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Abstract. We give a formula for the polynomial 

PKn1 ,··· •nk (x1 , .. . , Xn) 

T spanning tree of Kn 1 , . • ,nk 

where Kn 1 , . . • ,nk is the complete multipartite graph on 
[n] . Among the consequences is a formula for the 
number of spanning trees of Kn 1 , •.. ,n. with given degree 
sequence. 

Introduction 

Austin [1] found a formula for the number of spanning trees of Kn 1 , 

using the matrix-tree theorem. Good [4] used a multivariate generating 

function and generalized Lagrange inversion to give another derivation. 

Egecioglu and Remmel [3] found a bijective proof of this formula. A 

different bijective proof of the formula was recently given by Lewis [5]. 

In this paper, we give a formula for the polynomial 

where Kn 1 , . • • ,nk is the complete multipartite graph on [n]. Immediate 
consequences of this result include the aforementioned results in [1], [3], 

[4] and [5] ; a result of Renyi [7] concerning the complete graph; and a 

formula for the number of spanning trees of Kn 1 , • •. ,nk with given degree 

sequence. 
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The complete k-partite graph G with partition { A1 , . . . , Ak} is the graph 

with vertex set A1 U · · · U Ak where uv is an edge of G if and only if u E Ai, 

v E Aj with 1 ~ i -=/=- j ~ k. The complete k-partite graph with partite sets 

of cardinality n 1 , .. . ,nk E lP' is denoted Kn 1 , . .. ,nk and the complete graph 

with n E IP' vertices is denoted Kn . The leaves of a tree Tare denoted L(T) 
and the edges of T are denoted E(T). The degree of a vertex v in a tree 

Tis denoted dr(v). For a proper subset L of the vertices V of a graph G, 
G - L denotes the subgraph of G induced by V - L . 

The nonnegative integers are denoted by N and the positive integers by 

IP'. For n E IP', [n] = {1 , .. . , n}. 

Throughout this paper we work in the commutative ring Z[x1 , ... , xn] 
of polynomials in the variables x 1 , .. . , Xn with integer coeffi cients. For 

reference we recall the multinomial theorem in Z[x1 , ... , Xn ] (see [2; p. 28]) . 

For f. E N, m, n E lP' with m ~ n and distinct i1 , ... , im E [n] , 

where 

(el,··£·,em) 
(As usual x? = 1 and O! = 1.) 

Our notation and terminology may be found in Comtet [2] and West [8]. 

Results 

For n1, .. . ,nk E lP'with k ~ 2, let so= 0, Sj = Sj-i+nj (1 ~ j ~ k) and 

sk = n = n1 +· · ·+nk. Let A1 = [s1] = {1, .. . ,n1 } and Aj = [sj]- [sj-1] = 
{sj-l + l , ... ,sj} (2 ~ j ~ k). 

Associate i E [n] with the variable Xi and let X = Xn = x 1 + · · · + Xn 

and XD = X - LiED X i for D ~ [n]. Then, X ,t, = X and X[n] = 0. Here 

xi= 1 for all D ~ [n]. 

Lemma 1. We have, 

(M1 , .. ,, Mk) 
M;~A;(l$j$k) 
M=M,u, .. u Mk 

51 



Proof. Our result is immediately seen to be true for n = 2 (so ni = n 2 = 
l , k = 2) and we assume n ~ 3. 

Observe that X~C-]
1 

• • • X~C"L X~ 2 = 0 if and only if ni ~ 2 and 

MU Ai = [n] for some 1 ::; j ::; k, or k ~ 3 and M = [n]; and 1 if and 

only if n = k = 2 and ni = n2 = l (which does not occur since n ~ 3) . 

Otherwise, after expansion, X~C"]
1 

• • • x~:;Lxt- 2 is a nonempty sum of 

terms of the form a nonzero integer multiplied by 

r = IT IT xf', 
jE J iEB; 

where </> -:/= J ~ [k], </> -:/= Bi ~ Ai (j E J ), ei E IP' (j E J , i E Bi) and 

L,jEJ L,iEB; ei = n - 2 (~ 1). For notational convenience, we assume 

J = {l , ... , t} (where 1 ::; t :::;'. k ) and B j = {sj-i + 1, ... , Sj-i + bi} 

(1 ::; j ::; t) so that 

where 1 ::; b j ::; nj (l ::; j :::;'. t ) and the exponents are positive integers with 

sum n - 2. Let B = Bi U · · · U Bt = {Ci , . .. , Cb} written in increasing order , 

IBI = b = bi + · · · + bt, Yj = L,iE B; Xi (l ::; j :::;'. t) and Z = Yi + ···+Ye. 
Suppose Li ~Ai-Bi (l::; j ::; t), Li~ Ai (t < j ::; k; possibly empty) 

and L = L1 U · · · U Lk. Let Ci= Ai - Bi - Li (l :::;'. j::; t), Ci = Ai - Li 
(t < j ::; k) and C = Ci U · · · U Ck, Then, (empty sum is 0) 

XwA; = Z - Yj + I)xi: i EC - Ci} (1 ::; j ::; t) , 

XwA; = Z + I)xi: i E C - Ci} (t < j ::; k) , 

XL = z + ~ { Xi : i E C} . 

For t ~ 2, the multinomial theorem in Z[xi , ... , Xn] implies that the 

coefficient (possibly 0) of r in Xf~A: · · · Xf~A~ xz-2 is ( empty sum is 0) 

L IJ ni - l k - 2 

{ 
k } ) 

j=l C(j, 1), . . . , d(j , bJ (d(k + l , 1), . .. , d(k + l , b) 
(1) 

where d(j, i) ~ 0 is the number of times Xe, is chosen from one of the 

ni - l ~ 0 factors of X2~~i- (1 ::; j ::; k, l ::; i ::; b) or from one of 
' the k - 2 2:: 0 factors of xz-2 (j = k + l, 1 ::; i ::; b). Here the sum 
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is over all (k + 1) x b matrices D = [d(j, i) ] of nonnegative integers where 

d(j, 1)+ · ·+d(j, b) equals ni-1 (1 ~ j ~ k) and k-2 (j = k+l); d(j, i) = 0 

(j = 1 and 1 ~ i ~ b1 , or 2 ~ j ~ t and b1 + · · · + bi - l + 1 ~ i ~ b1 + · · ·+bi); 

and d(l , i) + · · · + d(k + 1, i) = ec, (1 ~ i ~ b), should they exist. For 
t 1 > 2 th ffi . f . xn, - 1 xnk - lxk-2 . 0 h·1 = , n1 _ , e coe c1ent O T lil LUA, · · · LUAk L IS W l e 
no such D exists, and, for t = 1 = n 1 , use X2uA, = 1. In either case, 

(1) is correct here also. Moreover, (1) implies that the coefficient of T in 

X2t.iA: .. . X2~::i:xz-2 is the same for all such (£1, ... , Lk) (this is obvious 
since only variables in Z can be selected). 

Suppose Lj <:;;; Aj (1 ~ j ~ k), L = L 1 U · · · U Lk and T appears with 

nonzero coefficient in X2t.iA: · · · X2~::i: xz-2
. If m E Bi n Li (1 ~ j ~ t), 

then Xrn appears in no XLuA, (1 ~ i ~ k) nor in XL; a contradiction. 

Hence, Lj <:;;; Aj - B j (1 ~ j ~ t). 

Hence, T appears with nonzero coefficient in X2t.iA: . .. X2~::i: xz-2 only 

if Li <:;;; Aj - Bi (1 ~ j ~ t) . Moreover, the coefficient of T (given in (1)) 

is the same in each X2t.iA: · · · X2~::i:xz-2 with Li<:;;; Aj - Bj (1 ~ j ~ t). 
Now, 

L (-1)IL1l+··+ILkl 

(L1 ,• •·,Lk) 
L;<;A;-B; ( l '.5j:5t) 

L;<;A; (t<j'.5k) 

( L (-l)IL,I) ... ( L (-1)ILt1) ( L (-1)IL,+1I) 
L1<;A,-B1 L,<;A,-B, L,+1<;A,+1 

= 0, 

... ( L (-l)ILkl) 
Lk <;Ak 

(A1 - B1, ••·,At- Bt ,At+l , ···,Ak)-=/ (¢, ... ,¢), 
otherwise, 

(2) 

since Bj = Aj for 1 ~ j ~ t = k implies that the sum of the exponents in T 

is at least n; a contradiction. Consequently, (2; inclusion-exclusion) gives 

(M, , ... ,Mk) 
M;<;A; ( l'.5j'.5k) 
M=M1U· ··UMk 
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For a connected graph Con V = {ii , . .. , in} ~ [N] with N E JP', let 

T spanning tree o f C 

Note that this polynomial is independent of the order of the vertices of V in 

Z[xi , •• · , xN]- For a connected graph C' on V' = {i~, ... , i~ } ~ [N] where 

G ~ G' by ii <---> ij (1 :S j :S n), we have 

Let X(G) = Xi 1 + · · · + Xin and X(G)D = X(G) - I: iE D Xi for D ~ V. 

We now give our main result which we prove by induction. 

Theorem 2. For t he complete k-partite graph G on {ii , ... , in} ~ lP' 

with partition {Di , ... , Dk} where IDil = ni E lP' (1 :S j :S k) and k ~ 2, 

we have 

Proof. (Induction on n) Our result is immediately seen to be true for 

n = 2 (as Pc(Xi 1 , Xi 2 ) = 1 = x?ix?jxi1 + Xi2 )
0

) and we assume n ~ 3. In 
view of our comment above ( where Di <---> Dj = { i' : i E Di}), we need 

only find pc(xi , ... , Xn) when G = G(Ai, . .. , Ak) is the complete k-partite 

graph on [n] with partition {Ai , ... ,Ak} . Here X(G) = X of Lemma l. 

Let Li ~ Ai (l :S j :S k) , ILi l =fi (1 :S j :S k), L = Li U···U Lk and _, __, 
L = (Li , . .. , Lk)- Write Sc( L) for the set of spanning trees T of G with __, 
L ~ L(T) . Then, Sc( L) =f </> if and only if L = [n] - Ai with ni = l for 

some 1 :S j :S k or L omits vertices from at least two of Ai, . .. , Ak. Let __, __, 
£ = { L : Sc( L) =I¢} so (Ai , ... , Ak) rt £. Then, [n] - L - Ai -/- ¢if Li -/- ¢ 
(1 :S j :S k) whenever LE£. For LE L, let B(L) = {(Bi, .. . ,Bk) : 
Bi E ([n] - L - Ai)l; (1 ~ j :S k)} where Bi is the empty tuple when _, _, _, 
fi = 0. Given L = (Li, ... ,Lk) E £ and B = (Bi , . . . ,Bk) E B(L), 
let Li= {a(j,l) , ... ,a(j,fi)} and Bi = (b(j,l) , . .. ,b(j,fi)) where the _, _, 
elements of Li are written in increasing order (1 :S j :S k) . Write Sc( L, B) 
for the set of spanning trees T of G with L ~ L(T) and a(j, i)b(j, i) E E(T) 

--+ -+ -+ -+ -+ 
(1 :S j :S k, 1 :Si :S f i) . Then Sc(L, B)-/- ¢ for LE£ and BE B(L) . 

-+ -+ -+ -+ -+ -+ -+ -+ 
Also,S0 (L,B)nSc(L,C)=¢for L E£anddistinct B,C EB(L). 
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---+ --+ ---+ ---+ ---+ 
Clearly, T E Sc( L) belongs to precisely one Sc ( L, B ) with B E B ( L ) 

when LE L. Hence, {Sc(L ,B): BE B(L)} partitions Sc(L) when -L E £. Write Sc- L for the set of spanning trees of G - L. Here, Sc- [n] = -¢. Then, Sc-L =I ¢ if and only if L E .C . It is immediately seen that 
- -+ -<p : Sc(L, B) --+ Sc- L by <p(T) = T - L is a bijection when L E £ . 

Hence, for LE .C (empty product equals 1 and x? = 1), 

k rr ds(i)-1 
xi = rr (xb(j,l ) · · · Xb(j,lj) ) 

j=l SESc - L iE[n]-L 

l · 
and, consequently (Xi'uA · = 1 for ii= 0), 

3 

""' Xdr( l )-1 . . . xdr(n)-1 
~ 1 n 

TESa(L) 

rr ds(i)-1 
xi . 

SESo - L iE[n]-L 

- --We distinguish t hree cases for L # ¢, A = (A1 , ... , Ak)-

(3) 

Exactly k - 1 of the L; = A;, Assume L 1 = Ai, ... , L k-1 = Ak- 1 -with no loss of generality. Necessarily, Lk = ¢ and nk = 1 or L '/. .C . 
Here, (X~1 = 1) we calculate 

""' dr(l )-1 dr(n) - 1 _ n-2 _ xn1 -1 xnk-1 xk-2 
~ X1 ... Xn - Xn - LUA 1 . . . LUAk L ' (4) 

TESo(L) 

-since S c ( L ) contains only one tree. 

-Exactly t of the L; = A;; 1 :s; t :s; k - 2. Here L E .C. Assume 

L i = A 1, ... , L t = At, Lt+l # At+l, ... , Lk # Ak with no loss of generality. 

By (3) together with induction (G - L is a complete k - t (~ 2)-partite 

graph on [n] - L with partition {At+i - Lt+l , ... , Ak - Lk} and order 
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2 :S: n - ILi :S: n - l) , we have 

~ XdT( l )-1 ... XdT(n)-1 
~ 1 n 

TESc(L) 

(5) 

since L U A1 = L (l:::; j ~ t) . 

-No Lj = Aj; not all Lj = </>. Here L E .C. By (3) together with 
induction (G - L is a complete k (2: 2)-partite graph on [n] - L with 

partition {A1 - L 1 , ... , Ak - Lk} and order 2:::; n - ILi :::; n - l), we have 

~ dT(l)-1 dT(n)-1 
~ X1 .. ·Xn 

TESc(L) 

= xl1 ... x ek X(G _ L)n,-li-1 . . . X(G _ L)nk-ek-1 X(G _ L)k-2 
LUA1 LUAk A1-L1 Ak-Lk 

(6) 

- - -We note that L rt .C implies L A or L ~ [n] - A1 with n1 2: 
2 C l < . < k I "th xn,-1 xnk-lxk-2 0 1or some _ J _ . n e1 er case, LuAi · · · LuAk L = as 
n 2". 3. Conversely (see the second paragraph in the proof of Lemma 1), - -xz~A~ · · · xz~A~xz-2 = 0 implies L = Aor L ~ [n] - Aj with nj 2: 2 for -some 1 :::; j ~ k. In either case, L rt .C. 

Fix a spanning tree T of G with leaves M 1 U • • • U Mk where M1 ~ 

A1 (1 s; j :S: k). Then, TE Sc((L1 ,- .. , Lk)) if and only if L1 ~ M 1 
(1 :::; j ~ k) . Now, 

L (-1)IL1l+· ·+ILkl = ( L (-1)IL1I) ... ( L (-l)ILkl) 
(L,, ... ,Lk) L1~M1 Lk~Mk 

L j~Mj( l:5_j:5_k) 

=0, (7) 
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since (M1 , ... , Mk) =I=(</>, .. . ,</>). Hence (7; inclusion-exclusion) gives 

L (-l)IMI 

M=(Mi, .. ,,Mk) 
Mj<;;;Aj(l$j$k) 
M=M1LJ .. ·UMk 

" dr(l)-1 dr(n)-l _ Q L Xi ···Xn - . 

TESc(M) 

(8) 

Consequently, (8), (4- 6), our comments regarding£ and Lemma 1 give 

" Xdr(l)-1 ... xdr(n)-1 
L 1 n 

TESc(¢) 

L (-l)IMl+l 

M=(Mi, .. ,,Mk)-#¢ 
Mj<;;;Aj(l$j$k) 
M=M,u .. . uMk 

~ xdr(l) - l ... xdr(n)-1 
L 1 n 

TESa(M) 

" (-l)IMl+l xn1-l ... xnk-l xk-2 L MUA1 MuA. M 

M =(Mi, .. ,,Mk)-#¢ 
Mj<;;;Aj(l$j$k) 
M=M1U .. ·UM. 

Remark. Alternatively, the referee has suggested that it may be 

possible to give a bijective proof of Theorem 2 using a sign- reversing 

involution/pairing on the underlying k-tuples. 

Let T( G) denote the number of distinct spanning trees of a connected 

graph G. An immediate consequence of Theorem 2 is the formula for 

T(Kn, , .. . ,n.) given in Austin [1], Good [4], Egecioglu and Remmel [3] and 

Lewis [5] . 

Corollary 3. ([1], [3], [4], [5]) For n = n 1 + · · · +nk where n 1 , ... , nk E lP' 

and k 2: 2, 
k 

(K ) k-2 rr ( )n ·-1 T n, , ... ,n. =n n-nj 1 
• 

j=l 
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Proof. Clearly, 

k 

T(Kn 1 , • . • ,nk) = Pc(l, ... , 1) = nk-2 IJ (n - n 1ti - l 
j=l 

where G = G(A1, ... , Ak) ~ Kn, , ... ,nk is the graph in Theorem 2. ■ 

In particular, we have Cayley's theorem for T(Kn) -

Corollary 4. For n 2: 2, 

Proof. Clearly, 

T(Kn) = T(K1 , . . ,1) = nn-2 . ■ ..__, 

Another immediate consequence of Theorem 2 is the formula for 

pc(x1, ... , Xn) given in Renyi [7] when G is the complete graph on [n] . 
This is also a direct consequence of the encoding in Priifer [6] . 

Corollary 5. ([7]) For n 2: 2, 

Proof. Theorem 2 when G = G( {1} , ... , {n}) is the complete graph on 
[n] gives 

For a tree Ton [n], let 

n 

w(T) = L i dr(i) 
i=l 

and for a connected graph G on [n], let 

qc(x) = 
T spanning tree of G 
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A further consequence of Theorem 2 is a formula for qc(x), similar to one 

given in Egecioglu and Remmel [3], when G is the graph in Theorem 2. 

Here [O]x = 0 and [s]x = 1 + x + · · · + xs-l for s E JP'. 

Corollary 6. For the graph G in Theorem 2, 

k 

qc(x) = x(nti)+n-2 [n] ~-2 II {[s j-ilx + xsi[n - Sj]x} n;-1 . 
j=l 

Proof. Clearly, 

Qc(x) = x (nt' )pc(x 1 , x2 , .. . , xn) 

k 

= x(nt')+n- 2 [n]~- 2 II {[sj- l]x + xsi[n - Sj]:r:} n;-1. ■ 
j=l 

Formulas for 

T spanning tree of G 

where 
n 

w(T) = L J(i) dr(i) 
i=l 

and f( i) is a (nonnegative integer-valued) function of i can immediately be 
given by finding Pc(xf(I), x f (2), ... , x f (n)). 

Let T(G; d1 , . . . , dn) denote the number of spanning trees T of a 

connected graph G with vertex set [n] where dr(i) = di (1 ~ i ~ n). 

Our final result is a formula for T(Kn 1 , .. • ,nk; d1 , .. . , dn)-

Corollary 7. For n = n 1 + · · · + nk where n 1 , . .. , nk E JP' and k ~ 2, 

= L, { IT ( . ni - l . ) } ( k - 2 ) 
i=l d(J, 1 ), . . . , d(J, n) d(k + l , 1), . .. , d(k + l, n) 

where the sum is over all (k + 1) x n matrices D = [d(j, i)] of nonnegative 

integers where d(j , 1) + • • • + d(j, n) equals ni - l (1 ~ j ~ k) and k - 2 

(j = k + l); d(j , i) = 0 (1 ~ j ~ k, Sj-l + 1 ~ i ~ si); and d(l,i) + · · · + 
d(k + 1, i) = d; - 1 (1 ~ i ~ n). 
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Proof. For the graph G = G(A 1 , ... , Ak) ~ Kn, , ... ,nk of Theorem 2, we 
have (as in (1) ) 

T(Kn, , ... ,nk;d1, • • .,dn) 

= coefficient of xf 1 -l · · · x!n -l in Pc(x1, ... , Xn) 

= L { IT ( nj - l ) } ( k - 2 ) 
i=l d(j, 1) , ... , d(j , n) d(k + l , 1), ... , d(k + l , n) 

where the sum is over all (k + 1) x n matrices D = [d(j, i) ] of nonnegative 

integers where d(j , 1) + · · · + d(j , n) equals nj - l (1 :S j :S k ) and k - 2 

(j = k + l ); d(j , i) = 0 (1 :S j :S k , Sj - l + 1 :Si :S Sj); and d( l ,i) + .. · + 
d(k + l , i) = di - l (1 :S i :S n). ■ 

Acknowledgement. I wish to thank the referee for his insightful and 

informative comments. 
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