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Abstract 

Let D(k, >.) be the spectrum of integers n such that there exists 
a S>. {2, k, n), a balanced incomplete block design of order n, block 
size k and index >.. Lindner and Rosa [6) introduced the definition 
of a S>.(2 , 4, n) having f\ metamorphosis into a S>.(2, 3, n) Rnd proved 
that the necessary condition n E B(a, >.) n B(4, >.) is also sufficient . 

The aim of this paper is to present two different generalizations 
of Lindner and Rosa's idea in order to consider metamorphoses of 
S>.(2,4, n) for n E B(4,>.) and n ft D(3,>.) . 

AMS classification: 05B05. 
Keywords: Illock design; maximum packing; metamorphosis. 

1 Introduction 

A balanced incomplete block dcsigu S>.(2, k , n) is a pair (X, B) , where X 
is an-set and B is a collection of k-subsets of X (blocks) such that. any 2-
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subset of X is contained iu exactly >. blocks. For >. = 1 we write 8(2 , k, n) 
im;tead of S1(2,k,n). 

A maximum packing of triples MPT(n,>.) is a pair (X,C), where X 
is an n-set and C is a collection of 3-subsets of X (blocks) such that: (i) 
e.ad1 2-subset of X is contained in at most >. blocks of C, (ii) if V is any 
collection of 3-subsets of X satisfying (i) , then !Cl 2'.: IV!. 

Let (X,C) be a MPT(n , >.); the leave of (X,C) is a multigraph (X,£) 
where an edge {x , y} E £ has multiplicity m if and only if the corresponding 
2-su bset { x, y} is contained in exactly >. - m blocks of C. 

Let (X, B) be a SA(2, 4, n). If a star is removed from each block of B 
the resulting collection of triangles P(B) is a partial SA(2, 3, n) (X, P(B)). 
If the edges belonging to the deleted stars can be arranged into a collection 
of triangles T(B), then (X, P(B) U T(B)) is a SA(2, 3, n) , called a metamor­
phosis of the SA(2, 4, n) (X, B). Lindner and Rosa [6] posed the following 
spectrum vroblem: "For every positive integer >. , determine the spectrum 
of integers n such that there exists a S.x(2 4, n) having a metamorphrn;is 
into a S.x(2 , 3, n)". The necessary condition for the existence of a S.x(2, 4, n) 
having a metamorphosis into a S.x(2 , 3, n) is n E B(3 , >.) n B(4, >.), whcrfi 
B(k, >.) is the set of the integers n such thnt there is a SA(2. k. n). Lind­
ner a.u<l Rosa [6] proved that these uec.:e~ary c.:ouditious arc also suffidcut. 
Table 1 summarizes Lindner and Rosa·s results . 

Table 1 
>. (mod 6) spectrum of SA(2, 4, n) having 

a metamorphosis into S.x(2, 3, n) 
0 n 2'.: 4 

1, 5 n = 1 (mod 12) 
2, 4 n = 1 (mod 3) 
3 n = 1 (mod 4) 

For n E B(4 , A) and n (/. B(3, >.) , the following question is natural: 
How can we generalize the metamorphosis definition in order to construct. 
a S.x(2 , 4, n) having a metamorphosis into some design as close as possible 
to a S.x(2 , 3, n)? The aim of this paper is to present two different answers. 

Metamorphosis of a S.x(2 , 4 , n) into a minimum S.x(2 , 3 , v). Let 
(X, B) be a S.x(2 , 4, n). Let v be the minimum integer such that v 2'.: n 
and v E B(3, >.) , and let V = XU Y where !YI = v - n. If a star 
is removed from each block of B the resulting collection of triangles 
P(B) i:; a partial S.x(2 , 3, n) (X, P(B)) . If the edges belonging to 
the deleted stars and to graphs Ky and K x, y , can be arranged into 
a collection of triples T(B), theu (X,P(B) u T(/3)) is a S.x(2 , 3, v), 
called a metamorphosis of the S.x(2, 4, n) (X, B) into the minimum 
S.x(2, 3, v). 
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Metamorphosis of a S>.(2 , 4, n) into a MPT(n, >.). Let (X, B) be a 
S.x(2, 4, n) . If a star is removed from each block of B the resulting 
collection of triangles P(B) is a partial S.x(2 , 3 , n) (X, P(B)). If the 
edges belonging to the deleted stars can be arranged into a collection 
of triangles T(B) an<l a collection of edges £ such that (X, P(B) U 
T(B)) is a MPT(n,>.) with leave (X, £) , then (X,P(B)UT(B)) is 
called a metamorphosis of the S>.(2 , 4, n) (X , B) into a M PT(n, >.) . 

It is straightforward to sec that both these definitions coincide with 
Lindner and Rosa's metamorphosis whenever n E B(3, >.) . 

In this paper we solve the spectrum problems related to above defi­
nitions. leaving a few open cases in the case of the metamorphosis of a 
S.x(2 , 4, n) iuto a M PT(n, >.) . 

2 Metamorph osis of a S_x(2 , 4 , n) into a m1n1-
mum S.x(2 , 3 , v) 

In Tahle 2 we show the sets B(k, >.) of integers n for which there exists a 

S .x(2 . k.11.) fork= 3, 4 [ll]. 

Table 2 

>. (mod 6) B(4 , >.) B (3. >. ) 
0 n ~ 4 n~3 

1, 5 n = 1.4 (mod 12) n = 1, 3 (mod 6) 
2, 4 n = 1 (mod 3) n = 0, 1 (mod 3) 

3 n = 0, 1 ( mod 4) n = 1 (mod 2) 

Pairing Tables 1 and 2, we get the necessary conditions for the existence 
of a S.x(2 , 4 , n) having a metamorphosis into a minimum S>.(2 , 3, v ) (see 
Table 3) . The sufficieucy for v = n is proved in [6]. In this section we prove 
the sufficiency for v > n. 

Table 3 
>. (mod 6) n v-n 

0 n ~ 4 0 
1, 5 1 (mod 12) 0 
1, 5 4 (mod 12) :{ 

2, 4 1 (mod 3) 0 
3 1. (mod 4) 0 
3 0 (mod 4) 1 
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A (K, >.)-GDD (group divisible design of index >., block sizes in K and 
order v) is a triple (V, Q, B), where V is av-set , Q = {G1, G 2 , ... , Gm} is a 
partition of V into subsets (called groups) , and 8 is a mllection of subsets 
(blocks) of V which satisfy the properties: 

1. If BE B then JBI EK. 

2. Every pair of distinct clements of V occurs in exactly A blocks or one 
group. lmt not both. 

3. 191 > l. 

We say that the (K, >.)-GDD is of type v~• v~• .. . vt', if there are hi 
groups of size v;, i = 1, 2, .. . , t. We write (k , A)-GDD instead of ( {k} , A)­
GDD. 

Lc\t (V, <;; , B) he a (4 , A)-GDD. If a star is removed from each hlock 
of B the rc:mlting collection of triangles P(B) is a partial (3, A)-GDD 
(V,Q, P(B)) . If the edgt-'S belonging to the deleted stars can be arranged 
i11t.o a c:olk.--ct. iou of triaugles T(B) , theu ( V, Q, P(B) UT(B)) is a (3 , A)-GDD, 
calk•d a metamorphosis of the (4, A)-GDD (V, Q, B) . 

Tll(• following result is given by Lindner and Rosa [6]. 

Lemma 2.1. For every intr,ger h ~ 5, there is a (4 , 1)-GDD of type 12" 
having a metamorphosis into a (3, 1)-GDD of type 121' . 

Obviously, only the cases A = 1, 3 must be considered. Starting cases 
are collected in the following lemma. See [9] for a proof. 

Lemma 2.2. 1. A S(2,4,n) having a m etamorphosis into a S(2,3,n+ 
3) exi.sts for n = 4, 16, 28, 40, 52. 

2. A S:1(2, 4, n) having a metamorphosis into a S3 (2, 3, n + 1) exists for 
n = 4, 8 , 12.16, 28, 32. 

3. There exists a 5(2, 4, 16) with one hole H of size 4 ha-u-ing a metamor­
vhosis into a partial S(2, 3, 16) whose leave is given by three 1-factors 
on vertex set X \ H. 

Theorem 2.3. A 5(2, 4, n) having a metamorphosis into a S(2, 3, n + 3) 
exists for every inte.ger n = 4 (mod 12), n ~ 4. 

Proof For n = 4. 16, 28, 40, 52 , see Lemma 2.2. Let n = 4 + 12h, h ~ 5. 
Ilv Lemma 2.1, t here is a (4 , 1)-GDD of type 121' havinp; a metamorphosis 
into a (3 , 1)-GDD of type 12" . Denote the groups by G; , i = 1, 2 , ... , h . Let 
H = { 00 1 , 002 , 003 , 004 }. Produce a S(2, 4, 16) on vertex set G 1 U II having 
a metamorphosis into a S(2, 3, 19) on vertex set G 1 UH U {a1, a2 , a3} . For 
every i = 2, 3, ... , h, produce a. copy of the S(2, 4, 16) , give n in 3 of Lemma 

61 



2.2, on vertex set GiUH and hole H. This design has a metamorphosis into 
a partial S(2, 3,16) with leave Fj , j = 1, 2, 3. Form the triple:; {aj , x , y}, 
{x,y} E Fj. □ 

Theorem 2.4. A S3(2, 4, n) having a metamorphosis into a S3(2 , 3, n + 1) 
exists for every integer n = 0 (mod 4) , n 2'. 4 . 

Proof For n = 4, 8 , 12 , 16, 28 , 32, see Lemma 2.2 . A PBD of order 
m with block sizes 5. 9 and 13 exists for all m = 1 (mod 4) except for 
m = 17, 29 , 33 [11] . Remove a point to obtain a ( {5, 9, 13}, 1)-GDD of 
order m - 1 with groups whose sizes lie in { 4, 8, 12} . Place a solution on 
each block (see [6)) and on each group. 

3 Metamorphosis of a S>,(2, 4, n) into a 
MPT(n, ,\) 

Let (X, C) be a MPT(n, >-.) with lf',ave (X, £). If£= 0, then (X,C) is a 
SA(2 , 3, n) and Lindner an<l Rosa's metamorphosis work.:;. So we have to 
fiIHI a solution for n = 4 (1110<112) , if,\ = 1,5 (1110d 6) . and for n = 0 
(mod 4) , if ,\ = 3 (mod 6) . So, ouly ,\ = L 3 must be considered. Note 
that there arc different graphs which cau be leaves of a 111 PT( n , 3), 11. = 8 
(mod 12) [10] . In this paper we don' t con<;ider all possible leaves but only 
one, as shown in Table 4. 

Table 4 
,\ n leave 

= 1,5 (mod 6) = 4 (mod 12) lFY 
= 3 (mod 6) = 0 (mod 12) IF = 3 (mod 6) = 4 (mod 12) lFY 
= 3 (mod 6) = 8 (mod 12) lF3 

Here IF, lFY and 1F3 are the following graphs. 

IF a matching on n vertices; 

lFY a tripole (matching on n - 4 vertices and a tree on 4 vertices with 
one vertex of degree 3) ; 

lP3 a matching on n-2 vertices and a triple edge { a , b}, { a, b}, { a, b}. 

Starting cases arc collected in the following lemma. See [9] for a proof. 

Lemma 3.1. 1. There exists a S(2 , 4,n) having a mdarnor11hosi.s into 
a M PT(l6, 1) . 
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2. There exists a 8(2, 4, Hi) (X , B) with one hole H of 1,ize 4 having 
a metamorphosis into a partial 8(2, 3, Hi) (X, C) whose leave is one 
1-factor on vertex set X \ H . 

:J. A 8:i(2, 4, n) having a m etamorphosis into a M PI'(n , 3) (with leave 
shown in Table 4) there is for n = 8, 12 , 20, 24, :i2 . 

4- There csii>ts a (4 , 1)-GDD of type 44 having a mctmrwrplwsis into IL 

(3, 1)-GDD of type 44
. 

5. There exist.'! a 83 (2, 4, 32) (X, B) such that: (i) (X , B) embeds a 
S:i(2 , 4, 8) (A, A) having a metarnorpho.~i.~ into a M PT(8 , 3) (A , P(A)U 
T(A)) ; (ii) (X. B) has a metamorphosis into a M PT(32. 3) (X . P(B)U 
T(B)); (-iii) (A , P(A) U T(A)) i.~ emb<:drfod into (X , P(B) U T(B)) ; 
(-iv) the leave of (A, P(A) U T(A)) is a subgraph of the leave of 
(X, P(B) u T(B)). 

Theorem 3.2. A S(2. 4, n) hmriny a. 111.ctarrwrplwsi.s into a Af PT(n.1) 
exi.'l ts for every integer n = 4 (mod 12) , n 2 4, except possibly for n = 
28.40.52. 

Proof Th<! proof for 11. = 4 is trivial. For n = Hi. Le111111a ;1_ 1 µ;iVPs 

a S(2 , 4, 16) having a metamorphosis into a .M PT(16, 1) which embeds a 
A/PT(4, 1) . Let n = 4 + 12h, h 2 5. Ily Lemma 2.1. there is a (4.1)-GDD 
of type 12" lmving a mct.mnorphosis into a (:t 1)-GDD of type 12". Denote 
the groups by C i, i = 1. 2, ... , h. Let H = { 00 1 , 002 , 003 , 004 }. A'i in 
Lemma 3.1 , produce a S(2, 4, 16) on ve1tex set C 1 UH. For i = 2, 3, ... , h. 
produce a copy of the 8(2, 4, 16) on vertex set Ci UH, having the hole H . 
D 

Theorem 3.3. A S3(2 , 4, n) having a m etamorphosis ·into a M PI'(n, 3) 
(wi.th leave shov.m in Table 4) exists for every integc1· n = 0 (mod 4). n 2 4, 
except possibly for n = 28, 36, 40, 44, 48, 52, 56 , 68, 80, 92, 104. 

Proof For n = 8, 12, 20, 24, 32 , see Lemma 3.1. For n = 0 (mod 12) , 
n 2 GO, place a copy of the 8 3 (2 , 4, 12) , given in Lemma 3.1, into each group 
of the (4 , 1)-GDD of Lemma 2.1. 

For n = 4 (mod 12) , n 2 4 and n i 28, 40. 52, paste t.ogct.hcr a sol11tio11 
of A= 1 (Theorem 3.2) and a solution of A= 2 [6]. 

Let n = 8 (mod 12) , n 2 116. The Handbook of Combinatorial Designs 
[11] gives a (4 , 1)-GDD of type 5u for every -u 2 5, and of type 5u3 for every 
u 2 4. Giving weight 4 to all points. we get a (4 , 1)-GDD (X ,Q1,B 1) of 
type 24u and a (4.1)-GDD (X ,{h ,B2) of type 24"12 , respectively. Let. 
A = {<L1 , <L2 , -• •,as }. Ifn:::: 8 (mod24).then 

• On each block of B1 place a copy of the (4 , 1)-GDD given in 4 of 
Lemma 3.1. 
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• For each group G E 91 , produce a copy of the S3 (2, 4, 32) , given iu 5 
of Lemma 3.1 , having vertex set GU A aud hole A. 

• On the hole A place a S3 (2 , 4, 8) having metamorphosis into a 
MPT(8,3). 

If n = 20 (mod 24) , then 

• 011 eac:h block of 8 2 plac:,~ a copy of the (4 , 1)-GDD giveu in 4 of 
Lemma 3 .1. 

• For each group G E 9:i such that IGI = 24, produce a copy of the 
S3(2, 4, 32) , given in 5 of Lemma 3.1 , having vertex set GU A and 
hole A. 

• On the group of size 20 place a S3 (2, 4, 20) having metamorphosis into 
a Af PT (20. :\) . D 

4 Open Questions and Remarks 

1. Rc1110ve the possihl<i Px<:ept.ions in Theorems 3.2 llll(l 3.3. 

2. For>.= :i and n = 8 (mocl 12) , find a metamorphosis of a 8>.(2. 4, n) 
into a Af PT(n. >. ) with any possible leave [10] . 

3. Let. G 1 be a subgraph of G. Then Lindner and Rosa's metamor­
phosis can be easily generalized in the following way. Let (X , B) 
be a G-dec,omposition of the multigraph >.Kn [11) . If a graph iso­
morphic to G \ G1 is remov1xl from each G-block of B , the resulting 
collect.ion of G 1-blocks P(B) is a partial G 1-dccomposition of >.Kn 
(X, P(B)) . If the edges belonging to the deleted subgraphs can be ar­
ranged iuto a collc'Ction of G 1-blocks T(B) , then (X, P(B) U T(B)) 
is a G 1-decomposition of >.K11 , called a metamorphosis of the G­
decomposition (X, 8) . The related spectrum problem has been solved 
for many pairs of graphs G and G 1 [1, 2. 3, 4, 5, 7, 8]. 

Extend both metamorphosis definitions , given in this paper for 
S>.(2 , 4, n) , to G-decompositious of >.Kn and solve the related spec­
trum problems. 

4. During the meeting ISGDA (Messina., October 2003) we learnt that 
the generalization of the metamorphosis definition given in Section 3 is 
not 11ew. The problem of the metamorphosis of some graph designs of 
order v and index >. into a Af PT(v, >.) is considered by other authors 
aud their papers a.re not published yet. But, as we know, no other 
paper studies the same problem of Section 3. 
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1 Introduction Consider a set P of permutation matri ces of order 
n. What is the smal lest, integer m such that P can be partitioned into 
subsets P 1, P 2, . .. , Pm such that 

I)P : PE A}, (i= 1,2, . . . ,m) 

are (0, 1 )-matrices? Let G(P) be a graph with vertex set, P with an edge 
joining two permutation matrices P, Q E P provided P and Q have a 1 
in common (that is, a 1 in the same position) . The integer m equals the 

chromatic number x(G(P)) . Natural sets P of permutation matrices arise 

by choosing A= [a;j] to be a (0, 1)-matrix and 

P = PA = {P : P :S A, P is a permutation matrix}. (1) 

(Here the inequality P :S A is interpreted entrywise.) In t his case the sets 
P; in the partition must satisfy 

L) p : p E Pi} :S A . 

A more restri ctive problem requires thaL 

L) P : P E P;} = A ( i = 1 , 2, ... , m) . (2) 

If (2) holds, t hen 

a nd we say that PA has a perf ect parlilion. The cardin ality o f the set PA 
equals the permanent of J\ defined, as usual, by: 

per (A) = 
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where the summation is over the symmeLric group S n of all permutations 

of{l,2, ... ,n} . 
Suppose that PA has a perfect. partiti on. Then there arc two conse­

quences for the structure of A. First , there is a n integer k such that all 
row and column sums o f A equal k, and this integer k satisfies the equation 
per(A) = mk. Second, a perfect partition implies that each 1 o f A belongs 

tom permutation matri ces P S A, and hence, where A(i,j) denotes the 
submatrix of A obtained by deleting row i and column j, t hat 

perA(i,j ) = m if a;j = 1, 

that is, the permanental minors o f the 1 's of A all equal the same constant 
m. 

Let CA = G(P A). Since the chrom atic number of GA equals the min­
imal number of independent sets into which PA can h e par t itioned, we 
have 

(3) 

where a.(G A) is the maximal size o r an independent se t o f GA · We can have 

equali ty in (3) only if a(C A)jper(A) . If PA has a perf ect parlilion, t hen the 

integer min (2) equals x(GA) - Since x(GA) is an integer , (:l) implies that 

(C ) > \ per( A) l 
)( A - I a.(G 11 ) . ( 1) 

By a theorem o f Folkman and Fulkerson [2] (sec also Theorem 6.1 .3 in 

[l]), the independence numher a.(G A) equals 

mm - --- : + > n . { surn(Aki) k l } 
k+l - n 

where the minimum is taken over all pairs of integers k and I with n < 
k + l ~ 2n and k x l submatrices Akt of A, and sum(Ak1) is the sum of the 

entries of Akt -

There is a geometrical interpretation o f t hf! perfect. partition problem. 
Recall that a necessary condition for the existence of a perfect partit ion for 
PA is that the sum o f matrices in P II is a multiple of 11. Thus, the average 
of PA, which can also be viewed as the centroid of th1! convex hull o f PA , 
has the form , A. Clearly, every clement in PA is an c!xtrcrnc point o f t.hc 

convex hull o f PA. (To see this, note that every clement. X in PA has the 
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same frobenius norm ( trace XX l) 1/ 2 and therefore cannot be written as a 

convex combination of the others .) If A has row sums and column sums 
all equal to k, then one needs at least k clements in P II whose average 
(regarded as the centroid of the convex hull of the k clements ) is equal to 
-yA; if the desired partition is a partition of P II in k-element sets, then each 
of them has the same average as that of P 11 . 

In the subsequent discussion, let ln be the n x n matrix of all l's. ln 

the next section we consider perfect partitions of Sn = P.1,. ( where we now 

regard Sn as the set of n x n permutation ma.trices) and the alternating 

group An of al I n x n even permutation matrices (permutation matrices with 

determinant equal to 1). In Section 3, we consider the set Dn = P.1,. - t,. of 
n x n derangement permutation matrices; we present some partial results 
and open problems. Additional open questions are discussed in the final 
section . 

2 Partitioning Sn and An We ha.vc o( .ln) = n and per(Jn) = n!, 

and it is easy Lo show that LX ES,. X = (n - l )! .ln . Can we partition Sn 

into (n - l )! subsets so that t he sum of the ma.trices in each subset is .ln? 
The answer is affirmative. 
Proposition 2.1 The set Sn = P.1,. is a disjoint union of ( n - 1) ! snbsel.~ 
such that the .mrn of the matrices in wch subset is .In . /fence Sn has a 
perfect partition. 

Proof. Let f-1 = {/n, P, ... , pn- l} where /J is t.hc basic n x n circulant 
matrix 

0 1 0 0 0 
0 0 1 0 0 

0 0 (5) 

0 0 0 0 1 
1 0 0 0 0 

Then H is a cycl ic group with n elements whose sum is t he matrix .In . 
There arc (n - l)! coscts of // in Sn. Each c:oseL has the form Q /1 = 
{ Q P1 : j = 0, ... , n - 1} for some Q E Sn. Clearl y, the sum of the mat.rices 
in each coseL is also the matrix .In . □ 

ow we consider the group An of even permutation matrices . We have 

IAn l = n!/2, and it is not hard to show that LX EA,. X = [(n - l)!/2]Jn if 

n ~ 3. Can we partition An in to (n - I)!/2 subsets so that the sum of the 
matrices in each subset is ln ? We have the following result. 
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Proposition 2.2 Suppose n 2 :i . The set An mn l,e pu,rlitioned inlo (n -

1) !/ 2 subsets so that lhe sum of the matrices in each .mhset is .In . 

Prnof. We consider three cases according to n. 

Case 1. If n 2 3 is odd, then the basic circulant matrix J> is in An- Thus 

I-I = ( P) is a subgroup of An with ( n - l )!/2 cosets, and the sum o f the 
matrices in each coset is Jn. 

Case 2. If n = 4k for some posit ive integer k, we can prove by induction 
that: 

There is a subgroup H in An with n elements whose sum equals .In , 
and hence the cosets of the group H will be a desired partition. 

When k = 1, let 1-/ 4 be the subgroup of A-1 containing all the clements 
of order 2 or O (H4 is the 2-Sylow subgroup o f A-1) . One can readily check 
that the the sum of the matri ces in H-1 sum up Lo .14 . 

Now, suppose the result is true for n = 4k for some k 2 l . Consider 
the case when n = '1(k + 1) . By the induction assumption, there is a 

group /-/ 4 k of A 4 k such t hat the sum o f the matrices in f f-1k is .l-1k - Let 

/-I = {A ® B : A E /-/,1 , B E H4k} , where X © Y = (x;1 Y) denotes the 

usual tensor product o f two matri ces. Then II is a subgroup o f An with 
n = tJ(k+ 1) elements whose sum is the matrix .171 • Hy induct.ion, our clai m 
is proved . 

Case 3. Let n = 2m for some odd integer m. We consider I.he subgroup K 
of An consisting of mat.rices o f the fo rm A CD JJ , where ;1 and JJ arc rn x m 

permutation matrices. There arc ( m!) 2 / 2 such mat.ri ces. To sec t.his, if we 

allow A and /J Lo be arbitrary mat.rices in Sm, then) will be (m!)2 such 
matrices in Sn. Since half of them are odd permutations, we sec that K 

has (rn !) 2 /2 elements as asse r ted. 

We claim that K can be p artitioned into m((m-1)!)2/2 subsets such 

that each s ubset has m clements summing up to .Im CD .Im . To this end, let. 

PE Sm be the basi c circulant. Let. C = (P), and let. Q1 C, . .. , QrC be t.he 

cosets of C in Sm, where r = (rn - l)!, Qi , .. . , Qr/ 2 E Am and Q1 </:. Am 

for j > r/2. 

For each i, j = l, . . . , r /2, consider the following m-elernent subsets of 

An : 

S;11 = {(Q; ffi Q1 )(P ffi Pt: k = 0, . . . ,m - l}, 

sij2 = {XUm ffi P) : XE sij l } , sij3 = {X(lm CD /J2
) : XE sijl }, 
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We ge t m(r/2) 2 disjoint m-element subsets of K . 

· Next, for each i, j = r /2 + 1, . . . , r, consider 

.. . , 

We get another m(r/2) 2 disjoint m-elernent subsets o f K . 

... , 

Consequen t ly, we get mr2 / 2 = m((m - 1 )!) 2 /2 di sjoin t m -clcment sub­
sets of K . Moreover , the matrices in each subset sum up Lo .Im (El .lm as 
des ired. 

Now, consider the mat rix R obtained hy swi tching the firs t two rows 

of ( ~= i: )- Then RE Arn . Let 

II = K U { RX : X E K} . 

One easily checks t.hat. fl is the subgroup of An consisting o f rnatricc1s o f 
the form 

OT C) 0 . 

Moreover , for each set S;1 k defined above, we m ay construct. 

Then each Ti jk will have n = 2m elements summing up to .In, and these 

Tijk for m a partition o f t he subgroup l/ . 

Now, let /-/ , W1 H , W2fl , .. . , W1 II be t.hc coscts of // in An , where 

/, + I = IAnl /1 111. Each cosct. WJI is a disjoi nt. union of W,T;1k 's , and each 

W _. Tijk has n elemcnt.s summing up t.o .I,. . D 

Corollary 2.3 The set Sn has 11, perfer:l pnr-tition in which each part of the 
partition consists of all even permutation matrices OT' all odd permutation 
matrices. 

Proof. As in t he proof o f P roposition 2.1, I.he cosct of odd permutations 
also can be par t it ioned in to sets summing to .In . □ 
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3 Partitioning Dn = P.1n -- 1,.: Partial Result Let. f.,n = .In - / 71 _ 

For n = 2, ... , 5 we show that Dn = P,,n can he partitioned into subsets 

each with n - 1 matrices that sum Lo Ln. 
In the following discussion, we identify a permutation a in disjoint 

cycle representation with the corresponding permutation matrix in Sn . For 

example, (1, 2)(3,4) represents the permutation obtained from the identity 

matrix by interchanging the first and second rows, and also the third and 

fourth rows. Then a E Sn is a derangement if and only if a( i) -/ i for i = 
1, ... , n. Moreover, the elements in a set o f derangements { a 1 , • • • , an - I} ~ 
Dn sum to Ln if and only if ar(i)-/ a 5 (i) for r-/ sand for all i = 1, ... , n. 

We have the following partial result for the partition problem o f P,,n . 
Proposition 3.1 The set Dn has a perfect partition if n :S 5. 

Proof If n = 2, then Dn = { Ln} is a singleton. If n = :{, t.hcn the 

membersofDn = {(l ,2,3),(1,3,2)} sum Lo Ln. 

For n = 4, a permutation belongs to Dn if and only if it is a 1-cycle or 
a product of two disjoint transpositions. If 

F1 = {(l,2)(3,4),( l,:J,2,4),( 1,4,2, ~1)}, 

F2 = {(l ,3)(2,4),( l,2,3,1) ,( 1,1,:l,2)}, 

F3 = { ( I , 4) ( 2, 3), ( I , 2, 4 , :1), ( I , :1, 1, 2) }, 

then D 4 = ui=I Fk and the members o f each 1-'ic sum t.o f.,,, . 

For n = 5, a permutation belongs to 'Dn if and only if it is of the form 

(-i 1, i2, i3, i 1 , i5) or (i 1, i2)(i3, i4, i5). Let D5 CD,, be t.hc set o f derangements 

of the form ( i 1, i2, i:i, i-,, i,,) and let v;: C D5 he the set. of derangements of 

the form (i1, i2)(i3, i,,, i5). Observe that l'Dsl = 21 an<l 1v;:1 = 20. We show 

that D5 and v;: can be partitioned into 6 a nd 5 subsets, respectively, such 

that the m embers of each subset sum to L5 . 

. Let T1 = (1,2,3,4,5), T2 = (l,2,:l,5,4), T:1 = (1,2,4,3,5), T,i = 

(l,2,4,5,3),T5 = (1,2,5,3,4),andTs = ( 1,2,5,4,:1). lfTk = {Tk,Tf,Tf,Tn, 

then the collect ion o f subsets T1, •. . , T6 forms a part.it.ion of D{-, such that 

t.he members of each Tk sum to L,, . Now, consider t.hc following subsct.s of 

vg: 

H.1 = {(1,2)(:1,1,5),(1,:1)(2,f,,1),(1,4)(2,:l,5),(i,5)(2,1 , :I)} 

R2 = {(2,l)(:i,5,4),(2,3)(1,4,5),(2,4)(1,5,:1),(2,5)(1,:1,4)} 

R3 = { (3, 1) (2, 4, 5), ( 3, 2) ( 1, 5, 1), (:1, 4) ( 1, 2, 5), (:1, 5) ( 1, 4, 2)} 

72 



R1 = {(4 , 1)(2,5,:l),(1, 2)( 1, J, 5),( '1 ,:l) ( I ,5,2),('1 , 5)( 1,2,:l)} 

Rs = {(5, 1)(2, 3,4), (5, 2)( 1, -1 , :l ), (5, :1)( 1, 2,-1), (5,-1)( 1, :1, 2)}. 

Then the collection o f subsets H1 , ... , U5 forms a partition of v i such that 

the members of each l?.k sum to L,,. This complcl.es the partition of TJ5 . D 

The problem of partitioning Dn with n 2'. 6 is more diffi cult . In the 
following, we describe several different approaches we considered. 

First, we divide the set 'Dn into subsets according to different cycle 
decompositions, and we attempt to show that each of these subsets admits 
a partition into (n - ! )-element subsets with clements summing to Ln . In 
particular, when n = 5, t he partition was done in this way. When we apply 
t his idea to TJ6 , we get the following subsets: 

T 1 : the set or length-6 cycles - 120 clements; 
T2: t he se t of permutations obtai ned by the product. o f a 2-cycle and a 
4-cycl ' - 90 elements; 
T3 : · the set o f permutations obtained hy the proriuc:t. o f two ~-cycles -10 
clemen ts; 
T1 : t he set of permu tations obtained by the product of t hree 2-cydcs 15 
clements . 

For each subset, t he sum of its elements (say, denoted by X) will be a 

multiple of Ln because a ll o f the diagonal entri es of X arc zeroes and 

PX pt = X for every permu tation mal.rix /1. I lowever , t his approach to 
pa rtitioning Dn fails when n = 6. One can cht:ck t hat. t.h c sci. T1 cannot. 
be partitioned into three 5-clemcri t. subsets such that. the elements in each 
subset sum up to LG. 

An alternative idea is Lo select 15 clements T 1 , . .. , T 1,, fr om T 1 and 
construct disjoint subsets 

U; = { T! : j = 1, ... , 5} 

so that each or them has elements summing up to 1.,6 . Note that each U; 
will have two elements in T1 , two clements in T3 , and one clement in T1 . If 
Lhis is done, t hen we arc left with 90 clements in T1, the entire set T2 , and 
IO clements in T:1 . 

Another scheme is Lo select one clement, in T1 a nd four clements in T 1 

of I.he form T 1, T 1-
1

, T 2 , T 2-
1 Lo form a sci. whose clcmcnl.s sum up Lo / , 6 . 

Herc is an example: 

( 1 , 2) ( :i, 1) ( 5, 6) , ( 1, :i, 5, 2, 6, 1), ( 1, 1, 6, 2, 5, :1) , ( 1, 6, :1, 2, 1, 5), ( 1 , 5, 1, 2, :i , 6). 
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In fact, one can construct, 15 sets of such form and use up t.hc 15 clcmcnls 
in T4 together with 60 clements in T1 • 

It is a lso possibl e to use two clements in T:1 and three clements in T1 

Lo form a set whose elements sum up to /,6 . llcre is an exampl e: 

( 1, 2, 3)(4,5,6 ), (1,3,2) (4 , 6,5) , (1,1 , 2, 5,3,6), (1,5,2,6,3,1 ), ( 1, 6,2,1,3,5). 

One can actua ll y construct 20 subsets of this form and use up t.hc 10 cle­
m ents in T3 together with 60 elements in T 1 • 

One m ay want to use t he two schemes in t he last two paragraphs Lo 
exhaust the elements in T1 , T3 , and T1 , but t.his strategy seems to he 
impossible. Of course, even if it can be done , one must still partiLion Lhc 
elements in T2 in to 18 sets, each o f which has clemenls summing up to /,6 . 

Herc is an example of such a set: 

( 1, 2) ( 3, 4, 5, 6), (1, 3) (2, 4, 6, 5), (1, 1) (2, 5, 3, 6) , ( I, 5) (2, 6, 1, :i) , ( 1, 6) (2, 3, 5, 1) . 

It is uncl ear whether one can construct 18 disjoint. subsets of T2 wi t.h t.he 
desired property. 

Thus, the problem of finding a perfect partition for PLn seems difficult, . 
We close this section with a statement. of t.he problem and som e related 
questions: 
Problem 3.2 For n ?: 6, is there a per fect pa rtition for P1,n or P1,n n An'? 
Problem 3.3 For n?: 6, is there a p erfec t. part.it.ion for t he collect.ion o f 
permuta tions in P1, .. with some specific cycle decornposit.i on'1 

For exampl e, can the set. o f p <: rrnut.a t.ions obtained by t.h c product. o f 

a 2-cycle and an (n - 2)-cyclc he partitioned int.o subsets such that. t.hc 
elements o f each subset sum up Lo f,n'! The answl~r is no for n = 1 , yes l'or 
n = 5, and unknown for n ?: 6. 

4 Additional Problcrns We conl inuc t.o use J> t.o denote t.hc h;L<;ic 

circulant as de fined in (5) . Note that .In= I:;~~ pie and ln = I:;: ; pie _ 

For any subsets K ~ {0, 1, ... ,n - 1} , let. 

PK= L pie _ 
leE K 

A general question is: 

Problem 4.1 Determine K ~ {0 , 1, .. . , n - 1} so t.hat. P, ,K (rcspccl.ivcly, 

P pK n An) has a perfect partition. 
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By t he results in the prev ious sections, we sec th at. hoth prohkms in 

Problem 4.1 have affi rmat ive answers if IKI = n. If IKI = 1, then both 

problems a lso have affi rmat ive answers t ri vially. If IKI = 2, then we have 

the foll owing proposition. 

Proposition 4.2 Let A = In + pk with O < k < n. Then PA admits a 
perfect partition. 

Proof. Wri te pk in disjoint cycle notation . There a rc two cases. 

Case 1. If (n , k) is relatively prime, then pk is just one long cycle, and 

In and pk arc t he only two elements in PA , which admi ts a t ri vial perfect 
pa r t ition. 

Case 2. If d > 1 is the greatest common divisor of n and k, and m = n/d, 

the n pk is the product o f d cycles of length m . Now, we can rewrite 

A = In + pk as Lhc direct sum o f d m x m mat.rices, each of which is 
Im + Q, where Q is the m x m b,L'>ic circul ant. . In this form, one readily 

checks t hat X E P II if and onl y if X = X I CD · · ·CD X r1 such t.hat. X j E {/m , Q} . 

T hus, there arc 2d matri ces in PA . Mon:ovcr, P II ha.<; a pe r fect partition 

consisting of se ts of Lhe form {X, A - X} wit.h X E PA · □ 

If IKI = n - 1, we basically have t he P1,n problem, and we only have 

partial results. If !Kl = 3, even the necessary con<lit.ion for a perfect. part i­

t ion m ay not hold. Herc is an example which can be verified read il y. 

Example 4.3 For n = 5 there are 13 matrices in P II for A = In+ P + P 2 

or A = In + P2 + p:i _ In either case, a perf eel rwrtition is impossibl e. 

Note Lhal in general , if JKI = n-2, Lhcn J>K = .I,. - J>r - J>·'. Replacing 

PK by p j PK for a suit.able j E {O , ... , n - l }, w1: may assume t,h a t. (r, s) = 
( - l , l ) with l :S l :S n / 2, or (r, s ) = (0, l ). For ex ample: , for n = 5, we onl y 

need to consider the cases in bxample ti .:I. 

If n is even and (r, s) = ( -l, l ) with I :S I :S n / 2, t.hcn up Lo a permu­

ta tion equivalence, i.e. , replace A by HAS for som e suit.able H, S E Sn , we 

can assume t hat. PK = .In - Un; 2 ® ./2), wh ich can be: viciwcd as a general­

ization of Ln . In general, if n = km , we consider l ,n,k = .ln - Um ® .Jk)­

Wc have the following . 

Proposition 4.4 Suppose n 2 ti and n = km. Then p1:r (/,n,k) i .· IL multi-

ple of (n - k ). Moreover, if n > k 2 2, then IP1,,.,,.. n Anl = per (/,n, k)/2 is 

also a multiple o.f ( n - k ). 
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Prnof. Use Laplace expansion abouL the first. row of 1,n ,k· Note LhaL 

all of the submatrices of Ln,k obtained by deleting I.he first row and jLh 

column with k < j ~ n are p ermutationally equivalent. and have Lhe same 

permanent, say, r . Thus, per ( Ln,k) = ( n - k) r. 

Next, suppose n > k ~ 2 . Then for each rr E P,," k, we have ( I, 2)a E 

PLn,k, and either a or (1, 2)a is an even permutation . Thus, half of I.he 

elemenLs in PLn ,k belong to An, Next., consider t.he Laplace expansion of 

per (l.,n,1c) as in the first. paragraph of the proof. We claim thaL r is even. 

To this end, suppose J\ is obtained from f ,n,k by delcLing its firsL row and 

( k + l )st column. Note that for any permutation a E P 11 , we have a( 1, 2) E 

P 11, and either a or a(l, 2) is an even permutation (in Sn - 1 ). Thus, IP II I = r 

is even. Consequently, IPLn,k n Anl = per (/-✓ n,1c)/2 = (n - k)(r /2) is also 

a multiple of (n - k) . D 

· Note that. the second assertion of the above proposition is not valid for 
P1,". As shown in Section ~. the number o f even and odd perrnut.at.ions in 

PLn may h e different.: 

n : :i ,1 ,J 6 

IP,," I : 2 9 ,1,1 26S 
IPLn n Anl 2 :i 2,1 1:m 

Nevertheless, for (n, k) = (3, 1) , (4, I ), (5, 1) iL is not. hard t.o find a perfect 

partition for PL" n An; see the results in the last. sect.ion. In general, we 
have the following. 

Problem 4.5 Determine whether there is a rwrkct. part.it.io n for P,, ... " ( re­

spectively, P,,n k n An) , 

Notice that finding a perfect part.it.ion for P 1, " ·" ' ' is t.he same as finding 

a perfect partition for P 11 with J\ = .ln/ '2 G) .Jn / '2· Examining Cm,e :i in the 

proof of Proposition 2.2, we have t.he following . 
Proposition 4.6 Suppose n is even. There is always a perfect parlilion 

for PLn,n/2 {respectively, pl,n,n/2 n An)-

Answering Problem 4.5 for other values of (n, k) is noL so easy. For 

(n, k) = (6, 2), we have an affirmative answer. 
Proposition 4. 7 There is a perfect parlilion for P1,6 •2 • 

Proof. LeL L6 ,'2 = (J\;j)I ::, i,; S:1, where/\;;= 02 for i = 1, 2,:l, and 

A;j = J2 for i =/; j. We first show that. IP,,
11

, I = 80. 1•:vcry permut.at.ion 

matrix in PL
6
,, is dctcrmirwd by selecting <:xact.l_v om: nonzero cnt.ry from 
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each row and column o f L6 ,2 . Consider t he number of ways Lo construct a 

matrix X E P1, 0 , 2 if the 1 in t he (1, 3) positi on of /,6,2 is selected Lo b e in X . 
In t he following d iscussion , a nonzero cnt. ry of L6 ,2 is said Lo he available if 

no other nonzero ent ry in its row or column has been selected Lo be in X. 
We cons ider two cases, depending on t he nonzero cnt.ry selec ted from the 
second row of L6,2· 

Case 1. If t he (2, 4) ent ry of L6 ,2 is selec ted Lo be in X, Lhen t. he remaining 

four nonzero entries o f X must be obtai ned by selecti ng two nonzero ent ri es 
each from the /\ 23 and A31 suhmatrices of L6,2 . The nonzero entries from 

each o f these t.wo submatri ccs can be selected in one o f two ways: either 
enti rely on the submatri x diagonal or ent irely o rr of Lhe submatrix d iagonal. 
T hus, t here a re 2 x 2 = 4 possible ways Lo construct X in thi s case. 

Case 2. If t he (2, 4) ent ry of L s,2 is not selected , t hen there a rc two 

ava il able nonzero entries in Lhe second row o f /,6 ,2 t.h aL can he se lected; both 

choices li e in A 13. Each choice sequentially forces the selec tion o f one o f 
two availabl e nonzero en t ries each from t he A2:i, /\ 21 , and /\ 31 suhmaLri ces, 
the reby dete rm ining t,he fin al select.ion of t he onl y avail able nonzero ent ry 

from the A32 submat rix. Thus, there arc 21 = 16 ways t.o construct X in 
this case. 

Combining the two preceding cases, there arc -1 + I fi = 20 m atri ces 
in P 1,8 _2 wi th a 1 in the (1, 3) posi t. ion . By analogous a rguments, one can 

show that there are 20 matrices in P,. 0 , 2 with a 1 in t he (1, k ) position for 

k = 4, 5, 6. T hus, IP1,8 _2 I= 4 x 20 = 80. 
1ex t, we show that P1. •. , admits a perfect part.it.i on . Let T 2 E S2 

corresp ond to t he permutation ( I , 2), and let H:1 E S :i correspond t.o the 

permutation (1, :1, 2). Let. 

T hen W, (:l,4)W, (5,6)W , and (:l,'1)(5,6 ) W arc disjoint. suhscls of P1,
6 2 

such t hat the matrices in each subset sum up to /,6 ,, , and each of Lhe four 

subsets contains exactly one m atri x from C,L'ic I above. 
T he remaining fi4 matri ces in P1.

8
,
2 

can he par t it ioned as follows. Recall 

that each of t he 16 matrices X 1, . .. , X 16 from Ca.se 2 above has exac t.l y one 
nonzero entry from every Aij in L6 ,2 wi t.h i -/= j. Now, we associate each 

matr ix Xr from Case 2 with t hree other mat.r ices Xr,2, Xr,:i, and Xr ,1 in 
P1,0 _2 as determined in t he following manner: 

Xr,2: Prom each nonzero /lij, select. t he cnlry ho riwnLally ad,iacc:nL 

to t he ent ry t hat was selected t.o he in X r· 
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Xr,3: From each nonzero Aij, select t.hc entry verticall y adjacent. 

to the entry that was selected to be in X r · 
X r, 4 : From each nonzero Aij, select. the entry diagonal to t he entry 

that was selected to be in X r· 
Then we have 16 disjoint sets o f the form {Xr,Xr,2,Xr,3,Xr,/4} such 

the matrices in each set sum up to L6 ,2 . For example, the fo llowing four 
matrices in P1,

6
_
2 constit u te a set in the partition: 

0 0 0 () 0 0 () () () () 

0 0 0 0 I 0 () () 0 () 0 I 

Xr= 
0 0 0 0 0 1 

Xr,2 = 
() () () () () 

1 0 0 () 0 0 0 () 0 0 0 
0 0 0 1 () 0 () () I 0 0 0 
0 1 0 0 0 0 () 0 0 () () 

0 0 0 0 0 () 0 () 0 0 1 
() () () () () () () () () () 

Xr,:l = 
I () () () (J (J 

Xr ,1 = 
() () () () () 

0 () () () () I () (l () () I () 

0 1 0 0 () 0 I () () () () () 

0 () () 0 0 () () () () 0 

None o f the 6'1 matrices parti t ioned into sc t.s of t.hc fo rm {X r, Xr,2, Xr,3, X r ,1} 

were previously used up in sets o f the form a W, because a ll matrices be­
longing to sets of the form aW in t he partition have eit her t.wo or zero 
entr ies from each nonzero Aij in L6 ,2 . We thus have a per fect partition of 

Pr,0,2. D 

. We close the paper with some general quest.ions . 

Problcrn 4.8 For which TL x TL (0, I )- m atr ices 11 docs P 11 have a perfect. 

partition? 
Not.e t hat. such matri ces A must. be regular , and if k is the constant. row 

and column sum , k must. be a fact.or of t.h <: pern1arn:nt. of A. In addition , 
the permanental minors of the J's o f ;\ arc consLanL. 
Problcrn 4.9 Determine a good upper boun<i on t.he chrom at.ic number 

x(CA) of the p ermutation graph of a regular matrix A. More specificall y, 

find a constant en such that 
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An even more general problem is the following. 
Problem 4.10 Let P = {P; : i E /} be a set o f permutation matri ces of 

order n . Let A be a multiset o f (0, I )-matrices of order n. When is there a 

partition of/ into sets / 1, /2 , ... , Im such that the ma.tri ces L {1>1 : j E /;} , 

(i = 1, 2, ... , m), are the matri ces in A, including multiplicities? 

The problem discussed in this paper concerns sets o f permutation ma­
trices PA where A is a. (0, I )-matrix and A is t he mult.iset consisting o f /\ 

with a certain multiplicity. 
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