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Abstract 

A critical set in an n x n array is a set C of given entries, such 
that t here exists a unique extension of C to an n x n Latin square 
and no proper subset of C has this property. T he cardina li ty of 
t he la rgest critical set in any Latin square of order n is denoted by 
lcs(n). We give a lower bound fo r lcs(n) by showing t hat lcs(n) 2: 
n2(1 _ 2+ ln 2) + n( l + ln(81r)) _ hl. . 

In n In n Inn 

1 Introduction 

A Latin square of order n is a n n x n array of integers chosen from t he set 
X = { 1 , 2, . .. , n } such t hat each element of X occurs exactly once in each 
rmv and exactly once in each column . A Latin square can also be written 
as a set of ordered t riples { ( i, j; k ) I symbol k occurs in cell ( i, j) of t he 
a rray}. 

A partial Latin square P of order n is an n x n array wit h en t ries chosen 
from t he set X = { 1, 2, . . . , n }, such t hat each element of X occurs at most 
o nce in each row and at most once in each column. Hence t here are cells in 
the array t hat may be empty, b ut t he cells t hat are fi lled have been fi lled 
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so as to conform with the Latin property of the array. Let P be a partial 
Latin square of order n. Then IPI is said to be the size of the partial Latin 
square and the set of cells Sp = { ( i, j) I ( i, j ; k) E P} is said to determine 
the shape of P. 

A partial Latin square C contained in a Latin square L is said to be 
uniquely completable if L is the only Latin square of order n with k in the 
cell (i,j) for every (i,j; k) EC. A critical set C contained in a Latin square 
L is a partial Latin square that is uniquely completable and no proper 
s ubset of C satisfies this requirement. The name "critical set" and the 
concept were invented by a statist ician , John Nelder, about 1977, and his 
ideas were first published in a note [4]. This note posed the problem of 
g iving a formula for the size of the largest a nd smallest critical sets for a 
Latin square of a given order. Let lcs(n) denote the size of the largest critical 
set in any Latin square of order n . Nelder [5] constructed a critical set of 
size (n2 - n)/2 for then x n back circulant Latin square. He conjectured 
that lcs(n) = (n2 - n)/2. This equality was shown to be false in 1978, 
when Curran and van Rees [3], found that lcs( 4) ~ 7. The following is an 
example of a largest crit ical set of size 11 for a 5 x 5 Latin square, taken 
from (1], which also contradicts Nelder 's conjecture. 

2 4 3 

1 2 

2 3 1 

3 1 2 

In the fo llowing table some known values of lcs(n) for n:::; 6 are listed, 

2 3 4 5 6 
lcs( n) 1 3 7 11 18 

and in the following table some known lower bounds for lcs( n) are· shown 
for 7 :::; n ::; 10, 

n 7 8 9 10 

lcs(n) ~ 25 37 44 57 

See [1] for the references. Recently Bean and Mahmoodian (1] have found 
the upper bound lcs(n) :::; n 2 - 3n + 3. Nelder's (n2 -n)/2 is the best lower 
bound that is found for lcs( n) so far. In this note we improve this bound 
asymptotically for n large enough (n ~ 195) . 
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2 A lower bound for lcs(n) 

Theorem 1 For any integer n we have, 

1 () 2( 2+ln2) ( ln (81r)) ln2 csn >n 1 - --- +n l+ --- --. 
- Inn ln n In n 

Proof. By Theorem 17.2 in [7] , as a result of van der Warden conjecture, 
we know the following bound for L (n), the number of Latin squares of 

order n: L (n) > ~-- nn 

If in a partial Latin square all the entries, except the entries of the first 
row and the first column be giv n, then it is uniquely completable. So every 
Latin square has at least one critical set which has no intersection with its 
first row and first column. And also obviously the number of the e critical 
sets is greater than or equal to L(n). For choosing the shape of such a 
critical set we have at most 2(n- l)

2 
ways, and for choosing the entries of 

each given shape we have at most nlcs(n) different ways. So the number 
of critical sets is less t han or equal to 2n

2
-

2n+lnlcs(n). Thus the following 
inequalities hold : 

Now by Stirling's approximation formula, (see for example [2]) , we can 
replace n ! with a smaller value v2rn ( ~ r. So 

(2 )n 2n2 +n 
7r n < 2n2 -2n+lnlcs(n) 
e2n2nn2 - ) 

or 

Thus , n ln (21r)+(n2 +n)lnn - 2n 2-(n2-2n+ l ) ln 2 ~ lcs(n) ln n. This 
implies t hat n2(1 - ~) + n( l + 21n 2+ln(2'r)) - l!!..1. < lcs(n). ■ In n In n Inn -
Note. Stinson and van Rees (6] have shown that lcs(2m) ~ 4m - 3m _ This 
lower bound for n = 2m, is better than the bound given in Theorem l. 
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Abstract 

!, , l08:.!, Hecl et. ni emi , Hed et. rtie mi. a nd Beyer gave a bo und on I. he 
( :ru11cl y num ber of a t r . T hi~ no t,e pro vicl a. impler proof of !·heir 
re~ ult.. as well as a b ound int.he same spiri t for genera l simple gTaphs . 

1 Introduction 

Th f'c1 111il y of complet m inimum uroadras t tr e i s d fined rec m :s ,vely ; t. lw 

[irst. 111 m ber T1 ·onsi . ts of a sing ! v .rt ex , and T; is deri ved l>v aclj o in
i 11 g ,1 pen lan t v r tex to every verl,Px of 7;_ 1 fo r ·i. > 1. An alt.ern a.t ive 
,· li arnn ri sa. t.i on o f th e fa m ily is as foll ws: Ti con i ts of a :;i n[!.·lp VPrl.ex. 
ll' hi c li is cl esigna. tecl a:; Lhe root o f' LhP 1.rre : T; con ist. of op i ,·· ,, I' Pa h o f 

Tt.. , T; -1, p lus a n w root ven.ex w hich i s adj acent to th r oo i. ver t ic s 
o f' [,l l<' :;m a ll r t r 

'1'11 <' G rundy num l er f( G ) o f' a g raph () can I e d fined as t.he l argest 
11umber of co lours t hat an be a ' :;ign cl t.o 1. h v r Li of G using t.li e g r dy 

c1 lgori t brn w i t h a sui tab le o rderin °· o f t he vert i e. : a ·h ver tex v; 1\· i 11 r ec iv 

[.he least colour no t a. ign ecl to any ad_ja<'011t v.i , j < ·i.. Thi s param eter wa.· 
rir.- t lefin ecl and stucli cl in (l); sevnal a.lLern aL i ve ch a.ra.ct ri . a t.ions are 

µ; i vPn in [4).) 
I 11 (:2). il i:; m ent.i o necl th a t. l hrrP i,; ;1 proo f' in [3) t. haL fo r a11 _1· t. r<'P T. 

l ' (T) :S I + log~ JI "(T)J. T hey a l,;o sho1I' I l i; tl thi s bo11n I is sh ar p h_,· cl emo 11 -
,-. t. r c1 t i11 µ; l hat. Lh <' famil .v o f co 111 p lPt.c 111 i 11i111um broadcast t. rces :-;c11 i,; fi es th e 
:ihol"<' 11· it h Pqu c1 li t.v. and t. hat. t lw C:ru11il _1· numl)er o f' a.ny g rapl, is equ al 

1 o t I w ( : I'll ncl _v number o f' t he J;, rges t ,;u(' h broacl<'asL t ree i t <'O ll i a ins as a 
,; 11l >g r ,1 p li . 

'l'l,i ,; l,1,-;1 c l11i111 is fa l:se; as ;1 ,; i1n p le ('o unterrxa mple, t he pat h P.-1 is a 

111i n i11 1um broadcast t ree 11·i t h C:runcl .1· 11u111ber :-i, but. f' (C:4 ) = 'l.. In fa ·t.. 

t l1 r (' l.1i111 is no t. even t ru e i f we rr,; l.r ic i. 011r attent ion t o in lu cPcl ,;1ilJgraph:s: 
;il l 11·<' ('a ll :;ay i.-· (.ha. I. r ((,' ) of' an.1· g raph( ,' is at. least. Lhe C run cl_v 1111 111 bP1· o J' 

I.hr l ,H gest complete minimum broacl n 1,;t t. ree th at. i.' an indu cPcl ,-. 11bgrnph 
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to 
Fig ure l: T he graph 1{3 x 11·2 : t. hc circled vert ices induce /-', 

o r C:. l7o r exampl e, consider th e graph 11·3 x x ~ d epi cted in Fi g ure l ; i t 
,·o nt ,1ins P4 as a.n induced subgr a pli (a ncl is too small to contain Lhe next 
l;i.rge~t. C:MBT), bu t f(I1·3 x k :; ) = ti. 

2 Confirn1ing the Inequality 

The l_i ;1sic result , however, hold:· t rue; 1rliat follows i. a.n elem ent.,uy proof. 

T h eore rn 1 Let T b a tr e; t/11 n f (T) ,S l + log'.! I \I (T) I, with < qu.ality if 
nnd ()nly if T is a co mpl te m inim:um bmadcasl. tr e. 

Proof. \Ve proceed by inducti on on t l1e --; runcl y number. Sin e<" t he ex
J)1·es,; ion 0 11 th e ri ght-hand s ide o r the in eq uali ty is at lea;"t 1, the in equ a li t~, 
l, o ltl,; fo r ;my tree T wit. h f(T ) = J. No te that. t here is only o n,· s uch T, 
1i;11 1w lv Ti , for whi ch equality ho ld s. 

\\ '1• now as:·ume t baL if T is a !. ree ci ncl f(T) = j ,S k then T ha.s a t 
h 1:'< t. L.i -l ve rt ices, and tha t T i,; a. CMBT if l\1(T)I = 2.i- l _ L<' I Ii be a 

1 reP 1rit.h Grundy number/;;+ I whi ch i» minimal; in other wo r, I.· , which 
,·011 Lc1 i11 s n o induced sub trees with C run dv number at. leas t k + I. Le t. O ; 
cle no i.e Ll1e se t of verti ces in H rece ivin g I.h e colo ur i in a. G rundy •·olo 11ri ng 
tl f. Ii. By minimali ty IGk+il = l . .- in ce other wise we can easd 1· find a.n 
inclu c0 I subtre with G rundy number /,· + 1. Let v be the so lP ve rt.ex in 
(.'1,+ 1 ; 11 rnust h ave at lea.s t one ne ighb ur in each of G 1 , . .. ,G'i,. ; I L u; be 
;i 11 e ighbour of v in G; . Vina.Uy, le t JI; cif•note t.he compon en t o r If \ { u} 
co ntainin g ·u; . 

No t.r I. hat for a ny ·i , t he gra.pli H.; c,1.11 l1 a.ve a Crundy number o f at m ost 
/,, :'< i1 ic0 H was m ini mal; t hus 11·e ran i11 vo ke o ur induc tion hypot hesis on 
II;. ,\l ~o note t hat the G rundy numbr r o f' H; is at. least i , since the o rderin g 
n r v0rf.ic s whi ch gave LL" a. colouring o r I I can be restricted to th e vertices 
o r H; ,rncl y ield the sam e colouring lorall .1·. And ::;o co unting the 11umber of 
V<'l-t.i c0:· of H give.· us : 
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/; 

1\/(H)l ~ l{v}I+ L ilf(H;)I 
i= I. 

/; 

> I + L :! i -J 

i=l 

I + (:z" - l ) 

= i ' 

T a king logari t hms on bo th s ides _y if' lcl:; t.he in equali ty. 
Now snppose that His a t rc<' wit h C rund y number/, th a t is 11 ot mini

mal ; t. h n we can find a.n induced sub t rer wit. h G rnncl y number k b_v cl ]et ing 
,11 1 bu l. one of t he verti ces that have bc•f' 11 coloured k in a G rundy c louring. 
S in er thi s new grap h sat isfi es t li e in equ ,ili t.y. t he ori gin a. I H mu st ,1s wr LI . 

F in a.11.v, let. H be a. t ree with C run d_,· num ber k + 1 a nd 2" verLic·rs. T hen 
, •;.1ch I I · ( II; ) I Le rrn in the a bove rqua t.ion 11rnst be <'xac tl y equal to i- 1.: a ncl 
l,_v f l1 <' ind uct. ion hypothesis , t hi s ecin 0 11l v h.a.pJ r n in a t ree wi t. Ii C~rund y 
11u111 bc r i if t hat tree is the GM 13T T;. Tl1 e a lte rn ativ characteri sation of 
(' M llTs g ive n a b ove t hen sbow:; t.lrnt II = Ti.+ 1 . D 

Thcu1·e n1 2 .Ld T u a lree . cmd .mpp08< th.at so me o rdering of t/1 1 11e rl:ices 
11i1>f8 o _(! reedy colou:1··ing wh re !li t 11l rl1.r II E \i (T) receive' co/0 11 1· ./· T /1 r11 

T cu11/ains 1j as on indv.recl su/1grap!t 111i l!t u as i l s roo t. 

Proof. We proceed b., induct io n on j . I I' j = 1 Lb n the resu It i:-: o l;v ious. 
:-: in e<' the vertex v its If induces T,, wit.Ii 1· ;is its r ot. Now supprn,, · t. ha.L t he 
1l1 co rr·111 i. t ru e fo r a ll j < /, , and let 1• lw ,1 vertex coloured /,: in so111 c gree ly 
,·o lo urin g. T hen we ca n find veri. ires 11 1. 1''.! · . .. v,,. _1 which are a cl_j ,"'P nt 1.0 P 

:-: wl1 1 ha t. t. hc vertex u; receives rn lo11r i i11 Lh e greedy colo urin g . t,<'l- 7; 1)1' 
1l1<· ni inpo nent ol' T\ {u} whic-11 co nl.a i11 .· P;; by t. h ind uct ion lwpot hes is. 
'/ ; c·<>11t.a ins a s u bset f vcrti es .'-i; which induces a. co py of T; root rel a t v;. 
l,c- t :-,· = (u;;/S;) U {v}; t hen T[S'] rn 11 s i:-:Ls of ;:1 ver tex u acl_j ac<' 11L to t. h 
rno t. 1·Nt.i crs o f Ti , ... T,, _ 1 ; in t h r wo1·cls, T[ ) = Ti,.. □ 

C nl'ollary 1 T he Grllndy num/1c r of o In I T is eqv.al to !he hig/11 s/, ord 1· 
of o ('t\l B T contained in T as 011. i11d11nil su.bgro11h. 

Pronf. IJ ( ,' i;; a.graph and H an iu lw cl ,-; 11' graph ofG' , th en f ( /I)::; r(r;'): 
1 l1 <' r< ' f'o rP t. he G run ly number of a t r<'f' '/' i,., at k ,1sL t he order o f I l1<' la rges t 
( '1\ IBT in cl ucPcl by so 1ne subse t. of it.s vNt. ices . If' T has ( :runcl,· numbPr 
/,. t,l11' 11 some ver tex l ' gets co lo ured /, i11 a greedy colouring of / ': by 1. he 
J> r<' vini 1s t. lworem , T l hn efo r cont.a.ins a n induced co1 y of T,,. roo t. cl aL 
r. I l1·11cP. the G r11 ncl_v number o r 7' i,., a lso a t most t he o rder of a la rgest 
i11 lw <'d ( 'MBT. D 
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3 A More G e neral Bound 

\\.',, ,·;111 a lso de rive a.n uppe r bo un d for I.he ,rundy numbe r o r : 1 ge neral 
l!, 1·:ipl ,. i11 a s imil a r s piri t.. It is we ll ku o wn t hat a ny proper n -co louring 
,,f n ,u; i-a.p h G is equiva lent to r1 grap h ho momo rph ism from C,' 1q r\·,, ; it. 
i,- <'a,- il y seen t hat any co lo uring g ivf' n b_v a g reedy a lgo rithm hc1,- t. he ad 
<i iLi o naJ prope rty that eve ry edge in /1·,, has a preimage in (,' 11 11 de r Ll1e 
l1 0 111 0 1no rphi sm . T his implies t lw fo ll o1Yi11 g: 

Theui-en1 3 Let G b a graph 011 ·111 rdqr8. T hen r(G) :S l+~

Proof. Let r( C) = n. The n W<' ran ri ncl a horn morphism from (,' to 1\·11 

,- 11 r li I ha.t. each edge in the latte r has a pre image. This m eans that. m 2: ('.~ ), 
I he 11 umbe r of eclg s in 1-.:.n , So lving for 11 y ie lds t he d es ired inequ a li ty. -□ 
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