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Abstract: Drapal and Kepka (1989) proved that if I is a latin 
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O(logp), where pis the sma llest prime that divides n. We give 
a n a lternat ive proof of th is result . 
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1. BA K ;ROUND INFO R 4ATIO 

The concept of inter ect ions between latin squares a nd the concept of 
latin trades a re closely related . Given two di tinct latin squares L1 and 
L 2 of t he same order , t he set of elements of L 1 which differ from L2 is a 
latin trade. Conver ely, any latin t rade may be constructed in this way. 

Drapal and Kepka [6] proved that if L is a la tin square of order n 2'. 3 
then the in tersect ion between L and B 11 (-::/- L) , t he back circulant lat in 
sq uare , is at least 4 if n i even . or at leas t e log p + 3, where p is the least 
prime that divides n , if n is odd. Equ ivalent ly, the size of the smallest 
lat in trade in B 11 i. at least O(logp). Th is note presents an a lternative 
proof of this resul t. The approach taken is acce sible to readers with a 
combinator ics background. 

I t is conjectured that we can construct a latin trade of order bounded 
by O( logn) in B ,, for any n. Drapal ([4]) has shown t hat for any n 2'. 3 
t here exists a latin trade of size at most O(logn2 ) in the back circulant 
latin square of order n. In doing so he prm·es that certain triangu lat ions 
of t lie in tegral plane correspond to lat. in trades in B ,, . 

Latin trndes a rr. essent ia l for construct ions of critical sets in latin 
squares (see, for example, [2] and [3]). 
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2. DEFINIT IONS 

The linear algebraic notat ion used in this paper is consistent with [1] . 
Let N = {O, 1, 2, . .. , n - l}. A partial Latin sq'uare P of order n is a set of 
ordered triples of elements of N such that 

1. if (i, j , k) , (i ' , j , k) E P , then i = i ' , 
2. if ('i, j , k) ,(i, j' , k) E P , thenj=j' and 
3. if (i,j, k) , (i , j , k') E P then k = k'. 

If (i, j , k) E P we say that the entry k occurs in row i and column j (or 
cell (i , j)) of P. Thus we may think of Pas an n x n array of integers 
chosen from N in such a way that each element of N occurs at most once 
in each row and at most once in each column of the array. 

If every cell of the array contains an entry then the partial latin square 
is termed a latin square. That is , a Latin square L of order n is an n x n 
a rray with entries chosen from the set N = { 0, 1, . .. , n - l} in such a way 
that each element of N occurs precisely once in each row and precisely once 
in each column of the array. Let En denote the back circulant latin square 
of order n . That is , if the rows and columns are labelled zero to n - l , then 
for all positive integers n , En = {(i,j, i + j(mod n)) IO::; i , j::; n - l} . 

Two partial latin squares are said to be isotopic if there exist three 
permutations a , /3, 1 of the set N such that (i , j , k) E P if and only if 
(o:(i) , /3 (j) , ,(k)) E Q. . 

For a given partial latin square P the set of cells Sp = { ( i , j) I 
( i, j , k) E P , for some k E N} is said to determine the shape of P and 
ISPI is said to be the size of the partial latin square. That is , the size 
of P is the number of non-empty cells. For each i, 0 ::; i ::; n - l , let 
R~ denote the set of entries occurring in row i of P . Formally, R~ = 
{k I there exists j , (i , j , k) E P} . Similarly, for each j , 0 :S j S n - l , 
we define C~ = {k I there exists i, (i,j , k) E P}. We will a lso need 
Et= {(i,j) I (i , j , k) E P} and [(P) = {k I there exists i, j , (i , j , k) E P}. 

D efinition 1. A partial latin square I( cf: 0) of order n is said to be a 
la tin trade if there exists a partial latin square I' ( called a disjoint mate 
of I) of order n , such that 

1. S1 = S1, , 
2. for each k E £(I) , [j n [j, = 0. (Or if (i,j , k) EI and (i,j, k') EI' , 

then k -1- k'.) 
3. for each i , 0::; i::; n - l , R} = R}, , and 
4. for each j , 0 ::; j ::; n - l, CJ = C},. 

Example 2. Figure 1 shows a latin trade I in B 7 , together with the latin 
square formed by replacing I with its disjoint mate I' . The entries of I 
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and J' a re shown in ita lics . Nine is t he smalles t possible size for a lat in 
t rade in E 7 [7]. 

0 1 2 3 4 5 6 4 1 2 3 0 5 6 
1 2 3 4 5 6 0 1 2 3 4 5 6 0 
2 3 4 5 6 0 1 2 3 6 5 4 0 1 
3 4 5 6 0 1 2 3 4 5 0 6 1 2 

4 5 6 0 1 2 3 0 5 4 6 1 2 3 
5 6 0 1 2 3 4 5 6 0 1 2 3 4 

6 0 1 2 3 4 5 6 0 1 2 3 4 5 

Figure 1 

3. A LOWER BO UND 

T he size of the smallest lat in trade found in any latin square is four. 
Such lat in trades are called in tercalates , and exist in En whenever n is 
even. 

In t his ection we establish a lower bound for the size of a la tin trade in 
E n , for any odd n 2 3. To do so we t a ke an arbitrary latin trade I in E 11 

a nd exploit the group properties of (~ , +) to estab li h a set of equations 
involving the entries of I. We t hen m ake use of some !in ar algebra, and 
later on even some calculus! Bu t first of a ll we need a couple of sma ll 
lemmas. 

Lemma 3. If J is a latin tade and if ll'J'I 2: 1, fo r some k E N , then 
ll';' I 2: 2. 

Proof. Suppose there exists a latin t rade I and entry k with ll' j I = l. 
Let I' be a disjoint mate of I . Then by condition 2 and 3 of Defini t ion 
1, R} = R} , , and there exists j' i= j such that (i , j' , k) E J' . But from 

condition 4 of Definition 1, C{ = cf'., and there exists i ' f i such that 
entry (i ' , j' , k) E J , and ll'f I 2: 2. D 

Lemma 4. If J is a lat in trade then ll'(J)I 2: 2. 

Proof. Suppose that I is a lat in trade and ll' (J)I = l. Let l'(J ) = {k} , 
and (i , j ) E l' ;'. Let J' be a disjoin t mate of I . Conditions 1 and 2 of 
Definiti on 1 tells us that there exists k' f k, with (i , j , k') E J'. But from 
condit ions 2 a nd 3 of Definition 1, (i,j ' , k' ) E J , for some _j' f j. This 
contradicts our original assumption. □ 

The following procedure indicates how a matrix equation may be de­
rived from a given latin traclP. in E 11 • This is the first step in obtaining the 
lower bound given in Theorem 9. An example of this procedure is given 
in Exa mple 11 . 
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Consider a la tin trade I in a back circulan t la tin square of order n , 
together with a di. joint mate I'. Let [ (I) = { x 1 , x 2 , . . . , Xm + i } ~ N. We 
know from Lemma 4 that m 2: l. Because of the cyclic t ructure of Bn, 
the set 

{ (i - Xm+ J , j , k - Xm+J (mod n)) / (i , j , k) E I} 
is a lso a la tin t rade in B 11 , and is isotopic to I . Thus we can assume 
wit hout loss of generality that Xm+ I = 0. 

Now, let b = /£J' / (the number of occurrences of x 1 as an entry in I) . 
From Lemma 3, b 2: 2. Let S = [J' and S ' = [f,' . Then 

S = {(i1, ji) , (i2 , j 2), · · · , (i b, jb )} , 

for ome integers i1 , i2, .. . ib, j 1, jz , .. . j b. Also, 

S' = {(i1, Ja( 1)), (i2, Ja(2)), · · · , (ic, Ja (b))} , 

where o is some devolution of the set {l , 2, .. . , b} . 
Observe that: 

b b 

I)iy + Jy) = I)iy + i a(y)). 
y = I y = I 

But each (iy + Jy) = x1 (mod n) , and each (iy + i a(y)) = X k (mod n) , for 
some k , where 2 :S k S m+ l. This gives us an equation 

(1 ) bx 1 b1 2X2 + · · · + b1 mXm + b1m+ 1Xm+1 (mod n) , 

where L:,~1 b1i = b 2: 2, and Xm+ I = 0. (Let Q C I be the par tial latin 
square with the same shape as S' . Then b1 i = /£Q' /.) From the definition 
of congruence modulo n , we may rewrite equation (1 ) as : 

where all = b, a 1; = -b.li :S O and c1 is some integer. Observe tha t 
L::1 a1 ; = b - L:: 2 b1 ; = b1 m+1 2: 0. 

We repeat this process for the entries x ;, 1 :Si :S m , to obtain equations 
of the form : 

In each case a ;; = /£;' / 2: 2 (by Lemma 3), a;j S O if i ,j; j , and 
L7~1 a ;j 2: 0. Let A E .Mmxm(Z ) be the matrix given by A = [aij] 
(where 1 :S i , j Sm) , X the column vector (x1, x2, ... ,xm )1 and B the 
vector ( c1 , c2 , .. . cm/. We say that A is a ma trix derived from the la tin 
trade I. Then AX = nB , or equivalently 

X = det~A) adj(A)B , 

where adj(A) is the adjoint of A, a matrix with integer entries. Next we 
explore some properties of det(A) . 
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Lemma 5. If I is a lati n trade in the back circulan t latin square of order 
n, t hen gcd (n,det(A)) > 1, where A is any matrix derived from I . 

Proof. Let I be a latin trade in E n, and let A be a matrix derived from 
I . Then , as above, we have a ma trix equation X = n x adj (A) B / det(A), 
where adj(A) i the adjoin t of A , a matrix with integer entries. The 
elements of X are the non-zero entries that occur in cells of I , so they 
must lie between 1 and n - l. However , if gcd(n,det(A)) = 1, each entry 
of X is divisible by n , contradicting the previous statement. □ 

Definition 6. Let A= [ai1] be a matrix in Mm xm (IR) . We say that A is 
a trade matrix if it satisfies the following properties, for all 1 :S i, j :S m: 

l. aii > 0, 
2. a ij :S O (i =I= j) , 
3. I:;:1 % ::::: o. 

Any matrix A derived from a latin trade I is a trade matrix. T he 
following lemma gives an upper bound on the determinant of a t rade 
matrix , in terms of its diagonal elements. 

Lemma 7. If A = [a;1] E Mm xm(IR) is a trade matrix, then det(A) :S 
n::1 a;;. 

Proof. The proof is by induction on m, and es ent ially involves row re­
duction of A. 

If m = 1, det(A) = all , so the lemma is t rue in thi case. Otherwise 
assume that m :::0: 2, and that for any trade matrix with m - 1 rows and 
columns, its determinant is no greater than the product of its diagonal 
elements. Let B = [b;1] be the (m - 1) x (m - 1) matrix obtained from A 
as follows. For a ll i , j , 1 :S i,j :S m - 1: 

b;1 = a ;+1,j+1 - a;+1 ,1a1 ,j+ 1/a11. 

Observe that det (.4) = a 11 d t(B). We will show that B is a trade mat rix. 
Fir tl y, if i =I= j then a ii 2 la•ij 1- (This is a consequence of conditions 

1, 2 a nd 3 in Definition 6. ) It fol lows that a;1 a 1 i :S a ;; a 11 , for a ll i, 
2 :S i :S m. If equali ty holds for any i, then det(A) = 0, and certa in ly 
det(A) :S n7,:, 1 a ;; in this ca e. Otherwise for a ll i , 1 :S i :S m - 1, 
CL;+1 ,1a1 ,i+1 < a ;+1,i+ 1a1L , and 

b . _ . . _ Cl-;+1 ,1CL1 ,i+ l > O 
ii - a ,+ 1.i+l · 

a I 1 

Therefore condition 1 of Defini t ion 6 holds for B. 
Now we check condi tion 2. If i ::/= j and 1 :S i, j :Sm - 1, 

b 
a; +1, 1a1 ,j+1 

i j = Cl;+ J ,j 1 - ---~- '.S Cl i+ I ,j+l :S 0, 
a11 
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since a;+ 1 , l and CLt. j+ l arc both non-posit ive. Thus b;1 :::; 0 and condition 
2 holds. 

Next, 
n i- 1 

m-1 

Lbij > 
j= l 

m 

L (a ;+ 1.J - a;+1, t a 11/a ll ) 
j =2 

a;+ 1,1 ) 
- a;+ 1,1 - --(- a11 = 0. 

Cl I l 

Thus condition 3 holds , and we have that B is a trade matrix. 
But from our inductive hypothesis, 

m-1 m 

det(B) :::; IT b;; :::; IT a ;;, 

i = l 

and so det(A) :S rr::1 a;; . 

Lemma 8. For a ll integers m 2: 1 and p 2: 2, mp11111 2: e logp. 

Proof. Consider the derivative of mp1 / m with respect to m: 

d pl / m + m - ( e logp/m) 
dm 

pl / m - 1ogp e logp/m 

m 

p l/ m(l - logp/m) . 

□ 

Setting the first deriva t ive to zero gives us m = logp. The second deriv­
at ive is: p 1 /m 1ogp/m2

. This is a lways positive, so m = logp gives us a 
minimum value for the expression mp1 / m. Thus, 

mpl / m > 1ogp X pl / logp 

logp x ( e 10g p)l / Iog p = e logp. 

□ 

Theorem 9. If I is a latin trade in B n, then III 2: re logp + 21, where p 
is t he smallest prime that divides n. 

Proof. Let J be a latin trade in B n, let A a matrix derived from I and let 
gcd(n,det(A)) = g. From Lemma 5, g > l and thus g 2: p , where pis the 
least prime that divides n. Suppose that the number of distinct entries in 

16 



I ism+ 1, and that the diagonal entries of A are a 11 , a 22, . .. , amm· · Then , 
together with Lemma 7, we have that 

m 

p ~ g ~ det(A) ~ II a ii · 

i= l 

Under this constraint , 
m 

III 2 2 + L aii 2 2 + mpl / m_ 
i= l 

(Since I::7~1 aii is minimized when a 11 = a22 = a 33 = · · · = amm , which 
implies that each a ii 2 p1 /m . Also, there are at least two cells of I 
containing the (m+ l)th entry.) But Lemma 8 shows that mp1/m 2 e logp 
and we have III 2 e logp + 2. D 

Coro llary 10. If L is a latin square of order n and L =/:- En , then IL n 
E nl 2 I e logp + 27 , where pis the sma llest prime that divides n . 

Proof. This corollary follows from the rela tionship between latin trades 
a nd inter ections between latin squares. D 

Example 11. Consider the latin trade I and it disjoint mate I' given in 
Figure 2. 

]l ]2 J3 J 4 J5 
X3 X2 X4 X i X2 X4 X i X3 

X2 X4 X 3 X3 X2 X4 

X J X 4 X4 Xi 

X3 Xi X 1 X3 

I I' 

F igure 2 

Suppose that I i contained in th latin quare En. We shall derive a 
matrix A from the latin trade I , as in the procedure that follows Lemma 
4. We may let x 4 = 0 without loss of generali ty. 

The sets of cells containing t he entry x 1 in I and I' are given by: 

S = {(i 1, J4),(i3 , )3),(i4, j 5) } and S ' = {(i1 , j 3),(i3, j 5) , (i4,j4) } 

respectively. Observe that 

(i1 + j4) + (i3 + 13) + (i4 + j 5) = (i 1 + }3) + (i3 + j 5) + (i4 + j4) . 

By considering each of these sums within the latin trade I in E n, we get 
3x1 = x 3 + 2x 4 (mod n), or equivalen t ly 3xi - X3 = bin for some integer b1 . 

Following the ame procedure for entries x 2 and X 3 we obtain equations 
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2x2 - :c 3 = b2n a nd 3:r 3 - 2:r , - X2 = b3n , for some in tegers b2 a nd b3 . 

Then AX = nB , where X = (x 1 ,x2 ,x3 )
1

, B = (b 1 , b2 , b3 ) 1 and 

A = ( ~ 
- 2 

0 
2 

-1 

-1) - 1 . 
3 

The determinant of A is 11. (Note that this is no greater than the product 
of the diagonal entries of A , as per Lemma 7.) In fact , a solu tion to 
AX = llB is given by X = (1, 7, 3) 1 and B = (0 , 1, 0) 1, and I can be 
embedded in B 11 . A corresponding la tin trade in B 11 is given in Figure 
3, together with its disjoint mate. 

0 1 3 7 
1 0 

3 1 

7 0 3 

The latin trade I embedded in B 11 . 

1 3 7 0 
0 1 

1 3 

3 7 0 

The disjoint ma te of the above latin trade . 
Figure 3 
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