basis B1 of M1, there exists 
µn F-basis B2 of M2 such that 

f: (Mt/ ps M1, Fi3
1 
(M1)s, (fJF8 (M1)[s]) 

. -· - --- -- ·-·-- =-·---=-~ ·- - ---·--=~------ ·--- --~ _____ -_! __ "_ - ----~---- ---~-,~-==-'-=' 

-+ (M2/ps M2, Fi3/M2)s, (fJF13/M2 )[s]) 

is an isomorphism of filtered F -crystals modulo ps. 
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Suppose f is an isomorphism of F -truncations modulo ps from Fs (M) 
to Fs(M(g)). Define a set function r f,s : Fs(M) ➔ Fs(M(g)) as fol
lows: the image of the isomorphism class represented by (M / ps M, F81 (M)s, 
q.>f81 (M)[s]) under I'J,s is the isomorphism class represented by (M/psM, 

FB/M)s, (gq;)F13/M)[s]) if 

f: (M/ps M, FB/M)s, 'PF13i (M)[s]) ➔ (M / PS M, FB/M)s, (gq;)Fa/M)[s]) 

is an isomorphism of filtered F -crystals modulo ps. It is easy to see that this 
function is well-defined and we shall prove that r f,s is a bijection of sets in 
Corollary 2.4. 

The following lemma is a generalization of [13, Lemma 3.2.2] to F-crystals 
forG =GLM. 

Lemma 2.2. For each F-crystal M and every g E GLM(W(k)), the 
following two statements are equivalent: 

(}) There exist h E GLM(W(k)), F-bases B1 and B2 of Mand M(g) 
respectively, such that the reduction h[s] of h modulo ps induces an iso
morphism 

h[s] : (M j PS M, FB1 (M)s, (f)Fal (M)[sD 

➔ (M/ PS M, FB/M)s, (g(fJ)Fa/M)[s]) (2.1) 

of filtered F -crystals modulo ps. 
(2) There exists an element gs E GLM(W{k)) with the property that it is 

congruent to 1 M modulo ps such that M (gs) is isomorphic to M (g ). 

Proof To prove that (2) implies (1), suppose h E GLM(W(k)) is an iso
morphism from M (gs) to M (g). For every F -basis B of M (gs), there is an 
F-basis h(B) of M(g), and the reduction of h modulo psis an isomorphism 
of filtered F -crystals modulo ps: 

h[s]: (M/ps M, Fr3(M)s, (gs'P)F8(M)[s]) 

➔ (M/ps M, F1;(B/M)s, (gq;)F,~(B)(M)[s]). 

As gs = 1M modulo ps and B is also an ordered F-basis of M, we have a 
canonical identification of filtered F-crystals modulo ps: 

Composing the two isomorphisms h[s] o id[s] = h[s], we get the desired 
isomorphism (2.1) by taking B1 =Band B2 = h(B). 
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To prove that (I) implies (2), let 8s = h-1 g({Jlup- 1• We claim that 8s 
belongs to GLM (W(k)), which is equivalent to /z((fJ~l (M)) c (fJ-I (M). 

As M = EBJ=l p-/j(fJ(F6
1 
(M)), it is enough to show that 

I 

h(F&l(M)) C EBPmax(O,/rf;)pbl(M) =·(fJ-l(pfjM) n M. 

i=l 

Indeed, for each v E FJ
1 
(M) c Fj

1 
(M), we have h(fJ F~/M/v) -

g(fJFj (M)h(v) E psM, therefore lup(v) - g({Jh(v) E ps+fjM. 
132 

As v E Fj/M), we know that (fJ(v) E ph Mand thus h(fJ(v) E ph M. By the 

last two sentences, we know that g({Jh(v) E p/jAf, whence ({Jh(v) E phM. 
This implies that h(v) E (fJ-J (pfj M) n M. As 

h-1 
: (M, g(fJ) ~ (M, h- 1 g({Jh) = (M, 8s(fJ), 

it remains to prove that 8s is congruent to 1 M modulo ps. As B2 is an 
F-basis of M(g), h-1 (B2) is an F-basis of M(gs)- We have an isomorphism 
of filtered F -crystals modulo ps as follows: 

h- 1[s]: (M/ps M, Fa/M)s, (g(fJ)F
1
\(M)[s]) 

----+ (M/ps M, F,•-l(B )(M)s, (gs(fJ)p (M)[s]). 
1 2 1,-I (132) 

Composing the isomorphism (2.1) with the last isomorphism, we have an 
isomorphism 

id[s] : (MI PS M, Fa (M)s, (/JF" (M)[s]) 
I 131 

For every 1 :::: j :::: t, and for each V E F6I (M), we have 

(gs(fJ)Fj (M/v) - (fJFj (M/v) E ps M. 
1,-l (132) 131 

This means that gs(p-fi((J(v)) - p-fi((J(v) E psM, that is, 8s fixes every 

element of p-j (f)(FJ
1 
(M)) modulo ps. Because M = ffiJ=l p-h<p(F'6i (M)); 

we know that 8s fixes every element of M modulo ps, whence gs = IM 
modulo ps. . □ 

--- - ~:,_.:... ~~-.,,._~~-·-~=-~--· ~,-~--·~---.::.;------c-_-~- :....:.....;_-

Proposition 2.3. For all g, h. E GLM (W (k)),-·-,1;-;'red~"Jtio;1 oJ /1moaul0Jr~ --
is an isomorphism from Fs(M) to Fs(M(g)) if and only if h-1 g<ph(fJ-l = IM 
modulo p 5

• 
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Proof For every h E GLM(W(k)), if the red\}ction of h modulo ps is an 
isomorphism from Fs(M) to Fs(M(g)), then h : M(gs) ➔ M(g) is an 
isomorphism of F-crystals where gs = h-1 grphrp- 1 = IM modulo ps by 
Lemma 2.2. 

If h-1grphrp- 1 = I,i1 modulo ps, then there exists gs= h-1grph<p-I con
gruent to IM modulo ps such that h induces an isomorphism from M(gs) to 
M(g). For every F-basis l3 of M, which is also an F-basis of M(gs), we get 
an isomorphism oHiltered F -crystals modulo ps: 

h[s]: (M/ps M, Fa(M)s, (f)FB(M)[S]) 

➔ (M/ps M, Fh(B)(M)s, (grp)ph(!
3
)(M)[s]). □ 

Corollary 2.4. Let s be a positive integer. We recall that [' f,s : Fs (M) ➔ 
Fs (M (g)) is the function defined by an isomorphism f of F -truncations 

modulo ps from Fs (M) to Fs (M (g)) ( see the paragraph after Definition 2.1 
for its definition). Then the function [' f,s is a bijection. 

Proof Leth E GLM(W(k)) be a preimage off E GLM(Ws(k)) via the 
canonical surjection GLM(W(k)) ➔ GLM(Ws(k)). By Proposition 2.3, 
we have h-1 g <p hrp- 1 = IM modulo ps. Taking inv.erses on both hand sides, 
we have rph- 1rp- 1 g- 1h = IM modulo ps. After multiplying hon the left and 
h-1 on the right on both hand sides, we get h<ph- 1rp- 1 g- 1 = I modulo ps, 

that is, hrph- 1(grp)- 1 = IM modulo ps. Hence h- 1 defines an isomorphism 
of F-truncations modulo ps from Fs(M(g)) to Fs(M). This implies that 
r J,s is a bijection. □ 

The next corollary justifies that the isomorphism number of F -crystals is 
the right generalization of the isomorphism number of p-divisible groups. 

Corollary 2.5. Let (M be the smallest integer such that for all 

g E GLM(W(k)), if FtM (M) is isomorphic to FtM (M(g)), then M is 

isomorphic to M(g). We have tM = nM. 

Proof If FnM (M) is isomorphic to FnM (M(g)), then by Lemma 2.2, there 
exists gnM E GLM(W(k)) with the property that gnM = IM modulo pnM 

such that M(gnM), which is isomorphic to M by the definition of isomor
phism numbers, is isomorphic to M(g). Thus tM s nM. 

Let gtM = IM modulo ptM. By Proposition 2.3, lM[tM] E GLM(WtM (k)) 

is an isomorphism from FtM (M) to FtM (J\,1(gtM)). By definition of tM, M 

is isomorphic to M(gtM). Thus nM s tM. □ 

Proposition 2.3 motivates the following definition of a homomorphism 
modulo ps between two F -crystals. 
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Definition2.6. AWs(k)-linearmaph[s]: MifpsM1 ➔ M2/psM2is 
a homomorphism from Fs(M1) to Fs(M2) if a preimage h E Homw(k) 
(M1, M2) of h[s] under the canonical surjection Homw(k)(M1, M2) ➔ 

Homws(k)(M1/ps M1, M2/ps M2) satisfies <p2h<f11 = h modulo ps. We call 
ha lift of h[s] and h[s] a homomorphism modulo ps from M1 to M2. 

Remark 2.7. A homomorphism h[s] modulo ps between M1 and M2 
implicitly implies that there exists a lift h of h[s] in Homw(k)(M1, M2) such 

that <p2h<p11 is also an element in Homw(k)(M1, M2). Note that h[s] is not 
just a Ws(k)-linearhomomorphismh[s]: MifpsM1 ➔ M2/psM2 such that 
h<p1 = <p2h modulo ps, although this is a consequence of the definition but it 
is not equivalent to the definition. 

Remark 2.8. Note that the definition of an isomorphism between two 
filtered F -crystals modulo ps requires that the two F -crystals have the same 
Hodge polygon described in Subsection 2.1. In Proposition 2.3 we also 
require that the two F -crystals have the same Hodge polygon. On the other 
hand, in Definition 2.6, we do not require that the two F -crystals have the 
same Hodge polygon. It is reasonable to ask if h [s] E GJ~M (Ws (k)) and there 
exists a lift h E GLM(W(k)) of h[s] such that <p2h<p1

1 = h modulo ps, 
do (M, <p1) and (M, <p2) have the same Hodge polygon so that h[s] induces 
an isomorphism between Fs(M1) and Fs(M2)? The answer is yes because 
if <p2h<p11 = h modulo ps, then we know that <p2h<p11 

E GLM(W(k)). Thus 

<p2h<p11 (<p1 (M)) = <p2h(M) = <p2(M). As a result, <p2h<p11 induces an iso
morphism from M / </JI (M) to M / <p2 (M) and thus (M, <p1) and (M, <p2) have 
the same Hodge polygon. Therefore if M1 and M2 have different Hodge 
polygons, then Fs (M 1) and Fs (M2) are not isomorphic modulo ps. 

Proposition 2.9. Let s > 1 be an integer. A homomorphism 
h[s]: MifpsM1 ➔ M2/psM2isahomomorphismfromFs(M1)toFs(M2) 
if and only if there exists a lift h of h[s] in Homw(k)(M1, M2) such that for 
every x E M1 \pM1, if </JI (x) E pi M1 \pi+l M1, then h<p1 (x) = <p2h(x) 
modulo ps+i. Moreover, if we fix an F -basis B1 = {VJ, v2, ... , Vr} of M 1, 

then the condition "for every x E M1 \pM1" in the prior sentence can be 
strengthen to "for all x E B1 ". 

Proof Let h[s] be a homomorphism from Fs(M1) to Fs(M2), then there 
exists h E Homw(k) (M1, M2) such that <p2h<p11 = h modulo ps. Let 

x E M1 \pM1 be such that </JI (x) E pi M1 \pi+I M1, whence -½-<p1 (x) E 
p 

M1 \pM1. Plugging -½-<p1 (x) into <p2h<p1
1 = h modulo ps gives the desired 

p . 

congruence h<p1 (x) = <p2h(x) modulo ps+i. · · 
Suppose h[s] E Hom(M1 / ps M1, M2/ ps M2) satisfies that for every 

x E M1 \pM1, if </JI (x) E i Mi \pi+l M1, then h<p1 (x) = <p2h(x) modulo 
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ps+i. For every x E M1 \{O}, there exists l:::: 0 such that x E p1 M 1 \p1+1 M1. · 
We write <p11 (x) = pix' for some j E Z and x' E M1 \pM1. Therefore 
q.,1(x') E p1-i M1 \pl-j+I M1. Plugging x' = p-i<p1

1.(x) into the congruenc~ 

<p2h = h<p1 modulo ps+l-j, we get <p2h<p11 (x) = h(x) modulo ps as l :::: 0. 
To prove the strengthening part, for all x. E M1 \pM1, x = L~=I x;v; 

for some x; E W(k), we have 'Pl (x) = L;·=I pe;a(x;)w; for some F-basis 
{w1, w2, ... , Wr} of Mz. Let i = min{e; + ordp(x;) I I :::: i :::: r}. Then 
<p1 (x) E / M1 \pi+l M1. Suppose for every 1 :::: i :::: r, h<p1 (v;) - <p1h(v;) = 
ps+e;v; for some v; E M2 \pMz, we conclude the proof by considering the 
difference 

r r 

htp1(x)- tp1h(x) = I>(x;)h(<p1(v;)) - La(x;)<p1(h(v;)) 
i=l i=I 

r 

= L ps+e; a (x; )v; E ps+i M2. 

i=I 

□ 

Corollary 2.10. Let M be an F-crystal over k and let B = {v1, vz, ... , Vr} 
be an F -basis of M. For all g, h E GLM (W (k) ), the reduction of h modulo 
ps is an isomorphism between Fs (M) and Fs (M (g)) if and only if for all 
v; E l3 we have h<p1(v;) = <pzh(v;) modulo ps+e; where e1 :::: e2:::: · · ·:::: e, 
are the Hodge slopes of M. 

We denote by Homs(M 1, M2) the (additive) group of all homomorphisms 
modulo ps from MI to M2, _that is, all homomorphisms from Fs (M 1) to 
Fs(Mz). For i = 1, 2, if h;[s] E GLM(Ws(k)) is an automorphism of Fs(M), 
and h; E GLM(W(k)) is a lift of h;[s] such that <ph;<p-1 = h; modulo ps, 
then (h1h2)[sJ is also an automorphism of Fs(M) as h1h2 E GLM(W(k)) is 
a lift of (h 1 h2) [s] that satisfies 

(h1h2)- 1tp(h1h2)<p-l = h:/(h1
1iph1<p-1)<ph2<p-l 

= h21<ph2<p-l = 1 modulo ps. 

, Thus all automorphisms of F.~ (M) form an abstract group Auts (M) under 
composition. 

2.3 Ws functor 

For every affine scheme X over Spec W(k), there is a functor Ws(X) from the 
category of affine schemes over k to the category of sets defined as follows: 
For every affine scheme Spec R, 

Ws(X)(Spec R) := X(Ws(R)). 
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If Xis of finite type over W(k), it is known that this functor is representable 
by an affine k-scheme of finite type (see [5, p. 639 Corollary. l ]), which will be 
denoted by Ws (X). If in addition X is smooth over Spec W (k), then W s (X) is 
smooth. Indeed, for every k-algebra R and an ideal I of R such that 12 = 0, 
the kernel of Ws (R) · ➔ · Ws (R / I) is of square zero. As X is smooth, we get 
that 

is surjective by [l, Ch. 2, Sec. 2, Prop. 6], whence Ws(X) is smooth by the 
loc. cit. Suppose Xis a smooth affine group scheme over Spec W(k), then 
Ws(X) is a smooth affine group scheme over k. The reduction epimorphism 
Ws+ 1 (R) ➔ W:~ (R) naturally induces a smooth epimorphism of affine group 
schemes over k 

Reds+1,x : Wm+l (X) ➔ Wm(X). 

The kernel of Reds+l.X is a unipotent commutative group isomorphic to 
<G~im(Xk). Identifying ·w 1 (X) = Xk, an inductive argument shows that 
dim(Ws(X)) = s · dim(Xk) and Ws(X) is connected if and only if Xk is 
connected. 

2.4 Group schemes pertaining to F -truncations modulo ps 

In this subsection, we construct a smooth (additive) group scheme 
Homs (M 1, M2) of finite type over k such that its group of k-valued points 
is Homs(M1, M2), and a smooth (multiplicative) group scheme Auts(M) 
of finite type over k such that its group of k-valued points is Auts (M). 

Fix s :::: I. Let MI and M2 be two F-crystals over k. Let ·r1 and r2 be 
the ranks of M1 and M2 respectively. We fix W(k)-bases Bi of M1 and B2 
of M2 (they are not necessarily F-bases.) Thus a W(k)-linear homomorphism 

h: M1 ➔ M2 corresponds to an r2 xr1 matrix X = [h]g~ = (xij)I ::::i::::r2 ,1::::J::::r1 

with respect to Bi and B2. Here ancl in all that follows we adopt the following 
convention: for any v E M1, [h(v )]B2 = X[v ]B1• The Frobenius of /vi 1 cor-

responds to an r1 x r1 matrix U = [q.ii]g: = (uij)1::::i,J::::ri with respect to Bi, 

and the Frobenius of M2 corresponds to an r2 x r2 matrix V = [q.i2]g~ = 
(vij)l::::i,J::::r2 with respect to B2. 

·=--,-.-,-=-Let.Jf"_;==_(l_l)ij)J::::i,J::::ri be the transpose of the cofactor matrix of U. 
We have Wij E W(k).-

0

Th-~-rriatrix~iepfesentati◊TI'ofq.i2h(f)fJ,withrespect to 
B1 and B2 is Va (X)a (W /det(U)). We would like to find conditions on X so 
that the reduction of h modulo ps, denoted by h[s], is a homomorphism from 
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Fs(M1) to Fs(M2). By definition, the condition <p2hi:p11 = h modulo psis 
equivalent to the system of equations 

for all 1 :::: i :S r1 and 1 ::: j :s r2. Let l := ordp(det(U)), and det(U)-1 = 
p-1d where d E W(k)\pW(k). Then the system of equations (2.2) is equi
valent to 

r1 r2 

LL a(d)VinO"(Xnm)a(wmj) = p 1xij = 01(a 1(xij)) modulo ps+z. (2.3) 
m=ln=l 

If R is a perfect ring, two elements u (u(O), u(l), ... ) and 
w = (wC0), wCl), ... ) of W(R) are-congruent modulo· ps if and only if 
u(i) = wU) for all O::: i ::: s - 1. This is true because ps = (aRBRY = ak0k, 
and O"R is an automorphism of W(R) when R is perfect. Thus over perfect 
rings, the system of equations (2.3) is equivalent to 

r1 rz 

LL a (d)VinO" (Xnm)a(Wmj) = 01(a 1 (xij)) modulo 0s+1(W(R)). (2.4) 
m=I n=l 

Let Xnm = (x~~, x~~, ... ) and Pr,q the polynomial with integral coeffi
cients that computes the q-th coordinate of the p-typical Witt vector which is 
a product of r p-typical Witt vectors. Then the system of equations (2.4) is 
equivalent to 

r1 , r2 

LL P4,q+1(a(d), Vin, a(Xnm), a(~mj)) - (xio/))p
1 = 0 (2.5) 

m=l n=l 

for all 1 ::: i :s r1, 1 ::: j :s r2, and O ::: q :s s - 1, and the equations 

r1 r2 

LL P4,q(a(d), Din, a(Xnm), a(Wmj)) = 0 (2.6) 
m=l n=l 

for all 1 ::: i :S r1, 1 ::: j :S r2, and O ::: q :S l - 1. 
For any three non-negative integers n1, n2 and n3, let Rn1,n2 ,n3 be the poly-

nomial k-algebra with variables x;o/) where 1 ::: i :S n1, 1 ::: j :S n2 and 
0 :S q :": n3. Let J be the ideal of Rr1,r2 ,s+l-l generated by equations (2.5) 
and (2.6). Let Ys be the scheme theoretic closure ofXs = Spec R,1 ,rz,s+l-1 /J 
under the canonical morphism Spec R,1 ,rz,s+l-1 ➔ Spec Rr1 ,rz,s-1 induced 
by the natural inclusion i : Rri,rz,s-l <-+ R,1,,2 ,s+l-l · Thus Ys is affine and 
is isomorphic to Spec R,1,,2 ,s-il ;-l (J) =: Spec Rs. 
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• If s ·::::: l, then i-1 (J) is generated b_y equations (2.6) for all 1 ::::: i ::::: ri, 

1 ::::: j ::::: r2 and O ::::: q ::::: s - l. 
• Ifs > l, then i-1 (J) is generated by equations (2.6) for all 1 ::::: i _:::: r1, 

I :::: j::::: r2 and O::::: q::::: l - 1, and also equations (2.5) for all] ::::: i.:::: r1, 

I ::::: j ::::: r2 and O ::::: q ::::: s - l - l. 

For each k-algebra R (not necessarily perfect), the set of R-valued points 
Ys(R) is set of all Ws(R)-linear maps 

h[s]: M1 ©w,(k) Ws(R) ➔ M2 ©w,(k) Ws(R) 

with the property that there exists a lift 

h: M1 ©w(k) W(R) - M2 ©w(k) W(R)) 

such that for each x E M, if q.ii (x) E pi M\/+1 M, then we have 

h O (q.i1 ®w(k) O"R)(x © 1 W(R)) = (q.i2 ©w(k) D"R) 0 h(x © 1 W(R)) 

modulo M ®w(k) ei+s(W(R)). It is clear that Ys(R) has a functorial 
group structure under addition, and thus Y s is a group scheme. Let 
Homs (M 1, M2) := (Ys )red• If no confusions can occur, we denote 
Homs(M1, M2) by Hs. From the construction of (Rs)red, it is clear that Hs is 
a smooth group scheme of finite type over k, and Hs (k) =;= Homs (M 1, M2). 

The definition of Hs would not be very useful if it would depend on the 
choices of 61 and 62. We now show that Hs does not depend on the choices 
of 61 and 62. Let 6~ and 6; be other W(k)-bases of M1 and M2 respectively. 
Let T = (1ij) be the change of basis matrix from 6 1 to 6; and T-1 = (t[) 
be its inverse. Let S = (sij) be the change of basis matrix from 62 to 6; and 

s-1 = (s[
1
.) be its inverse. Let U' = [q.iiJ:i and V' = [q.i2]:~ be the matrix 

I 2 

representations of qJJ and q.i2 with respect to Bi and B; respectively. We get 
that T-1 U'a(T) = U, s-1 V'a(S) = V and Tu- 1a- 1 (T-1) = U'- 1• Let 
W' be the transpose of the cofactor matrix of U', then W' /det(U') = u1

-
1• 

Let Y be the r-i x r1 matrix [h]:~ = (Yij)I:::i:::r2 ,J::,j 9 , representing h 
I " 

with respect to 6i and B;. Therefore we have X = s-1 YT. By solving 
V' a (Y)a (W' /det(U')) = Y modulo ps, we get a similar system of equa

. tions like (2.5) and (2.6), with d replaced by d', Vin replaced by v[
11

, x11111 

replaced by Ynm, and Wmj replaced by w;
11

j" They generate an ideal 'J' of 

a polynomial algebra R; s+l-I with variables yi<
1
1)_ We now construct 

J ,r2, 

. _an iSOf!loryJ-i_is~~z-~ Rr,,ri,s+l-1 ➔ R;,,r
2
,s+l-l induced by the equ~lity 

X = s-1 YT. More-preciseii as·iliel'i;1Y-entrrof-s-~1Y:Fis-E-1,,11-s[rY1111tmj-, 

we define z(x;o/)) = L!,m P3,q (s[1, Yim, fmj ). It is easy to see that z is an iso

morphism as its inverse 17 can be constructed .by the equality Y = sxr-1 
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in a similar way. Now we show that z induces a well-defined homomorphism 
1 : Rr, r2 s+z-ifJ --+ Rr' r +l 1/J'. Suppose that f E J, then we want to ' , 1, 2,s -

show that 1(!) E J'. This is equivalent to show that if Va(X)a (u-1) = X, 
then V'a(Y)a(U'- 1) = Y, assuming that X = s- I YT. Indeed, we have 

. TU- 1a- I (T-1) = U'- 1, and s-1 V'a(S) = V, we get 

Y = SXT- 1 = SVa(X)a(U- 1)T-I = S(S-1V'a(S))a(X)a(U-1)T-1 

= V'a(S)a(X)a(T- I U'-Ia- 1(T))T'-I = V'a(Y)a(U'- I )TT-I 

= V'a(Y)a(U'- 1). 

Thus the induced I is well-defined. By the same token, we can show that 
the inverse· '7 also induces a well-defined homomorphism at the level of 
quotient k-algebras. As 1 and '7 are inverses of each other, we know that 
R,1 , 2 s+z-if] ~ R' s+z-1/J'. Let Ys' be the scheme theoretic closure 

' ' T],~, 

of Spec R' s+l-I /J' under the canonical morphism Spec R,' +l-I --+ TJ ,r2, 1,r2,s 

Spec Rr' r s-l induced by the natural inclusion i 1 
: Rr' r _1 '-+ R' r s+t-J · 1,2, 1,2,S T],2, 

It is clear that Ys is isomorphic to Y; as k-schemes. To see that they, are 
also isomorphic as k-group schemes under addition, it is enough to see 
that the definition 1 and '7 respect addition because if X 1 = s-1 Y1 T and 
X2 = s-1Y2T, then X1 + X2 = s-1(Y1 + Y2)T. Thus the definition ofHs 
does not depend on the choice of basis. 

If M 1 = M2 = M, then r1 = r2 = r. In this case, we denote 
Homs(M1, M2) by Ends(M) or for simplicity Es if no confusions can 
occur. 

Now we assume that M1 = M2 = M (thus r1 == r2 = r) and construct 
a group scheme Ants (M) whose k-valued points is Auts (M). Here we make 
use of a simple fact of Witt vectors: for any k-algebra R, an element x E W(R) 
is invertible if and only if x(O) is a unit in R. Put 

Then Spec Ts(R) contains all the multiplicative invertible elements in Ys(R). 
It is the set of all Ws (R)-linear automorphisms 

with the property that there exists a lift h E GLM0 wCkl W(R) (W (R)) of h[s] 
such that for each x E M, if ip(x) E pi M\pi+I M, then we have 
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modulo M 0w(k) 0i+s(W(R)). If h1[s], h2[s] E Spec Ts(R), then (h1h2)[s] 
is in Spec Ts(R). Here (h1h2)[s] is h1h2 modulo 0s. It coincides with the 
notation that h[s] is h modulo ps when R is perfect. Hence Spec Ts(R) has 
a functorial group structure under composition and thus Spec Ts is a group 
scheme. Let As = Auts(M) := Spec (Ts)red• Then As(k) = Auts(M) 
is the group under composition of automorphisms of F -truncations modulo 
ps of M. From the construction of (Ts)red, it is clear that As is a smooth 
group scheme of finite type over k and, as a scheme, it is an open subscheme 
of Es. We now study an important invariant YM(s) := dim(Auts(M)) asso
ciated to M. As Es is smooth, all connected components of Es have the same 
dimension. Therefore YM(s) = dim(Es)-

Proposition 2.11. For every l ::::: 0, the sequence (yM(s + l) - YM(s))s:::1 
is a non-increasing sequence of non-negative integers. Therefore, we have a 

chain of inequalities O :S y M (l) :S y M (2) :S · · · . 

Proof For each pair of integers t ::::: s, there is a canonical reduction 
homomorphism lrt,s : Er ➔ Es. For every perfect k-algebra R, and every 
h[s] E Es(R), there is a lift h of h[s] such that (fJh(fJ-I = h modulo ps, 
then (fJPr-sh(fJ-I = p 1-sh modulo p 1• Hence we get a monomorphism 
pt-s : Es ➔ Er that sends h[s] to p 1-sh[s] at the level of R-valued points. 
For every perfect k-algebra Rand every h[t] E E 1(R), h[t] = p 1-s(h'[s]) for 
some h'[s] ·E Es(R) if and only if h[s] belongs to the kernel of lrt,t-s· Hence 
we have an exact sequence on the level of R-valued points 

Pt-s '1ft t-s 
E1(R) ~ E1-s(R). 

The dimension of Im(n1,t-s) is equal to YM(t) - YM(s) ::::: 0. Because 
lrs+l+l,l = 7rs+l,l o 7rs+l+l,s+l, Im(ns+l+l,l) is a subgroup scheme of 
Im(1rs+1,1). Hence the dimension oflm(ns+I+l,l), which is YM(s + l + l) -
YM(s + 1), is less than or equal to the dimension of Im(ns+z,z), which is 
YM(s + l) - YM(s). □ 

Recall an F -crystal M is ordinary if its Hodge polygon and Newton poly
gon coincide. It is well known that the ordinary F -crystals over k are precisely 
those F -crystals over k which are direct sums of F -crystals of rank 1. 

Proposition 2.12. Let M be an ordinary F -crystal, then y M (s) = 0 for all 

s ::::: 1. 

Proof If-M-is ordinary, then /v1 _= EBj=1M; where Mi are isoclinic ordi
nary F-crystals. Thus there exists an F-basis B === {v1 , v2, .. .-, v,.} of M such 
that (fJ ( vi) = pe; Vi for 1 :S i :::= r. The ideal J that defines the representing 
k-algebra of Es (M) is generated by equations of the following two types: 
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(1) a (X;j)) - X;j) for all r and i, j E /1 for all 1 ~ l ~ t; 
(2) x{? for all rand i, j that don't belong to the same /1. 

It is clear now that representing k-algebra is finite dimensional over k. Thus 
Es is of dimension zero, so is As. □ 

3. Isomorphism classes of F -truncations 

In this section, we follow the ideas of [4] and [14] to define a group action for 
each s ::::: 1 whose orbits parametrize the isomorphism classes of Fs (M (g)) 
for all g E GLM(W(k)). We show that the stabilizer of the identity element 
of this action has the same dimension as Auts(M), which allows us to study 
the non-decreasing sequence (YM(i));>J via the orbits and the stabilizers of 
the action. The main result of this section is Theorem 3.15, which is a partial 
generalization of [ 4, Theorem 1 ]. It will play an important role in the proof of 
the Main Theorem in Section 5. 

3.1 Group schemes 

·1n this subsection, we will introduce some .affine group schemes that are 
necessary to define the group actions in order to study isomorphism classes of 
F -truncations. · · 

Let M = (M, <p) be an F-crystal over k. Recall GLM is the group scheme 
over Spec W(k) with the property that for every W(k)-algebra S, GLM(S) is 
the group of S-linear automorphism of M ®w(k) S. Put V = M ®w(k) B(k), 
then we have canonical identifications 

GLv = GLM xw(k) SpecB(k) = GLq.,-I(M) xw(k) SpecB(k). 

Let G be the sche.me theoretic closure of GLv in GLM x GLq.,-1 (M) embedded 
via the composite homomorphism 

/:J. 
GLv ---+ GLv x GLv-+ GLM x GLq.,-'(M)· 

For any flat W(k)-algebra S, G(S) contains all h E GLM®w(k)s(S) with the 
property that h(<p-l (M)®w(k) S) = <p-1 (M)®w(k) S. Let PG: G---+ GLM be 
the composition of the inclusion and the first projection GLM x GLq.,-1 (M) -+ 
GLM. 

Let B = {v1, v2, ... , Vr} be an F-basis of M. There are two direct sum 
decompositions of M = EBJ=l FJ(M) = EBJ=I p- Jj <p(FJ(M)), which 

implies that <p- 1 (M) = EBJ=I p- f; FJ(M). With respect to 13, the represent
ing k-algebras of the following affine group schemes are clear: 
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• GLv = Spec B(k)[xij I 1 .::: i,} .:':: r](aetfxij)]; 

• GLM = Spec W(k)[xij 11 .:':: i,} .:':: r][detfxij)]; 

• GLq:,-I(M) = Spec W(k)[p0ijxij I I .::: i, j .::: r](det[x;j)]' where 6ij = 

fz - fm if i E lz and j E Im; see Subsection 2.1 for the definition of 
lz and In,. Note that det\p0;h1) = det(xiJ) ~s for each permutation 11: of 
{1, 2, ... , r}, we have IL=! p m(,)xin:(i) = IL=I Xirr(i)· 

• G = Spec W(k)[pEijXij I 1 _::: i, j _::: r](det(Ix··)]' where Eij = min(O, 6ij)-
. I] 

For any affine scheme H, let RH be the ring such that H = Spec RH. Let K 
be the kernel of the composition 

Then RG ~ RGLM 0 RGL 1 / K. It is easy to see that the natural homo-
f/1- (M) 

morphism 

is an isomorphism of W(k)-algebras. 

Proposition 3.1. The scheme G is a connected smooth, affine group scheme 
over Spec W(k) of relative dimension r 2. 

Proof As G is a principal open subscheme of the affine space 
Spec W(k)[pEijXiJ I 1 .::: i, j .::: r] over W(k), it is affine, smooth, integral 
and of relative dimension r 2 . From this the lemma follows. □ 

Fix an F-basis B of M. If l 'I- m, let G1,m be the maximal subgroup scheme 
of GLM that fixes both 

and 

With respect to the F-basis B, the (multiplicative) group scheme Gz,m is 
isomorphic to Spec W(k)[xiJ Ii E lz, j E Im]- If Risa W(k)-algebra, then 
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G ~ rrhfth,Jm G G 
and thus z,m = \\JTa . If/ = m; let t,l be LF~(M)· With respect to the 

_F-basis B, G1,1 is isomorphic to Spec W(k)[xij Ii, /E lzl[det{xij)]. Put 

G+= TI Gz,m 
l::::m<l:::t 

= Gt,t-1 x Gt,t-2 x Gr-1,t-2 · · · x G3,2 x Gt,! x · · · x G3,1 x G2,1, 

G_ = IT Gt,m 
l::::l<m:::t 

= Gt2 X G1,3 X • • · X G1,t X G2,3 X · · · Gt-2,t-I X Gi-2,t X Gi-1,t, 

t 

Go:= flG1,1, 
l=l 

and 

With respect to the F-basis B, 

G := G+ x Go x G_. 

G=SpecW(k)[xiJ 1·1:::i,j:::r][ 1 

1 
]· 

I]1= 1 det(x;j)i,jElt 

Let Pm : G ➔ GLM be the natural product morphism, and let Pc; be the 
composition 

For any morphism Q : H1 ➔ H2 of affine schemes, let Q' ": RH2 ➔ RH1 

be the natural homomorphism induced by Q. i 

Lemma 3.2. There is a unique morphism P 
PG o P = Pc;. 

G ➔ G such that 

Proof The morphism PG: G ➔ GLM at the level of W(k)-algebras 

Pb: W(k)[xij 11 ::: i, j ::: r] [ ; ] 
det Xij) 

---+ W(k)[pEijxij 11::: i, j::: r] [ ; ] 
det X;j) 

is such that PG (xij) = x;J; see the coordinate description of G for the defini
tion of E;J. Note that E;j ::: 0. The morphism Pc; : G ➔ GLM at the level of 
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W(k)-algebras 

PG!..: W(k)[xiJll :::; i, j:::; r] [ 
1 

] 
det(Xij) 

~W(k)[xiJll:::;i,J:::;r][ t I ] 
Ilt=l det(xij)i,}Elt 

is such that Pb(Xij) = P:n(p-EijxiJ). It is easy to check (at the level of 

R-valued points) that Pb(det(xiJ)) Ilf=1 det(xiJ)i,}Eli• This forces 

P : G ~ G to satisfy P' (pE;J XiJ) = P:rz (xiJ) and it indeed defines a 
W (k )-algebra homomorphism 

as 

P': W(k)[pE;JXij 11 :::; i, J :::; r] [ : )] 
det Xij 

~w(k)[xiJII:::;i,J:::;r][ 1 

1 
], 

Ilt=l det(xiJ )i,J Eli 

t 

= fI det(xij)i,}Eli• 
l=l 

□ 

Lemma 3.3. For every k-algebra R, the morphism P induces a bijection on 
Ws (R)-valued points for {1/l positive integers. 

Proof We first show that P induces a bijection on W(R)-valued points. 
We start by showing that the image of Pc;(W(R)) is the same as the image 

PG(W(R)) in GLM(W(R)), which is 

S := {(p-E;Jrij)I~i,j~r I rij E W(R), det(rij) E W(R)*}. 

As t x t block matrices, these are matrices of the type 

Nn pfz-f1N12 ph-fiN13 pfr- /1 N1rr 

N21 N22 ph-fzN23 pf,-hN2, 
N= 

Nt1 Ni2 Nn Nu 

where Nzm is an arbitrary h Ji x h Im matrix for 1 :::; l, m · :::; t with entries in 
W(R), and det(N) E W(R)*. We claim that Mi are invertible for 1 :::; i :::; t. 
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After reduction modulo 0(W(R)), the matrix N is a lower triangular block 
matrix. The determinant of N modulo 0(W(R)) is ft=I det(Nu) modulo 
0(W(R)), which is a unit in R, this implies that det(N;;) modulo 0(W(R)) is 
a unit in Rand hence det(Nu) is a unit in W(R). 

Let X be an arbitrary t x t block matrix in Go(W(R)) so that the diagonal 
blocks are denoted by Xii. If l > m, let Yim be an arbitrary t x t block matrix in 
G1,m (W(R)) with Y1 111 at (l, m) block entry and Oat everywhere else. If l_ < m, 
let Z1m be an arbitrary t x t block matrix in G1,m (W(R))' with p!,n-ft Z1 111 at 
(l, m) block entry and Oat everywhere else. We need to show that the set 

l IT Yim X . IT Z1m I X, Yim' Z1111 satisfy the conditions stated above l 
1;5m<l:::t 1;5l<m=::t · 

is equal to the set S of all t x t matrices N as described above. Here the 
order of.the product flJ<m<i<t Ytm is the same as the order in the definition 
of G+. The order of the product I11 <l<m<t Z1 111 is the same as the order in the 
definition ofG__ - -

We use induction on t. The base case when t = 1 is t~ivial. Suppose it is 
true for t - 1 . Then 

X11 ph-f1x12 pf,-1-!1 A1,1-I 0 

X21 X22 pf,-1-hx2 t-1 0 

IT Y1mX IT Z1m= 

1~m<l:5t-1 !~1<111:51-l 
X1-1,1 X1-1,2 X1-l,1-l 0 

0 0 0 X11 ,-

satisfies det(X;;) E W(R)*, and each X1111 is an arbitrary ht, x hfm matrix if 

l =I= m. We abbreviate this matrix by(~ J), then 

( x xz ) 
= YX x,1 + YXZ · 

Here the matrix Y = (Y11, Y12, ... , Y,,1-1) has size hf, x (r - hf,) and 
the matrix Z = (pf1-f1 z11, p!r-hz21 , ••• ,pf,-f,-1z,-1,,)T has size 
(r - hf,) x hf,.· As X is invertible, the right multiplication of X induces a 
bijection from the set of all hf, x (r - hf,) matrices to itself. Thus Y X can be 
any hf, x (r - h fJ matrix with X fixed and Y varied. Multiplying X and Z, 
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X11 ph-fiX12 

X21 X22 

. pfr-1-Jixl,t;:l 

pf1-1~hxf):__1 

pf,-!izlt 

pf,-hz2r 

pf,-f1(X11Z1r + · · · + X1,r-1Zr-1,r) 

pf1-h(ph-f1X21Z1r + · · · +X2,r-1Zr-1,r) 
= 

pft-fr-1 (pf,-1-f1xt-l,lZ1r + · · • + Xr-l,1-1Zr-1,t) 

To show that X Z can be any matrix of the type 

(pfr- f1 N1r, pf,-h N2r, ... ' pf,-f,-1 Nr-1,t)T 

with X fixed and Z varied, it is enough to show that the matrix 

Xn X12 X1,t-l 
ph-f,x21 X22 X2,t-l 

pfr-i- f, Xr-1,1 pfr-1-h Xr-1,2 Xr-1,t-1 

433 

is invertible. But this is so because Xii are invertible. When X, Y and Z are 
fixed, Xu+ Y X Z can be an arbitrary invertible h 1 x hr matrix with Xu varied 
because YXZ modulo pis zero. Thus we have shown that Pc;(W(R)) and 
PG(W(R)) are the same in GLM(W(R)). 

To show that P(W(R)) is a bijection, it is enough to show that Pc;(W(R)) 
is an injection. If this is true, as PG(W(R)) is an injection and the image 
of PG(W(R)) and PG(W(R)) are the same, then P(W(R)) is a bijection. 
Suppose 

l:5:111 <l-:SJ Isl <mSt 1:5;/ <m.St 

and we want to show that Y1111 = Y{111 for all 1 :::: m < l :S t, X = X' and 
Z1111 = 2 1111 for all 1 :::: l < m :S t. By the definition of Y1111 and 21111 it 

suffices to show that Tii<m<l<t Y1111 = Tii<m<l<t Y{111 and Tii<l<m<t 21111 = 
TI1.sl<m:5:t Zzm· Equality (3.l)ts equivalent-to - - -

( )
-] 

. . - -n Y{
111 

n . YzmX ~ X 
1.Sm<l.st l.Sm<l:5:t 

n· z;m ( n z,,n)-l 
I=:::l<m:5:t l:5:l<m.st 

(3.2) 
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Let (Il1<m<i<t Y/111 )-
1 Ili<m<l<t Yim = 1 + Y where Y is strictly lowertri- · 

angular ;nd lli:::t<m:::r z;11~(Il 1~ 1<111 :::, Z1111)- 1 = 1 + Z where Z is strictly 
upper triangular. The equality (3.2) is equivalent to YX = XZ. It is easy to 
see that Y = Z = 0 as X is a diagonal block mattix with inve1tible blocks 
Xii- This completes the proof that P(W(R)) is a bijection. 

To show that P(Ws(R)) is injective, let ]1, f2 E G(Ws(R)) with lifts 
Ji, h i:= G(W(R)) respectively such tbat P(Ws(R))(.{1) = P(W5 (R))(fz). 
The images of P(W(R))(J1) and P(W(R))(h) under the reduction epi
morphism G(W(R)) ➔ G(W5 (R)) are the same. Hence P(W(R))(J1) and 
P(W(R))(h) are congruent modulo es. As P(W(R)) is a bijection, Ji and 
h are also congruent modulo es as well. Hence J, = ]2. 

To show that P(Ws(R)) is surjective, let J E G(Ws(R)), a lift 
f E G(W(R)) of J has a preimage g E G(W(R)) such that 
P(W(R))(g) = f because P(W(R)) is surjective. Thus the image of g in 
G(W5 (R)) is a preimage of ]. This shows that P(Ws(R)) is bijective and 
thus completes the proof the lemma. · □ 

~orollary 3.4. The morphism P : G ➔ G induces an isomorphism Pw,(k) : 
Gw,(k) ➔ Gw,(k) for each s ~ l. 

Proof Ifs = 1, then Pw1(k) = Pk, It is an isomorphism by Lemma 3.3. 
Suppose that s > l. As Re and Re, are W5 (k)-flat algebras, we get that 
ps-J Re/ps Re ~ Re/pRe and ps-l Rc,/P5 Re, ~ Rc,/PRc, by the local 
criteria on flatness. As a result, ps-l Rc/p5 Re ~ ps-l Rc,/Ps Re,, We have 
the following e:ommutative diagram: 

o- ps- 1Rc/p5 Rc-Rc/p5 Rc -Re/ps-lRG-o. 

1~ lP{v.,(k) lP{vs-1(k) 

0- ps-1 Rc,/Ps Re, - Rc,/Ps Re, - Rc,/Ps-1 Rc,·-0 

An easy induction on s using the five lemma concludes the proof of the 
lemma. □ 

Let B be an F -basis of M. The Spec W (k )-scheme GLM is represented 
by the W(k)-algebra W(k)[xiJ I I .:'.S i, j .:'.S r][l/det(xiJ)]. We construct the 
cocharacter µ : G111 ➔ GLM (that depends on B) defined by the k-algebra 
homomorphism 

µ': W(k)[xiJ 11 .:'.Si, j .:'.S r][l/det(xij)] ➔ W(k)[x, 1/x] 

with the property that µ'(x;;) = 0 if i =fa j and µ'(xii)' = (1/xti for 
1 .:'.S i :::: r where e1, e2, ... , er are the Hodge slopes of (M, (f)). Put 
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UM := <pµ(B(k))(p). It is au-linear isomorphism of M defined by the rule 

u M (x) = p-fhp(x) for x E Fj(M). It is well known [3, A.1.2.6] that there is 
a Z P-submodule Mo = {x E M I a M (x) = x} of M, whose rank is the same 
as the rank of Mand such that M = Mo ®;zP W(k). Note that the construc
tion of Mo also depends on B. We fix a Zp-basis of Bo = { w1, w2, ... , Wr} 
of Mo. It induces a Zp-basis B0 = {eiJ I 1 _::: i, j .:::: r} ofEnd;zp(Mo) such 
that eiJ(w1) = Wi. Note that 

Endw(R)(M ®w(k) W(R)) = End;z/Mo) ®;zP W(R). 

Leth = Li,J aijeij E Endw(R)(M ®w(k) W(R)), aij E W(R) for all 
1 :::: i, j .:::: r. Define 

17M : Endw(R)(M ®w(k) W(R)) ➔ Endw(R)(M ®w(k) W(R)) 

by the formula <7M(h) = Li,J <TR(aij)eij and similarly, define 

17M : Endws(R)(M ®w(k) Ws(R)) ➔ EndW,(R)(M ®w(k) Ws(R)) 

by the formula aM(h[s]) = ( Li,J aR(aij)eij )[s], where h[s] is h modulo gs 
(again this does not contradict to the previous convention that h[s] is h modulo 
ps when R is perfect.) One can easily show that the definition of 17M does not 

·· depend on Bo and B0 but does depend on B. If Risa perfect field, then aM 

satisfies a M (h) = a Mha;:.,}, which is a formula that does not depend on the 
choice of Bo or B0 but does depend on B since a M does. 

For every h E Endw(R)(M ®w(k) W(R)), define 

<p(h) = aM(µ(B(R))(l/p) oho µ(B(R))(p)). 

A priori, the definition of <p (h) depends on the choice of the F-basis B of M 
as 17M andµ do. Ash= Li,J aijeij, aij E W(R), we get 

<p(h) = aM(µ(B(R))(I/p) oho µ(B(R))(p)) 

= a M (~)µ (B(~ ))(1 / p) o eu o µ (B(k))(p)) ® au) 
I,J 

= LaM((µ(B(k))(I/p) o eiJ o µ(B(k))(p)) 0 aR(aij) 
i,j 

i,j 

= L(<p o eiJ o <p-
1

) 0 aR(aij)
i,J 
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Thus <p(h) is a B(R)-linear endomorphism of M 0w(k) B(R) defined by the 
following rule: let h = Li hi 0 Ci under t~e natural identification (basis free) 

-
Endw(R)(M 0w(k) W(R)) = Endw(k)(M) 0w(k) W(R). 

For any m 0 b E M 0w(k) W(R), we h~ve <p(h)(m 0 b) = L/<p o hi o 
<p- 1)(m) 0 (JR(Ci)b E (M ®w(k) B(k)) 0B(k) B(R) = M 0w(k) B(R). Thus 
the definition <p(h) does not depend on the 'choice of B. Note that <p(h) might 
not be an element in Endw(R)(M 0w(k) W(R)) in general, but it is always an 
element in Endw(R)(M 0w(k) B(R)). 

Lemma 3.5. For simplicity, set µ(B(R))(p) = µ(p) and µ(B(R))(l/ p) = 
µ(1/ p). For every g E G1,m(W(R)), the following three formulae hold. 

(l) Ifm < l, then µ(p)gPft-fm µ(l/p) = g. 
(2) Ifm = l, then µ(p)gµ(l/p) = g. 
(3) Ifm > l, then µ(p)gµ(l/p) = gPfm-fl. 

Proof We first prove (1) when m < l. By definition, g E Gz,m(W(R)) if and 
- -z only if g = lM®W(R) + e where e E Hom(F8(M), F8 (M)) 0w(k) W(R). 

If m < l, then 

µ(p)gpf1-fm µ(l/p) = µ(p)(lM®w(k)W(R) + pfi-fme)µ(l/p) 

= lM®w(k)W(R) + pf1-fmµ(p)eµ(l/p). 

Thus it suffices to show that pfz- Im µ(p )eµ (1/ p) = e. 
Ase E Hom(F131(M), Fk(M))0w(k) W(R), µ(l/p) acts on F13 (M)0w(k) 

W(R) as pfm, and µ(p) acts on Fk(M) 0w(k) W(R) as p-fz, we get the 
desired equality. 

The cases when m = l and m > l are similar and are left to the 
re~~ □ 

Corollary 3.6. For every g E G1,m (W (R)), the following three formulae 
hold. 

(l) lfm < l, then aM(gPft-fm) = <p(g). 

(2) lfm = l, then aM(g) = <p(g). 
(3) lfm > l, then aM(g) = <p(gPfm-fi). 

3.2 The group action 1fs 

. Set Gs = Ws(G) and Ds = Ws(GLM)- As Gws(k) = Gws(k), we have 
Gs := Ws(G) =Gs.The group action 
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is defined on R-valued points as follows: f9r every h[s] E Gs(R), 
g[s] E Ds(R), let h E G(W(R)) be a lift of h[s] under the reduction epimor
phism G(W(R)) ➔ G(Ws(R)) and g E GLM(W(R)) be a lift of g[s] under 
the reduction epimorphism GLM(W(R)) ➔ GLM(Ws(R)). Define 

1I's(R)(h[s], g[s]) := (hg(fJ(h-1))[s]. 

It is clear that the definition does not depend on the choices of lifts of h [ s] and 
g [s] and does not depend on choice of basis. 

To see that (hg(fJ(h-1))[s] E Ds(R), let us first recall the identification 
Gw.(k) = Gw.(k) from Coroll~ry 3.4, thus h[s] E Gs(R) = G(Ws(R)) = 
Gw.(k) (Ws (R) is an element of Gw.(k)(Ws (R)). We can g (non-uniquely) h[s] 
as a product 

l~m<l::9 l~l<m~t 

where ITi<m<l<t hzm[s] E (G-)w.(k)(Ws(R)), ho[s] E (Go)w.(k)(Ws(R)), 
and [l 1~t=mg him [s] E (G+)w.(k) (Ws (R)). Therefore (hg<p(h- 1 ))[s] is 
equal to 

( IT h1mho IT hf;m-J, g(/J ( IT hf;i-fm ho1 IT h~)) [s] 
l~m<lg l<l<m<t 1:::Cl<mg 1:::Cm<lg 

X IT <P(hf:1-fm )<P(hol) IT <P(h~)) [s] 
l~l<mg 1:::Cm<lg 

X IT t'.TM((h~)pfi-fm) )[s] 

l:::Cm<lg 

IT h1m[s]ho[s] IT 
l~m<lg 

x IT 17M(h~[sDcrM(ho1[s]) IT t'.TM((h~[s])Pfi-fm) 
l~<mg . l:::Cm<lg 

which is in Ds(R). The above formula proves that 1fs is a morphism. 
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For later use, we record the following formula when R = k and s = 1. 

1I' 1 (k)(h[l], g[l]) 

IT hzm[l]ho[l]g[l] IT (a'M(h~1[1]))(aM(ho 1[1])) 

(3.3) 

3.3 Orbits and stabilizers of 'JI' s 

Let lM[s] E Ds(k). The image of the morphism 

q, := 'lI's o 0Gs Xk lM[s]): Gs ~ Gs Xk Speck-+ Gs Xk Ds-+ Ds. 

is the orbit of lM[s], which we denoted by Os. Its Zariski closure Os is a 
closed integral subscheme of Ds. The orbit Os is a smooth connected open 
subscheme of Os. 

Proposition 3.7. Let g1, g2 E GLM(W(k)). Then g1[s], g2[s] E 

GLM(Ws(k)) = Ds(k) belong to the same orbit of the action 'lI's if and only 
if Fs(M(g1)) is isomorphic to Fs(M(g2)). 

Proof We know that g1[s] and g2[s] belong to the same orbit of the action 
'lI's if and only if there exists h[s] E Gs(k) such that 'lI's(h[s], g1[s]) = 
(hg1iph-1ip-1)[s] = g2[s]. This implies that h[s] is an isomorphism from 
Fs(M(g1)) to Fs(M(g2)). 

If h[s] is an isomorphism from Fs(M(g1)) to Fs(M(g2)), then 
hg1 <ph-1 <p- 1 = g2 modulo ps. To conclude the proof, it is enough to 
show that h E Gs(k), but this is clear from the facts that h(M) = M and 
h(ip-1(M)) C <p- 1(M). □ 

Corollary 3.8. The set of orbits of the action 'JI' s is in natural bijection to 
the set of isomorphism classes of F -truncations modulo ps of M (g) for all 
g E GLM(W(k)). 

Let Ss be the fibre product defined by the following commutative diagram: 

It is the stabilizer of lM [s] and is a subgroup scheme of Gs. We denote by Cs 
the reduced scheme (Ss)red, and C~ the identity component of Cs. Clearly, 

dim(Ss) = dim(Cs) = dim(C~) = dim(Gs) - dim(Os)- (3.4) 



· Subtle invariants of F -crystals 439 

Example 3.9. In ·this example, we follow the ideas of [14, Section 2.3] 
to discuss 'TI:' 1 (k). As a result, we will ·see that c? is a uni potent group 
scheme over k. Let (M, <p) be an F-crystal over k such that e1 = 0. 
By [15, Section 1.8] or [17, Theorem 1.1], there exist an element 
g E GLM (W (k)) with the property that g = 1 M modulo p, an F -basis 
B = {v,, v2, ... ; v,.} of M, and a permutation 1r on the set I = {I, 2, ... , r} 
that defines a a-linear monomorphism <fJn : M -4 M with the property that 
<fJn (v;) = pe; Vn(i) for all i E I, such that M is isomorphic to (M, g<pn ). Let 
µ be the cocharacter defined with respect to Band let <7M be the a-linear 
endomorphism of Endw(R)(M ®w(k) W(R)) defined with respect toµ. Set 

I+= {(i, j) E I x I Ii E I,, j E Im, where m > l}; 

Io= {(i,j) EI x I I i,j E I1 for some l}; 

L = {(i, j) EI x I Ii EI,, j E Im, where m < l}. 

See Subsection 2.1 for the definition of I, and Im. For 1 ::::: i, j ::::: r, let 
J;,j E End(M) be such that f;,j(Vj) = v; and Ji,j(v1) = 0 for l =fa j. For 
every 1 j- ];,j E GLM (~), where .f;,j is f;,j modulo p, a M (1 + Ju) = 
<fJnO + f;,j)<fJn-1 = 1 + fn(i),n(j)· For every h = h+hoh- E G(k) = G*(k); 
where ht E Gt fort E { +, 0, -}, we know that h[]] E S1 (k) = C1 (k) if and 
only if 

h+[]Jho[l] = <7M(ho[l])o'M(h_[l]) 

by (3.3). This is equivalent to 

(h+ho)[l] = iJM((hoh-)[1]) 

Let 

(i,j)El+Ulo 

and 

x· ·e· · l,J I,] 

(hoh-)[1] = lM[l] + L x;,jei,j•. 

(i,j)E/oUL 

Then (3.5) can be rewritten as 

(i,j)E/+U/o 

x· ·e· · -I,] I,] -

This is equivalent to three types of equalities: 

(3.5) 

(3.6) 

__ Xn(i),n(j) = x;,j if (i, j) E LU Io and (n(i), n(j)) E I+ U Io, (3.7) 
~~-

Xn(i),n(j) = 0 -iioJ) EI~ "ano-C-(1t{i1t-1r-(:i~J-E]f_Ul9~.8~-

xf,j = ~ if (i, j) EL U Io and. (n(i), n(j)) ~ L. (3.9) 
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We decompose the permutation '1T: x '1T: on I x I into a product of disjoint 
cycles Ilu ('IT: x '1T: )u. To ease language, we say that a pair (i, j) E I x I is in 
('IT: x '1T: )u if ('IT: x '1T: )u (i, j) -:fa (i, j). To study the system of equations defined 
by (3.7) to (3.9) we consider the following three cases: 

(1) Consider ('IT: x '1T: )u such that all (i, j) in ('IT: x 1r: )u are in Io. By (3.7), 
ord((,r xir)u) 

Xi,j = xf,j . Thus there are finitely many solutions for Xi,j. 
(2) Consider ('IT: x '1T: )u such that all (i, j) in (n x '1T: )u are in Io U I+ and at 

least one (i, j) is iri. I+. By (3.8), x;,j = 0 for all (i, j) in ('IT: x 'lT:)u-
(3) Consider ('IT: x 'lT:)u such that at least one (i, j) in ('IT: x 'lT:)u is in L. Let 

Vir (i, j) be the smallest positive integer such that 

('lT:v,,(U\i), 'lT:v,,~i,j)(j)) EI+ UL. 

By (3.7), X7rm(i),1rmU) = xC for au'•t:::: m < Vir(i, j). 

• If (nv,,(i,j)(i), nv,,(i,j)(j)) E L, then Xirm(i),irm(j) . = 0 for all 

0 :'.:: m :'.:: Vir (i, j). 
• If (nv"(i,j)(i), 'lT:v,,(i,j)(j)) E I+, then Xirm(i),ir"'(j) = xf,7 for all 
. 1 :'.:: 11l :'::: Vir (i, j). 

Thus Xirm(i),irm(j) for all 1 :Sm < Vir (i, j) has finitely many solutions. 

• If ('1T:v,,(i,j)+1(i), 7l:v,,(i,j)+1(j)) E I+Uio, thenx7rv,r(i,j)+l(i),1rV,r(i,j)+l(j) 

equals Oby (3.8) . 
• If l'!T:v,,(i,j)+l(i), 7l:v,,(i,j)+l(j)) E /_, then X7rv,r(i,j)+l(i),1rV,r(i,j)+lu) i~ 

not related to x;,J. 

Let 11!._ be a subset of L that c9ntains pairs (i, j) such that ('lT:v,,(i,J)(i), 
'1T: v,, (i,j) (j)) E / 7 . We conclude that h[l] E C?(k) if and only if the following 
equations hold: 

V,r (i,j)-J 

"'""' "'""' pl -ho[l]h_[l] = lM[l] + ~ ~ x;,/1rl(i),1r1cn, 
(i,J)EI:!. 1=0 

where Xi,J E I~ can take independently all values in k such that ho[l] E 

G1 (k). This shows that Lie(C?) = EB(i,J)e/:!. kei,J, which contains no non-

zero semi-simple elements. Thus c? has no subgroup isomorphic to Gm and 



Subtle invariants of F -crystals 441 

hence it is unipotent. We also get that the dimension of C~ is equal to the 
cardinality of I'!:._. Therefore the dimension of 01 is equal to the cardinality of 
the set / 2 - /1.:_. 

Proposition 3.10. For eve,y s :::: 1, the connected smooth group scheme C~ 
is unipotent. 

Proof We proceed by induction. The base case s = 1 is checked in 
Example 3.9. Suppose C~_1 is unipotent. The image of C~ under the reduc

tion map Reds,G :·Gs ➔ Gs-1 is in C~-1' and thus is unipotent. The kernel 

of C~ ➔ C~_1 is in the kernel of Reds,G, and thus is unipotent. Therefore 

C~ is an extension of unipotent group schemes, and thus is unipotent; see 
(2, Exp. XVII, Prop 2.2). D 

We construct a homomorphism As : Cs ➔ As as follows. For every. 
k-algebra R, let h[s] E Cs(R). Thus tp(h[s]) = h[s]. Fix a Zp-basis 
Bo = {v1, ... , vr} of Mo. Let B0 = {eiJ} be the standard Zp-basis of 
Endzp(Mo) induced by Bo. If h = L;,j eiJ ® aiJ E EndzP(Mo) ® W(R) = 
Endw(R)(M ®w(k) W(R)), where aiJ E W(R), then <p(h[s]) = h[s] is 
equivalent to 

(3.10) 
i,j i,j 

Let C = (cij) be the matrix representation of <p with respect to Bo and 
c-1 = (c;j) be its inverse. Using the matrix- notation, (3.10) can be restated as 

(cij)(crR(aij))(aR(c;)) = (aij) modulo 0s(W(R)). (3.11) 

This implies that a lift h of h[s] satisfies the equation that defines As, Thus 
we can define As(R)(h[s]) = h[s]. 

Lemma 3.11. The homomorphism As (k) : Cs (k) ➔ As (k) is an isomor
phism. Therefore, As is a.finite epimorphism and thus dim(Cs) = YM(s). 

Proof The group Cs(k) consists of all h E Gs(k) such that h = <ph<p-J 
modulo ps, which are exactly all automorphisms of Fs (M). As As (k) is also 
the group of automorphisms of Fs(M) and As(k) is the identity map, we 
know that they are isomorphic. 

As As (k) is an isoinorphism, As is a finite epimorphism. There
fore dim(Cs) = dim(C~) = dim(A~) = dim(As), which by definition 
is YM(s). □ 

-L~t•f;~ be ili"e'redfi~ed-group ·of the,groupsubsche111_~ -~-~~_;:-;1,G (Cs) of 

Gs+I, and let T~+I be its identity component. We have a short exact s~q;.i~n.ce-

1 -+ Ker(Reds+I,G) _,; ~~I ➔ C~ ➔ l. (3.12)· 
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Thus T~+l is unipotent as Ker(Re<is+1,G) and C~ are. We have the following 
equality · 

dim(T~+1) = dim(Ker(Reds+I,G)) + dim(C~) = r2 + dim(C~). (3.13) 

By Lemma 3.11 and (3.13), we know that 

(3.14) 

By (3.4) and the fact that Reds+I,G is an epimorphism whose kernel has 
dimension r2 , we know that 

YM(s + 1) - YM(s) = r2 - dim(Os+I) + dim(Os), (3.15) 

Let Vs+! be the inverse image of the point lM[s] E Ds(k). It is iso

morphic to the kernel of Reds+ 1,D and thus isomorphic to A',/. The inverse 

image of Os under Red;~I,D in Ds+l is a union of orbits and Os+! is one of 
them. Let o's+l,s be the set of orbits of the action 11's+I that is contained in 
Red_;-~ 1,0 (O5). Every orbit in o's+l,s intersects Vs+! nontrivially. 

We now give another description of o's+ 1,s in terms of F -truncations 
modulo ps of F -crystals. Let yrs be the set of all F -crystals M (g) with 
g E GL M (W (k)) up to F -truncations modulo ps isomorphisms. In other 
words, if Fs(M(g1)) is isomorphic to Fs(M(g2)), then we identify M(g1) 
and M(g2) in f.~- By Proposition 3.7, we know that there is a bijection 
between the set of orbits of 11' s and ~-. 

Proposition 3.12. There is a bijection between o's+ 1,s and the subset of 
yrs+! that contains all M(g) (up to F-truncation modulo ps+I isomorphism) 
such that Fs(M(g)) is isomorphic to Fs(M). Therefore, o's+l,s has only one 
orbit ifs 2: nM, 

Proof The first part of the proposition follows from the following fact: 
for· every g E GLM(W(k), an orbit of 11's+I that contaihs the F-truiication 
modulo ps+\ of the F-crystal M(g) is in Red_;-~ 1,0 (O5 ) if and only if 
Fs(M(g)) is isomorphic to Fs(M). 

Ifs ::: n M, let M (g) be an F -crystal such that Fs (M (g)) is isomorphic to 
Fs(M). By Corollary 2.5, M(g) is isomorphic to M. Thus o's+l,s contains 
only one element by the first part of the proposition. D 

3.4 Monotonicity of y M (i) 

Lemma 3.13. The following two statements are equivalent: 

(i) dim(Os+l) = dim(Os) + r2
; 

(ii) Vs+! C Os+l· 
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Proof As Reds+l,D : Os+l ~ Os is faithfully flat, the fibers of this 
morphism are equidimensional. Hence we have · 

(3.16) 

Jf (i) holds, as dim(Vs+l n Os+I) = dim(Os+1) - dim(Os) = r 2 = 
dim(Vs+1), Vs+! n Os+I ts open in Vs+I· 

Consider the action 11'~+! : T~+I Xk Vs+! ~ Vs+l · By [10, Propo

sition 2.4.14], we know that all the orbits of 1I'~+I are closed. As the orbits 
of the action 1I's+l : Ts+l Xk Vs+I ~ Vs+! is a finite union of the orbits of 
the action 11'~+ 1, we know that the orbits of the action 11' s+ 1 is also closed. 
The orbit of 1 M [s+ 1] under the action of 1I's+I is (Vs+I nOs+l )red- Because it 
is an open, closed and dense orbit of1I's+l, we know that Vs+l nOs+l = Vs+l · 
Hence Vs+l C Os+l · 

Jf (ii) holds, as dimCVs+l n Os+1) = dim(Vs+1) = r 2, (i) follows 
from (3.16). D 

Corollary 3.14. Y1v1(s + l) = YM(s) if and only if D's+l,s has only one 
element. 

Proof The first part of the Lemma 3.13 is equivalent to Y.M (s + I) = y M (s) 
and the second part of the Lemma 3.13 is equivalent to D's+l,s has only one 
element. D 

Theorem 3.15. For eve,y F -c,ystal M, we have 

Proof We first show that for every I ::::: i :::: n M - I, y M (i) =l=-

Y M (i + 1). Suppose the contrary, then by Proposition 2.11, y1v1(i) = 
YMU) for all j ~ i. In particular, we have y1v1(n1v1) = Y1v1(n1v1 - 1). 
By Corollary 3.14, o'11 M,11M-1 contains one element. Let M(g) be an 
F-crystal such that F11 M-1 (M(g)) is isomorphic to F11M-I (M), by 
Proposition 3.12, there is a unique .M.(g) up to F-truncation modulo p 11

M 

such that F11 ,../{-1 (M(g)) is isomorphic to F,1M_i(M), thus F11 M (M(g)) is · 
isomorphic to F11 M (M). By Lemma 2.2, M(g) is isomorphic to M. Hence 
we conclude that n1v1 - l is the isomorphism number of M, which is a 
contradiction. 

Ifs ~ n1v1, then every F-crystal M(g) such that Fs(M(g)) is isomor
phic to Fs(M), is isomorphic to M. Therefore Fs+l (M(g)) is isomorphic 

· ~· --toFs+i{M)~~hence·~@s+•l,s=hflS~qpjy" one element. By Corollary 3.14, 
YM(s + 1) = YM(s) for all"s ~ 11Jvt. - - -- ~- -- - ----~~~-[]~ _ 

We have a converse of Proposition 2.12. 
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Proposition 3.16. If there exists an s 2: 1 such that y M (s) = 0, then M is 
ordinary. 

Proof For some s 2: 1, if YM(s) = 0, we know that YM(l) = 0 by 
Theorem 3.15. By Lemma 3.11, we can assume that dim(C?) = 0. Hence 
ll'.: I = 0; see Example 3.9 for the definition of I1:... 

As ( M, <p) is isomorphic to (M, g </J11:) for some. g = 1 modulo p and 
the isomorphism number of an ordinary F -crystal is less than or equal to 1 
(for example, see [18, Section 2.3]), in order to show that M is ordinary, it 
is enough to show that (M, ({J11:) is ordinary. Write n as a product of disjoint 
cycle nu, it is clear that (M, ({J11:) = EBu (M, <fJ11:J- To show that Mis ordinary . 
we can assume that n is a cycle and show that (M, <fJ11:) is isoclinic ordinary. 
Let r be the rank of M. 

As n is an r-cycle, we know that (n X n) = rr:=1 (n X n )u and each 
(n x n )u is an r-cycle (as a permutation of I x I). Recall a pair (i, j) E I x I 
issaidtobein(n xn)uifandonlyif(n xn)u(i,j) =j=. (i,j).ltiseasytosee 
that if there is a pair (i, j) E I+ in (n x n )u, then there is also a pair (i, j) E L 
in (n x n )u, and vice versa. Since I!:._ is an empty set, we know that there is 
no (n x n)u such that (n x n)u sends an element in L to an element in I+ 
by an argument used in Example 3.9. This means that if there is an element in 
L (or' I+ respectively) that is also in (n x n )u, then there are elements also 
elements in Io and in I+ (or L respectively) that are in (n x n )u, 

The fact that I1:.. is empty means that for all (i, j) E L, if V11: (i, j) is the 
smallest positive integer such that (nv"(i,J)(i), nv"(i,j)(j)) E I+ UL, then 
it is in L. Start with an element (i, j) E L, and apply this fact recursively. 
We can see that for every integer n, (nn(i), nn(j)) (/. I+. This is a contradic
tion as we know that there must be some element in / + that is in (n x n )u. 
Therefore we conclude that every element in (n x n )u is in Io. This means 
that all the Hodge slopes of (M, </J11:) are equal and hence (M, </J11:) is isoclinic 
ordinary. D 

Corollary 3.17. The inequality y M (1) ::::: 0 is an equality if and only if M 
is ordinary. When the equality holds, we have y M (s) = 0 for all s ::::: 1. 

4. Invariants 

In this section, we introduce several invariants of F-crystals over k. They are 
the generalizations of the p-divisible groups case introduced in [7]. It will 
tum out that these invariants are all equal to the isomorphism number. They 
provide a good source of computing the isomorphism number from different 
points of view. All the proofs of this section follow closely the ones of [7]. 
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4.1 Notations 

Recall that for every F -crystal M = ( M, <p) and every field extension k c k' 
with k' perfect, we have an F -crystal over k' 

We denote by M* = (M*, <p) the dual of M, where M* = Homw(k) 
(M, W(k)) and <p(f) = <pf <p-J for f E M*. Note that the pair (M*, <p) is 
not an F-crystal in general, it is just a latticed F-isocrystal (meaning that <p 
is an isomorphism after tensored with B(k) but <p(M*) 12'.: M* in general). 
We denote by H00 = Hom(M1, M2) the (additive) group of all homomor
phisms of F-crystals from M1 to Mz. It is a finitely generated Zp-module. 
For every integers =::: 1, let Hs = Homs(M1, M2) = Homs(Mi, M2)(k) 
be the (additive) group of all homomorphisms from Fs(M1) to Fs(Mz). 

It is a Zp/ pszp-module but not necessarily finitely generated in general. 
We denote by 7roo,s : Hoo ➔ Hs and 7Ct,s : H1 ➔ Hs, t :=: s the natural 
projections. We have two exact sequences: 

and 
p irs+l,1 

0----+ Hs ~ Hs+l ~ H1. 

Let r1 and r2 be the ranks of M1 and M2 respectively. 

4.2 The endomorphism number 

In this subsection, we generalize the endomorphism number defined in 
[7, Section 2] for p-divisible groups. The following proposition is a generali
zation of [7, Lemma 2.1]. For the sake of generality, we will work with the 
homomorphism version. 

Proposition 4.1. There exists a non-negative integer eM 1,M2 which 
depends only on M1 and M2 with the following property: For every positive 
integer n and every non-negative integer e, we have Im(7r00,n) = Im(1Cn+e,n) 

if and only if e =::: eM 1,M2 -

Proof We first prove that eM 1,M2 exists for each n and then prove that it.does 
not depend on n. Note that 7r00,n = 7C.n+l,n o 7Coo,n+I and 7Cn-te,n ·= 1Cn+l,n o 

1Cn+e,n+l; If Im(n-oo,n+l) = lm(1Cn+e,n+d for all e - l 2: eM 1,M2 (n + 1), 
thenlm(7roo,n) = lm(1Cn+e,n)- Thus eM 1,M2 (n) S eM 1,M2 (n+ 1)+ 1. Hence 
to show that e M 1 ,M2 (n) exists for all positive integer n, it is enough to show 
that e.1v1 1,M2 (n) exists for sufficient large n. 
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Let H:Z .- Homw
11
(k)((Mi/pnM1,tp1),(M2/pnM2,tp2)). It is the 

(additive) group of all Wn (k)-linear homomorphisms h : M1/ pn M1 ➔ 
M2/ pn M2 such that tp2h = htp1 modulo pn. Thus Hn is_a ~ubgroup of H~. 

The existence of eM,,M2 for each n relies on the following commutative 
diagram: · 

Hoo 
noo,n i'rn+e,n 

l ~) 
lf~+e:n 

H' H~+e n 

where 7r~,n and 7r~+e,n are the natural projections. 
By [13, Theorem 5.1.l(a)], we know that for any sufficient large n 

(in fact n ::".: nu), there exists a positive integer eM,,M2 (n) such that for all 
e ::".: eM, ,M2 (n), Im(7r:X,,n) = Im(7r~+e,n). Therefore the images oflm(,r00,n) 
and Im(,rn+e,n) in H:Z are the same. Thus Im(7rn+e,n) = Im(7roo,n) for all 
e ::".: eM 1,M2 (n). This proves that eM,,M2 (n) exists for each n. 

Now we show that eM,,M2 (n) does not depend on n. The proofrelies on 
the following commutative diagram: 

with horizontal exact sequences and with all vertical maps injective. By the 
snake lemma, we have an exact sequence · 

0 ➔ Coker(i1) ➔ Coker(i2) ➔ Cokerfo). 

If we take e ::".: eM,,M2 (n + 1), then Coker(i2) = 0. Thus Coker(i1) = 0 and 
eM,,M2 (n+l) ::':: eM 1,M2 (n).Ifwetakee ::':: max(eM 1,M2 (n),eM,,M2 (1)), 
then Coker(i2) = 0. Thus eM 1,M2 (n + 1) ::': max(eM 1,M2 (n), eM,,M2 (1)). 
An easy induction on n ::".: 1 using the sequence of inequalities 

□ 

Definition 4.2. The non-negative integer eM,,M2 of Proposition 4.1 is 
called the homomorphism number of M1 and M2. lf M1 = M2 = M, we 
denote eM,M by eM and call it the endomorphism number of M. 

The following lemma is a generalization of [7, Lemma 2. 8( c)] and is proved 
in a similar way. 
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Lemma 4.3. Let k C k' be an extension of algebraically closed fields. 

We have eM 1,M2 = eM 1 k',M2k,. 

Proof When m ~ n, let 1r111 , 11 : H 111 -+ H 11 be the canonical reduction 
homomorphism and let H111 , 11 be the scheme theoretic image of 1e111 , 11 , which 
is of finite type over k, and whose definition is compatible with base change 
k Ck'. If l ~ m, then H1,11 is a subgroup scheme ofH111 ,11 . By the definition of 
eM 1 ,M2, we have m - n ~ eM 1,M2 if and only ifH111,11(k) = H1, 11 (k). Ask 
and k' are algebraically closed, we have H111 , 11 (k) = H1, 11 (k) if and only if 
Hm,n (k') = H1,n (k'). This is further equivalent to (H111 , 11 )k,(k1

) = (H1,n)k' (k'), 

thus eM1,M2 = eM1.k',M2.k,. □ 

4.3 Coarse endomorphism number 

In this subsection, we generalize the coarse endomorphism number defined in 
[7, Section 7] for p-divisible groups. The following proposition is a generali
zation of [7, Lemma 7.1]. Again for the sake of generality, we will work with 
the homomorphism version. 

Lemma 4.4. There exists a non-negative integer f M 1 ,M2 that depends on 
M 1 and M2 such that for positive integers m ~ n, the restriction homomor

phism n 111 , 11 : H 111 -+ H11 has finite image if and only ifm ~ n + f Mi,Mz· 

Proof As H00 is a finitely generated Zp-module, Jm(1r00, 11 ) inside the 
p 11 -torsion Zp-module H11 is finite. By Proposition 4.1, there exists f Mi ,M2 (n) 
such that for all m.~ n + f M 1,Mz{n), Im(1r111 , 11 ) = Im(n00, 11 ) is finite. 

To show that f M 1,M2 (n) is independent of n, we consider the exact 
sequence 

p . 
0--+ Im(nm,11)--+ Im(nm,n+J)--+ Im(n111,1) . 

It implies that 

fM1,M2(11)::: fM1,M2(n + 1)::: m~xUM1,M2(11), fM1,MzCl)) 

An easy induction on n ~ 1 shows that f M 1 ,M2 (n) = f M 1,M2 (1) for all 
n ~ 1. D 

Definition 4.5. The non-negative integer f M 1,M2 of Lemma 4.4 is called 

the coarse homomorphism number of MI and M2. If M 1 _ == M2 = M, we 
,.......;;_denote-f-:M;-pi-by-fJ,;cand~call'"U-tlie coarse enclomorphism number of M. 

Propositi?n 4.6. We have an inequality f M 1,M2 ::: eM 1,M2-

Proof It is clear as Im(n00,11 ) is finite. D 
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Lemma 4.7. Let k C k' be an extension of algebraically closed fields. 
We have fM 1,M2 = fM 1 e,M2k,. 

Proof For positive integers m ~. n, we have m - n < f Mi,Mz if and only if 
the image of '!T:m,n is infinite by definition. It is further equivalent to the image 
of Hm ➔ Hn having positive dimension. This property is invariant under base 
change from k to k' and hence the lemma follows. □ 

4.4 Level torsion 

In this subsection, we generalize the level torsion defined in [7, Section 8.1] 
for p-divisible groups. 

Let H12 be the set of all W(k)-linear homomorphisms from M1 to Mz. 
We have a latticed F-isocrystal (H12, <p12) where <p12 : H12 ®w(k) B(k) ➔ 
H12 ®w(k) B(k) is a a-linear isomorphism defined by the rule <p12(h) = 
<p2h<p1

1
. By Dieudonne-Manin's classification of F-isocrystals, we have finite 

direct sum decompositions 

(M1 ®W(k) B(k), <p1) ~ EB E~).1
, (M2 ®w(k) B(k), <pz) ~ EB £;

2
).

2 

J2Eh J1El1 

where the simple F-isocrystals EJ 1 and EJ2 have Newton slopes equal to AJ 
and A2 respectively, the multiplicities mJ 1 , m}.2 E Z>o and the finite index 
sets Ji, ]z C Q>o are uniquely determined. From these decompositions, we 
obtain a direct sum decomposition 

where 

Define 

00 00 

Oi1z = n <p1f (H12 n Li2), 0 12 = n <p{ 2(H12 n L 12), 
i=O i=O 

00 00 

0?2 = n <p1f (H12 n L?2) = n <p{ 2(H12 n L?2). 
i=O i=O 
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Let A?2 = {x E H12 I tp12(x) = x} be the Zp-algebra that contains the 

elements fixed by tp12- Fort E {+, 0, -}, each ol2 is a lattice of Lj2. We have 
the following relations: 

tp(O]i) C O]i, tp-1(012) C 0 12, 

tp(Of2) = Of2 = A?2 ®zP W(k) = ip-
1(0f2). 

Write 012 := 00, EB of2 EB 0 12; it is a lattice of H12 ®w(k) B(k) inside H12. 
The W(k)-module 012 is called the level module of M1 and M2. 

Definition 4.8. The level torsion of M 1 and M2 is the smallest non

negative integer eMi,Mz such that 

peMi,Mz H12 c 012 c H12-

If M1 = M2 = M, then tM1,M2 will be denoted by eM. 

Remark 4.9. The definition of level torsion in this paper is slightly different 
from the definition in [16]. When M is a direct sum of two or more isoclinic 
ordinary F-crystals of different Newton polygons, its isomorphism number is 
nM = 1. According to the definition in [16], the level torsion eM = 1 but the 
definition in this paper gives e M = 0. 

For the duals M; and M; of M1 and M2 respectively, we can define 
e M* M* in a similar way. 1, 2 

Lemma 4.10. We have eM1,M2 = eM2,M1 = eMT,Mi: 

Proof Write H21 := Hom(M2, M1) ~ Hom(H12, W(k)) =: Ht2. There is a 
direct sum decomposition 

Ht2 0w(k) B(k) ~ H21 ®w(k) B(k) = Lil EB Lg] EB L21. 

It is easy to see that 

Li1 ~ Hom(L12, B(k)) =: L 12*, L 21 ~ Hom(Li2, B(k)) =: Lt2*, 

Lg1 ~ Hom(L?2, B(k)) =: L?; 

are isomorphic as B(k)-vector spaces. One can define 021 in the same way: 

O21 := o;'i EB og1 EB 0 21 ~ 0 12* EB o?I EB at;,* 
and thus 021 ~ Oi2. Therefore 

peM2,M1 H21 C 021 C H21 if and only if peM1,M2 H12 C 012 C H12, 

whence tM 1,M2 = tM2,M1. As Ht2 ~ H21, we get tM2,M1 = 
eM*M*· I' 2 

□ 
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Lemma 4.11. t'M 1®M2 = max{t'Mi, fM 2, t'M 1,M2l

Proof The direct sum decomposition into W(k)-modules of 

End(M1 EB M2) =.End(M1) EB End(M2) EB Hom(M1, M2) EB Hom(M2, M1) 

gives birth to the direct sum decomposition of the level module of M 1 EB M 2 

0 = 011 EB 022 EB 012 EB O21-

Hence fM 1®M2 = max{£ Mi, fM 2, fM 1,M2, fM 2,M1} = max{t'M 1 , fM 2, 

£M 1,M2 } by Lermna 4.10. □ 

Lemma 4.12. Let k C k' be an extension of algebraically closed fields. 

We have tM1,M2 = eM1 k',M2e· 
' ' . 

Proof For M1,k' and M2,k', we can define H{2 and Oi2 in an analogous 
manner. One can check that 

The lemma follows easily. □ 

5. Proof of the Main Theorem 

The proofs of this section follow closely the ones of [7, Section 8]. 

5. r Notations 

For this section, we denote by H := H12 the group of W(k)-linear homomor
phisms from MI to M2, and Hs the group of homomorphisms from Fs (M 1) to 
Fs(M2). For simplicity, we denote 012 by 0, oI2 by ot fort E {+, 0, -}, 

and A?2 by A0
. 

5.2 The inequality eM 1,M2 ::: t'M 1,M2 

We will follow the ideas of [7, Section 8.2] and prove that Im(1r 00, 1) 
Im(n-eM M +1 1). For any ii E Im(n-eM M +1 1), let h E HeM M +1 be a 

I, 2 ' . I, 2 ' J, 2 

preimage of ii. Hence <p2h<p11 = h modulo peM1,M2+1, that is, <p2h<p11 -

h E peM1,M2+1Hom(M1, M2) c p0. By Lemma 5.1 below, there exists 
h" E p0 such that 

h - l h h 11 - l h" 
(f)2 <fJ1 - = (f)2 <fJ1 - · 

Thus h' := h - h" E H00 is a homomorphism whose image in H1 is exactly h . . 
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Lemma 5.1. For each x E 0, the equation x = <p12(X) - X in X has a 

solution in O that is unique up to the addition of elements in AO• Moreover, if 
x E ps 0, then there exists a solution X E ps 0. 

Proof Writing x = x+ + x 0 + x- with xt E ot fort E {+, 0, -}, we will 
find y t E ot such that x t = <p12(Y t) - y·I· for each t E { +, G, -}. Therefore 
y = y+ + y0 + y- is a solution of the given equation. 

Let y+ = - Li=~ <pi 2(x+), and y- = Lt=°f <p1d (x-). Because 
<p12(0+) C o+ and <p 121 (0-) C o-, we have y+ E o+ and y- E o-. It is 
easy to check that x+ = <p12(y+) - y+ and x- = <p12(y-) - y-. 

Let {v1, v2, ... , vr} be a Zp-basis of A0; it is also a W(k)-basis of o0 . 

We also write x 0 = Lf=1 XiVi. For 1 ~ i ~ r, let Zi E W(k) be a solu
tion of o-(zi) - Zi = Xi and put y0 = Lf =l ZiVi E o0 . Using the fact that 
<p12 (vi) = Vi for all 1 ~ i :::'. r, it is easy to check that x 0 = 'Pl2 (y0) - y0 . 

If y, y' E O satisfy the equation x = <p12(X) - X, we have <p12(y) - y = 
<p12(y') - y', i.e. <p12(y - y') = y - y', whence y - y' E A0 . 

If x = ps x' E ps O, then y = ps y' E ps O will be a solution of 
x = <p12(X) - X where y' E O is a solution of x' = <p12(X) - X. □ 

5.3 The inequality eM1,A12 ~ f M1,M2 

We follow the ideas of [7, Section 8.3]. By Lemmas 4.7 and 4.12, w~ can 
assume that k =:> k'[[a]] = R where k =:> k' is an extension of algebraically 
closed fields and for i = 1, 2, we have 

(Mi, 'Pi)~ (M[ ®w(k') W(k), <p; ® a), 

where (M[, <p;) are F-crystals over k'. Let m be the ideal of R generated by a. 
Let H' and O' be the analogues of H and O obtained from (M[, <p;) instead 
of (Mi, 'Pi). It is easy- to check that 

H = H' ®w(k') W(k), 0 = 0 1 
®w(k') W(k), 

and pj O n O' = pj O' for j E Z>o-
Let x = x+ +x0 +x- E O' wherext E o't, t E {+,0, -}. 

Lemma 5.2. For each r, E W(m), the equation r,x = <p12(X) - X has a 

solution xi'/ E 0, that is unique up to the addition of an element of A 0 . 

Proof Put 

and 
00 

x~ = - L 'Pi2 (r,xo) E oo. 

i=O 
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The elements x~ are well-defined as {</J{/x+)LEZ::,o and {qJ{2(x-)}iEZ:::o are 

p-adically convergent in 0 1+ and 0 1
- respectively. As {ai(11)liEZ>o is a 

a-adically convergent in W(R), xZ is convergent in o0 . One can check that 

satisfies 17x = </)12 (x11 ) - x 11 . 

Suppose 17x = qi12(x11 ) - x 11 and 17x = qi12(x~) - x~, we have x 11 - x~ = 
<p12(x11 - x~), hence the lemma. □ 

We define a homomorphism of abelian groups Qx : W ( m) ➔ H /AO by the 
formula Qx(17) = x 11 + A0 where x 11 E O C H satisfies 17x = qJ12(x11 ) - x 11 • 
By Lemma 5.2, it is well-defined. 

Let x E plM1.M2H'\pO'. For all 17 E W(m), qi12(x 11 ) - xi/ = 17x E 

plM1,M2 H', thus qi 12 (x11 ) = x 11 modulo plM1,M2. This implies that x 11 is a 
homomorphism modulo plM1,M2 from M1 to M2. Hence x 11 E HeMi,Mz. 
Clearly, every homomorphism of F -crystals is a homomorphism modulo 
powers of p. Hence A° C He M M . Thus the image of nx is in HeM M /AO• 

J, 2 I, 2 

Suppose !Mi,Mz < fM 1,M2, we will show that x E pO', which is a 
contradiction! Let iieM M 1 : HeM M / A0 ➔ H1/ A0 be the homomorphism 

I, 2' J, 2 

induced by neM M 1- The image of 
I, 2' 

iieM M 1 0 nx : W(m) ➔ HeM M / A0 ➔ Hi/ A0 
], 2' 1, 2 

takes only finitely many values Hi/ A0 as Im(neM M 1) is finite by the 
[, 2' 

assumption that f Mi,Mz < fM 1,M2- Since mis infinite (and thus W(m) 
is infinite), the kernel of iieM M 1 O nx is infinite. There exists 

1, 2' 

'1 = (110,111, ... ) E W(m) with 110 I- 0 such that x 11 E pH. Thus 
x 71 E On pH=: N. Let N' = O' n pH', we have N ~ N' Q9w(k') W(k). 

Lemma 5.3. An element z E O / p O lies in N / p O if and only if for every 
k' -linear map p O' / p 0 1 ➔ k' with p (N' / p O') = 0 we have 
(p 0 lk)(z) = 0. 

Proof For every k'-linear map p: O' /pO' ➔ k' with p(N' /pO') = 0, 

Ker(p 0 lk) = Ker(p) ®k' k ~ N' /pO' 0k' k = N /pO. 

Sets= {p: O'/pO' ➔ k I p(N'/pO') = 0}. We have npES Ker(p®lk) = 
N / p O. This concludes the proof. □ 

ByLemma5.3,foreveryk'-linearmapp: 0 1/pO' ➔ k'suchthat 
p(N' / pO') = 0, we have (p 18) lk)(i71 ) = 0. Therefore the following equality 
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holds in R 
00 00 00 

LP(1P\i(x+))11{ + LP(1P\2(x0 ))11{ - LP(1P1d(x-))11ri 
i=O i=l 

(5.1) 

Because the Newton slopes of ( o+, <p12) and ( o-, 'Pr}) are positive, there 

exists a big enough n such that ip\ 2(x+) E pO'+ and ip1{ (x_) E po'- for 
i > n. As p(N' /pO') = 0, 

P(IP\2(.x+)) = 0, p(ip1{ (.x-)) = 0, Vi > n. (5.2) 

Thus (5.1) is reduced to 

-I n 

- L PC1P{2cx-n11{ + LCPC1Pi2cx+)) 
i=-n 

00 

+ p(ip\ 2(x 0 )))11{ + L p(ip\ 2(x0 ))11t = 0. (5.3) 
i=n+l 

Write 
11-l 2n 

<D(/J) = - LP(IP;zn(x-))f3Pi + L(P(IP\zll(x+)) + p((f)\t(xo)))f3Pi 
i=n 

00 

+ L p((f)~zll(xo))/3Pi E k'[[/3]]. 
i=2n+1 

Then (5.3) is equivalent to <f>(11rn) = 0 where 11rn E a.P-n k'[[aP-n]]. 

As 11rn =/= 0, we deduce that <D(/J) = 0 by [7, Lemma 8.9]. Combining (5.2), 
we get 

p((f)1d (.x-)) = 0, Vi :::: 1, p(ip\ 2(x0
)) = o, p(ip\i(x+)) = o, vi > n 

p((f)\2(.x+)) + p(ip{2(x 0
)) = 0, Vi= 0,: .. , n. (5.4) 

As 'P12 is bijective . on 0 10 and thus on 0 10 /p 0 10 , the subspace 
V c 0 10 / p 0 10 generated by { 'Pb (.x0) I i :::: 0} satisfies <p12 (V) = V and 

thus (fl{ 2 (V) = V for every j :::: 0. This implies that V is generated by 
{¢{2 (.xo) I i > n} and hence for 0 :::: i :::: n, (f)b (io) is a linear combination of 

. elements in {<pb(.xo) I i > n} whence p((f)\2 (xo)) = 0 for all i = 0, ... , n. 
This allows us to extend (5.3) to get 

p(ip1{ (.x-)) = 0, Vi :::: 1, p((f)f2(x0 )) = 0, p(ip\2(.x+)) = 0, Vi ~ 0. 
(5.5) 
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Finally, since x E peM1,M2IJ' and £M 1,M2 > fM 1,M2 ·::: 0, we have 
x E pH' and thus x E pH1 n O' -. N'. As p(N' /pO') = 0, we have 
0 = p(x) = p(x+ + x0 + x-) = p(x-). Thus (5.5) can be further 
extended to 

By Lemma 5.3 and (5.6),. we have <p~ 2 (x+), <p~ 2 (x 0 ), <p 1d (x-) E pH and 
thus in pH' for all i ::::: 0. By the definition of O', we have x = x+ + 
x0 + x- E pO'. This reaches the desired contradiction. 

5.4 The equality f M = nM 

In this subsection, we show that f M = n M when M is not an ordinary 
F-crystal. Thus in this case, nM > 0. Recall Es is the set of all endo
morphisms of Fs(M) and Es(k) =Es.The restriction homomorphism n-s,1 : 
Es ➔ E1 has finite image if and only if the image of 7rs,l : Es ➔ E1 has 
zero dimension, if and only if s ::::: 1 + f M by definition. The dimension of 
n-s,1 is YM(s) - y M(s - 1). It is zero if and only ifs > nM by Theorem 3.15. 

· Ass ::: 1 + fM if and only ifs> nM, we conclude that f M = nM. 

5.5 Conclusion 

By Subsections 5.2, 5.3, 5.4 and Proposition 4.6, we have the following two 
theorems: 

Theorem 5.4. We have equalities fM 1,M2 = eM 1,M2 = eM1,M2 -

Theorem 5.5. If Mis not ordinary, then nM = fM = eM = eM. 

Corollary 5.6. We have equalities fM 1,M2 = fM 2 ,M1 = f Mj,M2 and 

eM1,M2 = eM2,M1 = eMj,M2· 

Proof This is clear by Theorem 5.4 and Lemma 4:10. □ 

6. Application to F -crystal of rank 2 

In [18, Theorem 1.4], we proved that if M is a non-isoclinic F-crystal of 
rank 2, and is not a direct sum of two F -crystals of rank 1, then n M :::: 2A. 1 

where )q is the smallest Newton slope of M. Now we show that the inequality 
is in fact an equality. For the sake of completeness, we state the theorem of 
isomorphism number of rank 2 in all cases. 
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Theorem 6.1. Let M be an F -crystal of rank 2 with Hodge slopes O and 
e > 0. Let A 1 be the smallest Newton slope of M. Then we have the following 
three disjoint cases: 

(i) if Mis a direct sum of two F-crystals of rank l, then nM = l; 
(ii) if M is not a direct sum of two F -crystals of rank 1 and is isoclinic, then 

nM = e; 
(iii) if M is not a direct sum of two F -crystals of rank l and is non-isoclinic, 

then nM = 2)q. 

Proof Parts (i) and (ii) are proved in [18, Theorem 1.4 (i) and (ii)]. In the case 
of Part (iii), [18, Theorem 1.4 (iii)] proves only the inequality nM s U1. 
The proof of [18, Theorem 1.4 (iii)] has a minor mistake that can be easily 
fixed. In this paper, we will only prove the equality nM = 2/41 in the case of 
Part (iii). 

We show that A 1 > 0 by showing that the assumption that )_ 1 = 0 leads to 
a contradiction. If ), 1 = 0, then the Hodge polygon and the Newton polygon 
of M coincide. By [6, Theorem 1.6.1), we can decompose Minto a direct 
sum of two F -crystals of rank 1. Hence ), 1 > 0. Let ),2 be the other Newton 
slope of Jvl. As Mis not isoclinic, -11 < ),2. It is easy to see that A-1 and -12 
are two positive integers. Hence there is a W(k)-basis B1 = {x1, x2} of M 
such that <p(x1) = p;' 1x1 and <p(x2) = ux1 + p;'2x2 where u E W(k). If u 
is a non-unit and belongs to pW(k), then <p(M) c pM and thus the smallest 
Hodge slope of M must be positive. This contradicts the assumption of the 
proposition, hence u is a unit. By solving equations of the form <p(z) = p},i z 

and <p(z) = p;'2 z, we find a B(k)-basis B2 = {y1 = x1, yz = vx1 + p;. 1x2} of 
M[l/p] with v a unit in W(k) such thato-(v) + u = p},z-?. 1v. It is easy to see 
that there is a unique v satisfying this equation. 

Let B1 0 BT be the W(k)-basis of End(M) that contains Xi © xj for all 
1 Si, j S 2, where (xi© xj)(xj) = x;. It is a B(k)-basis of End(M[l/p]). 
We compute the formula of <p : End(M[l / p]) ➔ End(M[l / p]) with respect 
to B1 as follows: 

( '°' *) '°' * -}.z '°' * <pX1=X1 =X1=X1-P UXJ=X2, 

<p(x2 0 xt) = p-?.i ux1 © x; + p},z-},i x2 © x; 

- p-Xi-},2 u2x1 0xi - p-}, 1ux2 ®xi, 

<p(x1 © x!) = pJ.,-J,2 x1 © xt 

<p(x2 © x2) = p-hux1 ®:Xi+ x2 © xi-

Similarly the set B2 © Bi is another B(k)-basis of End(M[l/p]). 
As <p(y1) = p;. 1 YI and rp(y2) = p;'2Y2, we compute the formula of 
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<p: End(M[l/p]) ➔ End(M[l/p]) with respect to B2 as follows: 

<p(y2 ® yt) = /•i-J.i Y2 ® yj, 

<p(y2 ®Yi)= Yi® Yi, · 

<p(y1 ® yt) =YI® yj, 

~(YI® yi) = P).i-)• 2 yI ® Y2-

Therefore, we have found B(k)-bases for 

We compute the change of basis rnatrix from Bi ® Bj to B2 ® Bi as follows: 

It is easy to see that p;· 1 y; ® yj E End(M)\pEnd(M) for i, j E {l, 2}. We get 
that 

(a) o+ = (p;•I Y2 ® YI)W(k); . . ' 

(b) N := (y1 ® yj + Y2 ® Yi, p 21 Y2 ® Yi)w(k) C 0° is a lattice; 
(c) o- = (p)., YI® Yi)w(k)· 

We now show that in fact N = o0 . As o0 = A 0 ® W(k), it is enough to show 
that AO c N. Suppose 

we have 

' \ 
<p(ax1 ® xj + bx2 ® xj + cxI ® xi + dx2 ® xi) 

= (11(a) - 11 (b)p-)., u)x1 ® xj + a (b)p).i-li x2 ® xf 

+ (-11(b)p-)"'u + a(d))x2 ® xi 

+ (-11(a)p-)' 2 u - 11(b)p-).i-J,2 u2 + a(c)p),i-A2 + a(d)p-)·2 u)x1 ® xi 

= ax1 ® xj + bx2 ® xj + cxI ® xi + dx2 ®xi. 
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Hence 

a= a(a) - a(b)p-}' 1u, (6.1) 

b = a(b)pA2-J· 1, (6.2) 

c = -a(a)p-A2u - a(b)p-J,i-J.2 u2 + a(c)pi,i-J.2 + a(d)p-A2u, (6.3) 

d = -a(b)p-A1u + a(d). (6.4) 

By (6.2), we know that b = 0. Hence a = a(a), d = a (d) by (6.1) and (6.4), 
and 

by (6.3), namely 

p;' 1 (pA2-A 1c - a(c)) = (d - a)u. 

In order to have a solution for c, we need d-a E pA' W(k). Let d-a = p}· 1a 
for some a E Zp as a, d E Zp, Then we have a unique solution c such that 

PA2-A1c - a(c) = au. 

As u = p}.z-}•1v - a{v), we get c =av.It is now easy to see that 

ax1 0 xf + bx2 0 xf + cx1 0 xi + dx2 0 xi 

= a(x1 0 xf + x2 0 x;) + (av)x1 0 x2+: (d - a)x2 0 x2 

= a(yi 0 yf + Y2 0 Yi)+ apAI Y2 0 Y2 EN. 

Hence N = o0 . 

The change of basis matrix from {y1 0 yf + Y2 0 y2, PA 1 Y2 0 yf, PA 1 YI 0 
Yi, p;' 1 Y2 0 y2} to B1 0 Bf is 

A - (~ ;:~~ ~ . ~ ) 
- 0 -v2 1 V . 

. 1 -pAiv O p}.1 

To find an upper bound of eM, we compute the inverse of A: 
• 

( 

p2A1 
1

-pAJV Q Q ) 

A_ 1 __ 1_ 0 1 0 0 
- p2A 1 p21v _ 02 . p221 ~p}•1v · 

- pJ,i 2v O p},1 

Thus the smallest number e such that all entries of ptA-1 E W (k) is 2A i. · 
Hence tM = 221.By Theorem 1.2, we have nM = 221. □ 



458 Xiao Xiao 

Acknowledgement 

The author would like to thank Adrian Vasiu for several suggestions and 
conversations and the anonymous referee for numerous suggestions. 

References 

[I] Siegfried Bosch, Ltikebohmert Werner and Michel Raynaud, Neron models, 
Ergebnisse der Mathematik und ihrer Grenzgebiete (3), Springer-Verlag, 21 (1990). 

[2] Michel Demazure and Alexander Grothendieck eds., Seminaire de Geometrie 
Algebrique du Bois Marie - 1962/64 - Schemas en groupes (SGA 3) - Vol. 2, Lecture 
Notes in Math., Springer-Verlag, 152.(1970). 

[3] Jean-Marc Fontaine, Representations p-adiques des corps locaux, Jere partie, The 
Grothendieck Festschrift, vol. II (Pierre Cartier, Luc Illusie, Nicholas Michael Katz, 
Gerard Laumon, Yu Ivanovitch Manin, and Kenneth Alan Ribet, eds.), Progr. Math., 
vol. 87, Birkhauser, Boston (1990) 249-309. 

[4] Ofer Gabber ancLAdrian Vasiu, Dimensions of group schemes of automorphisms of 
truncated Barsotti-Tate groups, Int. Math. Res. Not., 18 (2013) 4285-4333. 

[5] Marvin Greenberg, Schemata over local rings, Ann. of Math. (2), 73 no. 3, 624-648. 
[6] Nicholas Michael Katz, Slope filtration of F-crystals, Journees de Geometrie 

Algebrique de Rennes (Rennes, 1978), Vol. I, Asterisql.le, (1979) no. 63, 113-163. 
[7] Eike Lau, Marc-Hubert Nicole and Adrian Vasiu, Stratifications of Newton polygon 

strata and Traverso's conjectures for p-divisible groups, A'""ii'n. of Math., 178 (2013) 
no. 3, 789-834. 

[8] Yu Ivanovitch Manin, The theory of commutative formal groups over fields of finite 
characteristic, Uspekhi Mat. Nauk, 18 (1963) no. 6, 3-90. 

[9] Nie Sian, On isomorphism numbers of "F-cry,stals", Preprint, arXiv:1403.2095, 
2013. 

· [10] _Tonny Albert Springer, Linear Algebraic Groups, Progress in Mathematics, vol. 9, 
Birkhauser, Boston, MA (1998). 

[11] Carlo Traverso, Sulla classificazione dei gruppi analitici commutativi di caratteristica 
positiva, Ann. Sc. Nonn. Super. Pisa, 23 (1969) no. 3, 481-507. 

[12] Carlo Traverso, Specializations of Barsotti-Tate groups, Symposia Mathematica, 
Vol. XXIV (Sympo., INDAM, Rome, 1979), Academic Press, London-New York 
(1981) 1-21. 

[13] Adrian Vasiu, Crystalline boundedness principle, Ann. Sci. Ee. Norm. Sup. (4), 39 
(2006)no.2,245-300 .. 

(14] Adrian Vasiu, Level m stratifications of versa! deformations of p-divisible groups, 
J. Algebraic Geom., 17 (2008) no. 4, 599-641. 

(15] Adrian Vasiu, Mod p classification of Shimura F-crystals, Math. Nachr., 283 (2010) 
no. 8, 1068-1113. · 

[16] Adrian Vasiu, Reconstructing p-divisible groups from their truncations of small level, 
Comment. Math. Helv., 85 (2010) no. 1, 165-202. 

[17] Eva Viehmann, Truncations of level 1 of elements in the loop group of a reductive 
group, Ann. of Math., 179 (2014) no. 3, 1009-1040. 

[18] Xiao Xiao, Computing isomorphism numbers of F-crystals using level torsions, 
J. Number Theory, 132 (2012) no. 12, 2817-2835. 


