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Abstract 

A tot.al dominating se t o f a graph C = (V, J;;) is a set 8 o f verti ces 

such that every vertex is adjacent Lo a vertex in S. Defin e td (C) as 

the minimum number o f edges that must be added LO C to ensure a 

partitio n o f V into two total d orni11ati11g set.s o f the rc;; ulting g raph . 

We show that if C is a I.rec, Ll1 c r1 f.(C)/'2 s; td(C) s; f.(C) / '2 + I , 

where f.( C) is the number or leaves o r G . 

1 Introduction 

We generally use the de finitions and te rminology of [2]. Le t, C = (V, B) 

be a graph. For v EV, the (open ) neighborhood of v, denoted by N(v), is 

defined by { u E V I uv E E}. /\ se t S ~ V is a dominating set o f C if for 

every vertex u E V - S, there exists a vertex v E S such that. 1w E E . A 

dominating set. 8 is a total dominaling set if every vertex in Sis adjacent. 

to another vertex of S and a reslrnined dominating sel if every vertex in 

V - Sis adjacent l.o another ve rtex of V - S' . Note that cvc:ry graph has 
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a restrained dominating scL a nd every g raph withou t, isolates h rl.5 a LoLal 

dominating seL, si nce S = V is such a set.. 

To Lal domination in graphs w,L'> inLrodu ced by Cockayne cL al. [:I] and 

restrained domination by Domke cL al. ['1] . l3ot.h total and res t.rained dom

ination arc now well s tudied in graph Uwo ry (sec, for example, [6, 7]). 

A classical resu lL in domination theory is that if S is a minimal domi

nati ng set o f a graph C wiLhouL isolaLes, Lhcn V - S is a lso a dominating 

set o f C. Thus, t he verlex scL of every graph without any isolates can 

be partitioned in to two dominat.ing seLs. I lowcver , iL is not Lhc case LhaL 

the ve r tex scL o f every gr aph can be part.iLioncd into two Lot.al dominaLing 

sets. For example, the vcr Lcx set o f C,, cann oL he partiLioncd in Lo Lwo Lot.al 

dominating sets. 

fo r a g iven graph G, I lcgg<:rncs a nd Telie [ ] established that the dec is ion 

problem whcLhcr then: is a part.it.ion o r V (C) i11 1.o Lwo Lot.al dominating sets 

is N P-complct.c , even if C is h ipart.i t.c. 

A partition o f t.hc vertex se t. can also be t.houghL o f as a coloring. In 

parLi cular , a partition in to two t.otal dorninaLing sets is a 2-coloring o f Lhc 

g raph su ch LhaL no vcrLcx has a monochromati c (open ) neighborhood . As 

an example o f such a 2-coloring in Kn wiLh n 2: '1 , Lake any 2-coloring wiLh 

a t. least two vertices o f each color, while in K m,n wi th rn, n 2: 2 Lake a ny 

2-colo ring where neither pa rt.i ce set is rnonochromaLic. 

Ze linka [!I, 10] showed I.h at. no minimum degree is suffi cient. t.o guarani.cc 

t he ex is tence o f t.wo tot.al dominating sct.s. Conside r t.hc bipartite graph 

C~ fo rmed hy Laking as one partite set. a set. /I of n c lcrnent.s , and as Lhc 

ot.he r partil.c set. a ll the k-clement s ubsct.s of / \ , and joining each c le ment 

of/\ LO Lhosc subsets it. is a m crnb<:r or. Then C~ has minimum ricgrcc 

k. /\s observed in [9], if n 2: 2k - l Lhcn in any 2-eoloring o f /I at. leasL k 

vcrLiccs mus t. rccciivc t.hc same colo r, and Lhcse k arc Lhe neighborhood of 

some ver tex. 

In contrast, Calki n and l)ankclmann [l ] and f cigc ct. al. [5] have shown 

t.haL if Lhc rrmxirnurn deg rc:c: is no t. t.oo larg<: relat.iv<: t.o Lhc minimum degree, 

t.hcn suffici ently large rninirn11m degree g1mrnnl.<!CS arbitrarily many disj oint. 

dorninaLing set.s, and hence Laki ng union of pairs, a rbitraril y many <lisjoinL 

Lot.al <lominat.ing sct.s. 

In Lhis paper we consider t.hc ciucsLi on or !tow many edges must. be added 

Lo C Lo ens ure t.hc part.i t. ion of V in l.o two Loi.al dominaling sets in t.hc 
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res11l t ing graph . We denote thi s mi nimum number by ld (C ). The answer is 

the same for res trained domination: in racL, a partition o f V into two total 

dominating sels is exact ly Lhc same as a par t.it.ion o f V int.o t.wo restrainc~d 

dominatin g seLs. IL is clear that. ld (C ) can onl y exist for graphs with aL 

least fo ur vcrt. ices (we do not. a llow loops) . J\ s observed ear li er , ld ( Kn ) = 0 

with n 2:: !\ a nd ld ( l<m,n) = 0 with m, n 2'.'. 2. 

We calculate ld ( C ) when C is a cycle Cn or a palh Pn on n 2:: !\ ver tices. 

We s how Lhat if Tis a t ree with f, leaves, then f./ 2 ~ ld (T ) ~ f./2 + I . 

2 Cycles and Paths 

In th is sect.ion we calcul at.0. ld (C ) wht:n C is a cycle Cn or a paLh Pn on 

n 2 !\ ve rt ices. 

/\. useful extensio n in a path is a slepwise coloring which is a 2-color ing 

of t.h(! ver ti ces such I.hat. no V(:rl.ex of degrc:c 2 has a monochromat. ic neigh

borhood. If one specifics t he color o f t.wo consecut ive ver t ices, UJC! n Lhere is 

a 11nique stepwise coloring wh ich extends thi s. T he same is I. rue if one has 

a path wit h a n even number of ve r tices , and one specifics t. he colors of the 

two end-ve rt ices . 

Le mma 1 (a ) For lhe cyde en 11/'ilh 1l 2 !J, l rl (Cr.) = () ~/ tJ In 11,nrl I 

olherwise. 

(b) !-'rJ'f" lhe palh t>n on n 2 tJ verlices, lrl(J>n ) = I i/ !J in and 2 olherwise. 

J>i lOOF. (a) Suppose Cn is Lhe cycle v 1,v2 , ... ,vn,v 1. If lrl (Cn ) = 0, the n 

vert ices at d ista nce t.wo apart rrlllst. have oppos ite co lors in the associated 2-

coloring, and son is a multip le o f !J . Con versely if n is multiple o f!\, color a ll 

ver tices vj with j = 0 , I ( mod!\) red a nrl a ll Lhe remaining ver ti ces blue Lo 

p rociu ce a 2-coloring in whi ch no ver tex has a m onochromatic neighborh ood. 

llcncc, ld (Cn) = 0 if and onl y if !\In. It. rema ins Lo show that. ld(Cn) ~ 1. 

Ir n is od d, let. v 1 b e colon:d n :d , t. hc n color t.h c V(·:rt.ices in ordc~r v:1, vs , 

.. . , Vn _ 2 , v2 , ... , Vn 1 wit h t.h c co lo rs b llw a nd red such t hat. ca.ch ver Lcx 

receives the opposite color Lo t h(: p revio usly colored vertex. Then both v 1 

a nd Vn - 1 a rc co lo red red a nd Vn is t. hc onl y ve rtex wit.h a monochromatic 

neighborhood. Since v:1 is colored blue, no vertex will h ave a monochrornat.ic 

nei~hhorhood in C + v:iVn- I lcncc, ld(Cn) ~ 1. 
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Suppose n = 2 ( m o d ti ). Colo r a ll vertices v_7 with j = 0, I ( mod ti ) re d 

and all the remaining ve rti ces blue . Adding the l!dge v 1 Vn - 2 and recoloring 

v" _ 1 with the co lor blue produ ces a 2-co lo ri ng rn which no ver tex has a 

mo noch romat ic ne ig hborhood . I kn ee, ltl(Cn) :S: I . 

(b ) Sin ce a graph wit.h two di sjo int Lo t.a l d ominating se t.s has minimum 

degree at leas t, 2 , ld (l >n ) = I if a nd onl y if ld(Cn) = 0. ll e nce, by p a rt (a), 

ld ( Pn) = l if and o nl y if !\In . Since ld(/'n ) :S: ld (Cn) + 1, the desired result 

fo llows from p a rt (a) . □ 

3 Trees 

Sin ce a graph with 1.wo 1.o t.;1\ dnrni11at.i11g sel.s has 1ni11i11111m deg ree 2 , in 

general fo r Ta t.rec wi t.h e leaves, lrl(T ) 2': fl. / 2. 

Theorem 1 /,cl Thell lree of order Ill lensl ti wilh fl. leaves . Then, lrl(T ) < 
fl./2 + I. 

PltOOF. We proceed hy inductio n o n t he nmnbe r e o f leaves. The h ase case: 

will h e Lrcc:s wit.h at m ost t hrc:e leaves. 11y Lemma 1, ld(J>n ) :S: 2 and so 

t.he result holds when e = 2 . 

Suppose fl. = :1. T he n t.hcn: is a 1miqtH! vcrt.ex v o f degrn<! more t.han 2 

in T. \)dine a lirnfl o r a I.rt!<: as a maxim a l rwt.h s t.ar1.i11 g at. a. leaf a nd not. 

containin g a ve r tex o r degree :1 o r mon:. 

l~y I.he Pigeonho l<i \lrin c ipl l!, i.hl :n : is a pair or limbs whose 1.01.al rnm1ber 

of ve r t.iccs is cvl:n. C all Sll(:h ;1 pa ir an even pair . Ad di ng a n edge e 

whi ch jo ins i.tw c:nd- VlTLiccs or t. he CVl!ll pai r t.o T produces ,u1 odd cycle, 

say C:v 1 ,v2, .. . ,vk,v1. Thus k is odd . \Ve m ay assume v = v1c. Let 

vk, v 1c 1 1, . .. , v" dc nol.<: t he p a.1. h from u t.o t. hc e nd-ve rl.cx o f T + e . Then , 

111,112, ... , Vn is a h a rnil 1.oni an pat. Ii of T + c. 

If k = I ( rnodtl ), t.hcn co lo r a ll vc rt.i ccs 1;7 wit h .'l = 0 , I ( rnocltl ) reel 

and a ll the rc 111 ai n i11 g V(: r t.io is liluc , wltil t! ii A: = :I ( r11odtl ), I.hen co lo r a ll 

vc :rt.i ces v1 wit.h .i = l , '.2 ( modtl ) red a nd ;i\l 1lw remain in g vc:ri.ices b l1 w. 

In hot. Ii cascs noncof"v2 , ... ,v,. 1 has ,1 mo rHwh r,imal. ic ne ighhorhond . If 

k = I ( m od ti ), Lhcn v2 is 1,ltH: a nd v1c is red, wh ii<: ii k = :1 ( rnodtl ), 1.hcn 

v2 is re d a nd v1c is bltw . I ll:11 ce rwi l he r dews v 1 have a rnono d1rorn a t.i c: 

neighborhood . Thus i11 ho1.h c;1Sl!S we can achi eve a 2-co lo rin g in which no 
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vertex has a m o noch ro m a t.i c neighborh oo d by j oi ning Vn t.o a vertex of th e 

desired co lo r. That is, ld (T ) :S ld (T + c) + I :S 2. Thi s comp let.es t.h c base 

casl:. 

Let. /1, 2'. '1 a nd suppose: t he n tha t. fo r a ll t. n :cs T' with /1,' lea ves, whe re 

f.1 < f., I.hat ld(T') :S f.' / 2 + I . LC!!. T bl: a tree wit. h /1, leaves. 

Assume firs t. t.hat. fl, 2'. 5. By the Pi gc:011hole Prin ciple, Lherc-: a rc two limbs 

wit.ha total o f an eve n numbe r o f vertices , Lhat. is , an e ven p a ir . 

'vVc clairn o ne can choose a n even pair whose removal docs no t c reate a n 

end-ve rtex. Ir t.he rem o val o f a n even pai r would create a n end- ve rtex , t.hen 

Lhc pair m eet. at. a vertex of d egree :l . So if Lhe first even pai r fo un d is not. 

usable, t. he pair m eet.s a t. ave rt.ex o f degree :l . O u t o f I. he re m a ining limbs o f 

whi ch t.hcrc arc a t. lca.'i l. t. hrcc , I.h e n : m11 s 1. h e ,lrl<lt.hc r even pair . If t.hcy t.o o 

a rc not. usable!, t.h en Ltwy rrn :c t. ;11. a vertex o r ck g rcl: ;;_ l~11t. t.h cn cuns icfo r 

t hree limbs: one rrorn t. hc lirs t. pair , o ne rrnm t.hl! second pa ir , a nd a limb 

fro m neither t. he lir,-; t. no r t.hc ,-;cc;u nd p, 1i r. Thne is a n eve n pair a mo ng 

t. hcse t. hn:e , a nd t.hc n :mova l o r t. hat. pair ca nno t. c:reat.c a n e nd- vcrt. ex . 

Now , cklct.c t he chosen t.wo li mbs l.u y il:ld a Lrcl: T ' wit h f. - 2 leaves . Hy 

Lhe indu c:Li vc hy p ot. hcsis, o ne can add ( f. - 2) / 2 + l edges Lo T' a nd t.h c-: n 

2-co lor it s u ch t hat no vertex has a m ono d1romat.ic ne ig hborhood. 

J\dd Lhc two limbs hack l.o T ' a nd jo in thei r e nd - vert ices . Thi s is equ iva

lent. t.o in t roducing a paLh v 1, v2, . .. , V2m o f even o rde r and t.h e n idcnt.i fy ing 

each o f v 1 and v-2,,. w it.h a vertex or T ' ( possibl y tJw sarm: o ne). The n 

ext.e nd the 2-co loring o r T ' Lo a s t.epwisl: colo ring o r thl: pat.h. Thl: cnd

vcrt. ices o r t.h c pat.h <lo not. h ave mo noc:h romal. ic ne ighborhoods even in T '; 

by t.hl: const. rn c: t.i on n f" st.cpwisc co lo rin g, no inLcri o r vc~ rl. c:x of t.h c pat.h has 

a mo nochrom at ic: neig hl >or hoo d . Th11s, lrl(T ) :S ld(T' ) + I :S P./2 + I . 

Fin a ll y, assume T has fo11r limbs. Th<:n ,ts l> e fon : there c:x is t.s an e ve n 

pair . Define T' by n :m ovi ng a n even pair rrom T ; Lhi s may create a n cnd

vcrt.cx. 13u L s t.il l T ' ha s at. m os t t.h rce leaves. Ir T ' has at. leas t '1 vcrt. iccs, 

Lhcn hy the in duc ti ve: hy pothesis ld (T' ) :S 2; t.h e t.wo limbs can b e re insert.e el 

as befo re, an cl so l rl (T ) :S 2 + I , as required . 

Su ppose Lhcn that. T' has al. most. t.hrcc vert ices . In that. ca se, T' has 

o nly I.WO l(!iLV(!S and SU T mus t. have ro 11r lirnl,s a n d a \l(!rl.l!X V o r dcg rc<! '1 

adjacent, t.o at. lca.'it. t.wo leaves . One c:c ll!ld c:ho()sc as limbs t.hc t.wo leaves 

adj ac:l:nl. t.o v; so t.h<: o nl y way u nc ca n be ror c:1:d Lu a T ' of ordl:r :1 is if" Ti s 

a s t.ar o n rour <:d gl:,-;. 1111 1. Lh e n co lo ring 1. he c:c nt. ral vert.< :x and 1H1<: leaf red 
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a nd Lhe rem aining Lh ree leaves b lue, and Lhcn jo ining one or t he blue leaves 

to each o r o t.her Lhn:e leaves , p rod uces a 2-coloring su ch that. no vcrt.cx has 

a rno nochrom at. ic neighborh ood , so th at. ld (T ) :S :1, as required . □ 

In parti cu lar , ir a Lrce T has an o dd numb1:r f. o r leaves, t hen ld (T) 

(f. + 1)/2 . There a rc m any ex amples or I.recs T wil.h an even number e o r 

leaves ro r whi ch ld (T ) = f./2 + I (ro r example s tars), a nd many c:xam plcs 

with ld,(T) = e/2 ( fo r example , Lhe coron a o f a ny no n t ri vial t ree, i. e, t he 

tree o btained by add ing a pendant edge Lo ea ch vertex o r a nontri via l t ree). 

Ther e docs noL a ppear Lo h e an easy characte ri zation o r t rees T wiLh a n 

even number e o r leaves satis ry ing e ith er ld(T) = e/2 o r ld(T) = e/2 + 1. 

As a n immediate consequen ce o r Theorem 1 we have t. he fo ll owing res ul t . 

Corollary 1 /,el /·' /,e 11, f on:sl 111ilh nonlri1ria /, ,:orrq,onerds and wilh /i, lem1es. 

Then, ld(V ) :S f./2 + I. 

I> ll.00 I-' . I ,ct. T 1 , • • • , Tk dc not1: the co rnpo ncnl s o f F . If k = I , t hen F is a 

t ree and t.hc n :sult fol lows frorn Thco n :m I . I lc n cc we may a. surn c k 2: 2 . 

Fo r ·i = I , 2, . . . , k , let. 7Li and Vi b e two di s t.i nc l. lca.vcs in T, . Let.The th e 

t.rcc obt.a ined rrorn F hy add ing t. hc k - I edg<:s n,v , 
1 1 fo r i = I , ... , k - 1. 

Then T h as e - 2 (k - I ) leaves, a nd so by Theorem I , ld(T ) :S f./2 - k + 2. 

I lcnce , ld(I-' ) :S k - 1 + lrl(T ) :S f./2 + I. D 

As a cor1scq11cn c1: of Coro ll a ry I , if I-' is a f"n :st wit.h 11on l.r ivial compo

nents a nd wit.Ii e lcav<:s, t.h<:n f./2 :S ld(!-' ) :S f./2 + I. That. the re cx isl. s uch 

rorcst.s F wi1.h ld(!-' ) = f./2 + I may IH: seen by con sich:ring, l"o r exampl e, 

t h<: l<i rcst, f,' = m l\ whe re m 2: I a nd k 2: :1 arc bot.It o rlrl int.<:gcrs. The n 

/-' h ;L', e = 2m lcavt :S. I r lrl ( F ) = m, t hen I.hen: exists a set. , .; ,.· o r m edges 

joining t.h e 2m leaves o f /·' su ch t.h al. ld ( F + e,.·) = 0. 1 lowcvcr /- ' + /~/.' is 

I. he di sj o int unio n or cycles al. leas t one o r which is odd (s in ce m and k a rc 

bo lh o dd), an d so, by Lemm a I, ld( V + !~1.,) > 0, a cont.radi cl. ion. ll cn cc, 

ld( F ) = €/2 + I . 
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