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1 Introduction 

Let I1 = ( P, L) be a projective plane of order n . A blocking set in IT is a 
set B o f points such that fo r every line 1 of fl there is at least one point 
of 1 in B , but 1 is not entirely contained in B . Blocking sets have been 
extensively studied, see for example, Berardi and Eugeni [2]. 

A semioval in II is a set S of points such that for every point P E S 
t here is a unique tangent to S containing P . Here, as usual, a tangent to 
S is a line of IT meeting S in exactly one point. The concept of semioval is 
a generalization of the concept of oval. An oval in IT is a set of n + 1 points 
such that no three are collinear. Since two points in IT lie on a unique line, 
and since there are n + 1 lines through a point of fl, it is clear t hat an oval 
is a semioval. Ovals have also been extensively studied, but semiovals have 
so far received little attention . (See Hughes and Piper [5], Chapter XII. ) 

One type of semioval that has recently received some attent ion is the 
blocking semioval. A blocking semioval in TI is a blocking set that is also a 
semioval. That is, a blocking semioval is a set S of points in II satis fying: 
(1) e very line 1 of IT con tains a poin t of Sand a point not in S ; (2) fo r every 
point P of S there is a unique tangent to S containing P . One interesting 
aspect o f a blocking semioval is that it is both a minim al blocking set and 
a m aximal semioval [4]. 

Batten [1] ini t iated t he study of blocking serniovals when she showed 
t hey had an important role to play in cryptography. Dover [4] discovered 
bounds on the size of a blocking semi oval S and on the size of Sn l , where 
1 is a line of TT . Furthermore, Dover [4], Dover and Ranson [6] ve rified the 
exis ten ce of some infini te families of blocking semiovals. 

A vertexless triangle in t he proj ective plane 11 is constructed as follows. 
Let 11 , l 2, 13 be three non concurrent lines in IT , t hat is, they do not 
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meet in a common point . If P 1 , P2 , P3 are the three points of intersection 
determined by 11 , 12, 13, then the set (l 1 U l 2 U l3 ) - {P1 , P2 , P3} consisting 
of the points in the three lines di fferen t from Pl, P2, and P3 fo rms a 
vertexless t ri a ngle. See Figure 1. 

0 

o ______ o 

Figure 1. Vertexless Triangle 

For n > 2, a vertexless triangle Tis a blocking semioval. (If Q E T is 
in the line li then the line determined by Q and lj n l1e is the tangent to T 
through Q.) All other known blocking semiovals have been found only in 
desarguesian projective planes. 

In this article we give an example of a blocking semioval occuring in a 
nondesarguesian plane. Our example occurs in the translation plane coor­
dinatized by the nearfield o f order n. It probably can be extended to all 
nearfield pla nes of order p 2 , p a prime. The example is not a vertexless 
triangle, the only other known blocking semioval occuring in a nondesar­
guesian plane ; so it is new. Suetake [7] studied some blocking semiovals 
in PC(2, n) with nontrivial homologies and constructed three families of 
blocking semiovals. 

In Section 2 we recall the definition of the nearfield of order 9. In Section 
3 we give some background information on blocking semiovals. In Section 4 
we describe the new blocking sP.mioval and show that it is not a vertexless 
triangle. 

2 Coordinatizing a projective plane using a 
nearfield 

Let F be the fi eld of nine elements obtained by adjoining to GF(3) the 
element a satisfying a 2 + 1 = 0 or a.2 = 2. The nearfield K of order nine 
can then be d efined as follows. The elements of K are the elements of F 
and the addition of K is t hat of F. The multiplication, denoted by ·, in 
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the nearfield K is given by 

a -b = { 
ab if b2 E G F(3) 
a3 b if b2 f/ GF (3) 

Here t he multipli cation on t he right is t hat of F [3]. 
A projective pl ane N coordinatized by K can b e defined as follows. 

F irst, t he affi ne plane A coordinatized by K consists of t he points (a, b), 
where a , b E K . The lines of A are given by equations of t he form 

y= x -m+k, 

and 
X = a, 

m , k E K 

a E K 

(1) 

(2) 

For example, an equation of type (1) represents t he set of p oint s (a, b) wi th 
b =a • m + k . An equation of type (2) represents t he set of points (a, b), 
where a is fixed and b ranges over all of K . A line of type (1) is said to 
h ave slope m . A li ne of type (2) is said to be ver tical. 

To obtain t he projective plane N we add to the affine plane A points 
( m ), one for each m E K . Furt hermore, we requi re t hat fo r each m all lines 
of slope m in A go t hrough (m). [That is, we add (m ) to each of t he sets 
y = x · m + k. ] Also, we add one more point (oo ) to A , and we add the 
point to each ver t ical line. Finally, t he points (m), m E K, and (oo) fo rm 
a new line called the line at in finity. 

It is in t he projective plane N , somet imes referred to as the Hall plane, 
t hat we find a new blocking semioval, which is described in the next section . 

3 A new blocking semioval in the nearfield 
plane of order 9 

In t he projective pl ane N of Section 2 consider the set S' consisting of all 
p oints in N satisfying t he equat ion 

y2 - x2 = l. (3) 

O ut of t he 92 + 9 + 1 = 91 points of N , t here are 20 points satisfying the 
equation (3): 

(1, a) (2, a) (a, 0) 
(1,a +l ) (2,a+ l ) (a +l ,0) 
(1, a + 2) (2, a+ 2) (a+2, 0) 

(1, 2a) (2, 2a) (2a, 0) 
(4) ( l ,2a + l ) (2, 2a + 1) (2a + l , 0) 

(1, 2a + 2) (2, 2a + 2) (2a + 2, 0) 
(0, 1) (0,2) 
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These points are the elements of S' . 
Of the 20 points of S' there are 18 with a unique tangent as given in 

Table 1: 

Point 
(1, a) 
(1,a+l) 
(l,a+2) 
(1,2a) 
(l,2a+l) 
(1, 2a + 2) 
(2, a) 
(2, a+ 1) 
(2, a+ 2) 
(2, 2a) 
(2, 2a + 1) 
(2 , 2a + 2) 
(a, 0) 
(a +l,0) 
(a+2,0) 
(2a, 0) 
(2a + 1, 0) 
(2a + 2, 0) 

Tangent Line 
y = x • 2a + 2a 
y = x • (2a + 2) + (2a + 2) 
y = x · (2a + 1) + (2a + 1) 
y=x•a+a 
y=x • (a+2)+(a+2) 
y = x •(a + l ) +(a+ 1) 
y = x ·a+ 2a 
y = x • (a+ 1) + (2a + 2) 
y = x •(a+ 2) + (2a + 1) 
y = x · 2a+ a 
y = x • (2a + 1) +(a + 2) 
y = x · (2a + 2) + (a+ 1) 
x = a 
x =a+l 
x=a+2 
X =2a 
X = 2a + 1 
X = 2a+ 2 

Table 1: Tangents to the Set S' 

The last two points of S' lis ted in ( 4) each have three tangents as given 
in Table 2: 

Point 
(0, 1) 
(0, 2) 

Tangents 
y=l, y=x+l, y=x-2+1 
y = 2, y = X + 2, y = X · 2 + 2 

Table 2: Points of S' with Three Tangents 

Furthermore, there are exactly three lines which do not intersect S'; 
they are 

y=x, y = X · 2, £00 , the line at infinity (5) 

All other lines of N intersect S'. For example, Table 3 lists the lines through 
the point (1, a) and their points of intersection with S'. 
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Lines Through (1, a) 
x =l 

y=a 
y=x+(a+2) 
y=x •2+(a+l) 
y = X·CX 

y =x•(a+ l )+2 
y = X · (a+ 2) + 1 
y = x • 2a + 2a 
y = x • (2a + 1) + (2a + 2) 
y = x • (2a + 2) + (2a + 1) 

Points of In tersection with S' 
(1, a), (1, a + 1), (1, a+ 2), (1, 2a), 
(1, 2a + 1), (1, 2a + 2) 
(1, a), (2, a) 
(1, a), (2, a + 1), (2a + 1, 0) 
(1, a), (2, a + 2), (a + 1, 0) 
(1, a), (2 , 2a) 
(1, a) , (0, 2), (2a, a+ 1), (2a + 2, 0) 
( 1, a), ( 0, 1), ( 2, 2a + 2), ( a + 2, 0) 
(1, a)[ Tangent at (1, a )] 
( l ,a), (2a, 0) 
(1, a), (a, 0) 

Table 3: Lines Th rough (1, a) and Their Intersections with S' 

The above shows that t he set S' does not form a blocking set - not every 
line of N intersects it - nor dot>,;; it form a semioval - t here a re points with 
more than one tangent . However, considering Table 2 and (5), we see that 
adding the points (1) and (2) to S' to form a new set S of 22 points does 
give a bl ocking semioval. 

By adding points (1) and (2) the points (0, 1) and (0, 2) now have unique 
tangents y = 1 and y = 2, respectively. Furthermore, the line y =xis now 
tangent to the point (1) , the line y = x • 2 is now tangent to the p oints (2) , 
and e00 , the line at infini ty, meets the expanded set S in t he two points 
(1) and (2). A computation by hand shows that every line of N meets 
the set S in 1, 2, 4, or 6 points only. For example, looking at Table 3 
we have one tangent y = x • 2a + 2a, one line (x = 1) meeting S in six 
points, four lines (y = x + (a+ 2) , y = x • 2 +(a+ 1) , y = x •(a+ 1) + 2, 
y = x • (a + 2) + 1) m eeting Sin four points, and four lines (y = a, y = x • a, 
y = x · (2a + 1) + (2a + 2), y = x • (2a + 2) + (2a + 1)) meeting Sin two 
p oints. 

The set S cannot be a vertexless t ri angle . For by Ranson [6; Lemma 
2.1 ] for a verLexless t ri angle in a projective plane every line meets iL in 
eit h er 1, 3, or n - l points, where n is t he order of t he plane. Since S has 
lines meeting in 2, 4, o r 6 points it cannot be a ve rtexess t ri angle. Thus we 
have : 
Theorem: Th e se t S consisting of the 20 points given in (4) and the poin ts 
(1) and (2) is a blocking semioval in the nearfield plane N of order 9. 

\Ve also note t hat fo r a blocking scmioval B in a projective plane N of 
order n t he s ize /B / is bou~ded [4] by 

2n+ 1 :S: /Bl :S: nvfn+ l 

23 



our blocking semioval S satisfies these bounds. 

4 Future directions 

By hand computation we have found a blocking semioval in the nearfield 
plane of order 9. Except for vertexless triangles, it is the first example of a 
blocking semioval in a nondesarguesian projective plane. 

An in teresting question is: Can the construction be extended to larger 
nearfield planes of order p 2 , p a prime? That is, can the solutions to the 
equation 

y2 - x2 = 1 (6) 

in a nearfiled plane of order p 2 lead to a blocking semioval? It seems very 
plausible. However, to answer the question a more theoretical attack is 
needed . For example, in the nearfield plane of order 72 = 49 there are 176 
points satisfying (6) . 

It would also be interesting to consider equation (6) in the context of 
certain semifield planes. 
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