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Abstract. An orthogonal double cover (ODC ) G of the complete graph K, is a
collection of n spanning subgraphs G,, Ga,..., G, of K, such that

- every edge of K, belongs to exactly two of the G;’s and

- every pair of G:’s intersect in exactly one edge.
If Gi @ G forall i € {1,2,...,n}, then G isan ODC of K. by G. An ODC of
Kn is cyclic if the cyclic group of order n is a subgroup of its automorphism group.
In this paper, we obtain cyclic ODCs of K, by caterpillars of small diameter.

1 Introduction

In this paper, we consider only finite simple graphs. Our notation and
terminology are as in [1]. For an integer n > 2, let K, be the complete
graph with n vertices. A collection ¢ = {G1,G2,...,Gr} of n spanning
subgraphs of K,, is an orthogonal double cover (briefly ODC) of K,, if
(i) every edge of K, belongs to exactly two members of G and
(ii) any two distinct subgraphs G, G; have exactly one edge in common.

If G; G forall i € {1,2,...,n}, then G isan ODC of K, by G.

If ¢ = {G,,G2,...,Gr} isan ODC of K, by G, then
n| E(G)|=|E(G1) |+ |E(G2) | +...+ | E(Gn) |= 2| E(Ky) |= n(n—1)
and hence G has n — 1 edges.

Gronau, Mullin and Rosa conjectured the following:

Conjecture [3]. If T is an arbitrary tree with n vertices, n > 2, other than
the path P; with 3 edges, then there exists an ODC of K, by T.

An ODC of K, is ecyclic if the cyclic group of order n is a subgroup of its
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automorphism group.

Let V(K,) = Z, be the vertex set of K,, where Z, is the ring of integers
modulo n. The distance of two vertices z,y € Z, is the circular-distance
defined by d(z,y) = min{|z—y |, n— |z —y |}. The edge zy is said to have
length d(z,y). In [2], circular-distance is named as Lee — distance.

Given two edges e; = wujv;, e; = wugvy of the same length ¢, the
rotation —distance r(€) between e; and e; is defined by 7(¢) = min {ry, r2 :
(ur+7m1)(v1 +71) = ez, (ug +r2)(v2+12) = e1}.

Given a graph G = (V, F) with n vertices and n—1 edges (isolated vertices
are permitted), a labelling ¢ : V — Z, is an orthogonal labelling of G if
(i) for every k € {1,2,..., ]_"T_IJ}, G contains exactly two edges of length k,
and exactly one edge of length 3 if n is even,

(i) {r(k): k € {1,2,..., |22} = {1,2,..., |22}

The following theorem of Gronau, Mullin and Rosa (3] relates cyclic ODC's
and orthogonal labellings.

Theorem [3]. A cyclic ODC of K, by a graph G exists if and only if there
exists an orthogonal labelling of G.

Let ny, ng,...,n,, r > 1, be integers, where ny, n, > 1 and n; > 0 for
i € {2,3,...,r —1}. The caterpillar C(n,, na,...,n,) is the tree obtained
from the path P, := zz3 ...z, by joining the vertex z; to n; new vertices
Til, Ti2,-.., Zin, for each i. Clearly, C(n1, n2,..., n,) is of diameter r+ 1.

In this paper, we concentrate on orthogonal labellings of caterpillars of small
diameter. Also, in this paper, we define only the labelling and the verification
for that to be an orthogonal labelling is omitted.

If T is a caterpillar of diameter 2, then 7 = 1 and hence it is a star. Any
bijection ¢ : V(C(n1)) — Zn,4+1 is an orthogonal labelling of C(ny). In [5],
Leck and Leck showed that the caterpillar C(nj, n2) of diameter 3 has an
orthogonal labelling if and only if n; + n2 + 2 and niny are not relatively
prime. Gronau, Mullin and Rosa [3], have constructed ODCs (not necessarily
cyclic) for all caterpillars of diameter 3, except Pj.

2 Caterpillars of diameter 4

Gronau, Mullin and Rosa (3], obtained an orthogonal labelling for the
caterpillar C(2k,1,2k), (k > 0). They also observed that the caterpillars
C(2,2,2) and C(2,3,2) have no orthogonal labelling. In [6], orthogonal
labellings have been given for all C(k,t,k+t+7r) with & >0, t > 0, r > 0.
Also, in [6], Leck and Leck have constructed ODCs (not necessarily cyclic) for
all caterpillars of diameter 4. Now we extend this known class of caterpillars.

Theorem 1. For all £k > 1 and t > 0, the caterpillar C(1,2(k + t) + 1,2k)
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has an orthogonal labelling.

Proof. Define a labelling ¢; : V(C(Q1, 2(k + t) + 1, 2k)) — Zaggi2e4+5 by
¢1(z1) = 2k, ¢1(z2) = 0, ¢1(z3) = 4k +2t+ 4, ¢1(z1,1) = dk+ 2t + 3,

i) o= i H1<i<ok—1
W24 = 1 i4+1  if2k<i<2k+2t+1

and ¢y(za;) = 2k+2t+2+1d if 1 < i < 2k. [

Theorem 2. For any k > 1, the caterpillars C(4,4k + 1,4) and
C(2k,4k — 3,2k) have orthogonal labellings.

Proof. (i) Define a labelling ¢2 : V(C(4,4k+1,4)) — Zak+12 by ¢2(z1) = 0,
da(z2) = k+3, da(z3) = 2k +6, ¢a(x11) = k+ 4, ¢a(z12) = 2k + 5,
¢2(Il'3) = 3k + 10, ¢2(Il,4) = 4k + 11,

i+1 if1<i<k,
1+ 4 if k+1<1i <2k,
$a(zas) = { i+7 if2k+1<i<3k
3k+9 ifi = 3k+1,
1+ 9 if3k+2<i<4k+1,
@2(z3,1) = 1, @2(z3,2) = k+2, ¢2(z33) = 2k+7 and ¢a(z34) = 3k +8.

(ii) Define a labelling ¢3 : V(C(2k,4k — 3,2k)) — Zgr by ¢3(z,) = 0,
#3(z2) = 2k, ¢3(z3) = 4k,

dalitnd = % —-1+2 if1<i<k,
SV T 4k —1+420 ifk+1<i<2k,

21 ifi<i<k-1,
¢3(z2:) = 2+ 2 ifk<i<2k-—-2,
21+ 4 if2k—1<i<4k-3
and

il = 2i-1 if1<i<k,
3VE34) = \ 2%k—1+2 ifk+1<i<2k

3 Caterpillars of diameter 5

Gronau, Mullin and Rosa (3], observed that among the caterpillars of diameter
5 with n < 10 vertices, the caterpillars not admitting an orthogonal labelling
is C(3,0,0,1). An orthogonal labelling for the caterpillar C(3,0,0,2k + 1) is
given in [4]. In this section, we find orthogonal labellings for some caterpillars
of diameter 5.

Theorem 3. Forall £k > 0 and all ¢ > 2, the caterpillar C(1,2k+1,4t+3,1)
has an orthogonal labelling.
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Proof. Case 1. k= 2r

Define a labelling ¥; : V(C(1,4r+1,4t+3,1)) — Zar,4t410 by ¥1(z1) = 1,
1/)1(.’1:2) = 2r42t+5, 1/)1(13) =0 ’(/11(.’54) = 4r+4t+9, 1/)1(11,1) = 4r+4t+7,

Y1(z2,:)

Il

1/11 (IS,t)

(

\

(

\

1+4
2t + 1
2r+2t+6
20 +8+1
4 +4+1

1+ 1
r+141
2r+1+1
2r+3+1
3r+3+1
4r + 4t + 8

and v;(z4,1) = 4r + 4t + 6.
Case 2. k =2r+1

Define a labelling ¥ : V(C(1,4r+3,4t+3,1)) — Zariat+12 by ¥2(z1) = 1,
‘!/12(.’[2) = 2T+2t+6, ¢2(13) = 0, ¢2(x4) = 4r + 4t + 11, ‘d)g(xxll) =

4r + 4t + 9,

Yo (ze,:) =

Y2(z3,4)

\
(

\

i+4
r+t+3
2t +1
2r+2t+7
2t +8+1
3r+3t+9
4t +4 +1
i+1
r+1+4
r+2+1
2r+2+1
2r +4+1
Ir+4+1
r+5+1
4ar + 4t + 10

and y(z4,1) = 4r +4t +8.

For t = 0 and 1, the caterpillar C(1,2k + 1,4t + 3,1) is C(1,2k + 1,3,1)
and C(1,2k +1,7,1), respectively. Next, we consider C(1,2k+1,7,1) for any
k and C(1,2k+1,3,1) for odd k's.

Theorem 4. Let k > 2 be an integer. The caterpillars C(1,4k + 3,3,1) and

fl1<i<r,

ifr+1<i<2r

ifi=2r+1,

if2r+2<i<3r+1,
if3r+2<i<4r+1,

if1<i<3,

ifa<i<ot—1,
if2t<i<?2t+3,
if2t+4<i<2t+86,
if2t+7<i<4t+2,

ifi =4t+3

if 1 <3<,
ifi =r+1,

fre2<i<or+1,

ift = 2r4+2,

if2r +3<i<3r+2,

ifi = 3r+3,

if3r+4<i<4r + 3,

if1<i<3,

ifa<i<t+1,
ift+2<i<2t—1,
if 2t <1 <2t+3,
if2t+4<i<2t+6,
if 2t +7 < i< 3t+4,
if3t+5<i<4t+2,
ifi =4t +3
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C(1,2k +1,7,1) have orthogonal labellings.
Proof. (i) Define a labelling 3 : V(C(1,4k+3,3,1)) — Zak4+12 by ¥s(z1) =

4k + 11, ‘(/)3(.1:2) =

11
i+2
i+4
i+5
4k + 10

Ya3(z2:) =

0, ¥3(z3) = 2k+6, Ya(za) = 1, ¥a(z11) = 4k +8,

ifl<i<k+1,
ifk+2<i<2k+3,
if 2k+4 <1< 3k+4,
if3k+5<i<4k+ 2,
ifi = 4k + 3,

¢3(I3'1) = k+3, ‘!/)3(1:3_2) = 2k+7, ¢3(I3.3) = 3k+9 and 1/)3(1'4’1) = 4k+9.

(ii) Define a labelling ¥4 :

V(C(1,2k +1,7,1)) — Zak414 by Ya(z1) = 1,

Ya(z2) = k+7, Ya(z3) = 0, Ya(z4) = 2k+ 13, Ya(z1,1) = 2k + 11,

2 g ==l
1+ 3 i2SKisk—1,
k+5 e =k
Ya(z2,) = i+7 ifi=4k+1,k+2
2k + 12 i =2k
Ya(z3,1) = 3, Ya(z32) = 4, Ya(Z33) = k+3, Ya(z34) = k+4, Yulz3s) =
k+6, Ya(z3e) = k+ 10, Ya(z3,7) = k+ 11 and Ya(z4,) = 2k + 10. -

Theorem 5. Forall k > 1, the caterpillars C(1,2k+1,5,1), C(1,13,4k+1,1),
C(1,0,k,k), C(k,1,2k+3,k) and C(k,5,2k+1,k) have orthogonal labellings.
Proof. (i) Define a labelling v : V(C(1,2k+1,5,1)) — Zok412 by ¥s(z)) =
2k + 11, 1/)5(32) = 01 ¢5(z3) = k+61 ¢5(24) = 1) wS(Il.l) g 2k+8)

1+2 ifl<i<k+1,
1/)5(12],‘) = k+5 ifs = k+2,
1+6 ifk+3<i<2k+1,

Ys(z3,1) 2, Ys(z32) = k+4, ¥s(zzz) = k+7, ¥s(z34) =
¢5(23'5) 2k + 10 and ‘!/)5(1‘4,1) = 2k+9.

(ii) Define a labelling ve : V(C(1,13,4k + 1,1)) — Zski20 by vs(z1) =
4k + 19, lﬁs(.’tg) = 0, ¢6(I3) = 2k + 10, ¢5(I4) = 1 ‘d)s(.’cl.l) = 4k + 16,

k +8,

i+1  ifi=1,23,
E+8 TV =4

) 2%k +1+i  if5<i<8,

Ye(%24) = op434i if9<i<il,
3k+15  ifi = 12,
4k+18  ifi = 13,
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i+4  if1<i<k,

i+5  ifk+1<i<2k,
ve(z3:) = { 2k+11  ifi = 2k+1,

i+13  if2k+2<i<3k+1,

i+14  if3k4+2<i<dk+1

and ws(I4'1) = 4k+ 17.

(iii) For & = 1, label the vertices =z, z2, z3, x4, 21,1, 31 and z4; by
5,3,0,1, 6,2 and 4, respectively. So assume that k > 2. Define a

labelling v, : V(C(1,0,k,k)) — Zakss by ws(z1) = k+3, ¥r(z2) = k+1,
Ye(z3) = 0, Yr(z4) = 2, Y2(z11) = k+4,

k+2 ifi=k
and Yr(z4:) = k+4+iif 1 < i <k

(iv) Define a labelling g : V(C(k,1,2k + 3,k)) — Zskis by ¥s(z1) = 1,
Yg(z2) = 2k +4, Ys(z3) = 0, Ys(z4) = 4k +7, Yg(z1:) = 2k +5+ 2i if
1<i<k, Yg(z2,1) = 2k+5,

1 ifi =1,
Yr(zas) = ¢ i+1 if2<i<k-—1,

alass) = | i1 1<%+,

8U84) = \ 4k+6  ifi=2k+3

and Ys(z4:) = 2k+4+2i if 1 <i<k

(v) Define a labelling %o : V(C(k,5,2k + 1,k)) — Zak4+10 by %o(z1) = 1,
Yo(z2) = 2k +5, Yo(z3) = 0, Yo(za) = 4k +9, Yo(z1:) = 2k + 7+ 2
if 1 < <k, to(z21) = 2, %o(z22) = 2k + 3, Yo(z23) = 2k + 6,
Yo(Z2,4) = 2k+ 7, o(z2s) = 4k + 8,

dofe s = i+2  if1<i<2k,
NI = 1 2%k 44 ifi=2%k+1
and Yo(z4,:) = 2k+6+2i if 1 <i<k. ]

In the caterpillar C(1,0,k,k), k > 2, delete the edge z;z, and add the
new edge z,1Z4,2. The resulting graph is isomorphic to C(1,0,k — 1,k + 1).
The labelling 1, in the proof of Theorem 5, is also an orthogonal labelling of
C(1,0,k — 1,k + 1). Thus, we have

Theorem 6. Let k > 2 be an integer. The caterpillar C(1,0,k—1,k+1) has
an orthogonal labelling.

4 Caterpillars of diameter 6

Gronau, Mullin and Rosa (3], observed that among the caterpillars of diameter
6 with n < 10 vertices, the caterpillars not admitting an orthogonal labelling
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is C(1,0,0,0,1). Also, this result for n < 10 has been extended to n < 14
in [4]. In this section, we find an orthogonal labelling for the caterpillar
C(1,4r +1,1,4t+3,1), for r > 1 and t > 1.

Theorem 7. Forall » > 1 and t > 1, the caterpillar C(1,4r +1,1,4t+3,1)
has an orthogonal labelling.

Proof. Define a labelling p : V(C(1,4r + 1,1,4t + 3,1)) — Zgriae+12
by p(z1) = 1, p(z2) = 2r+ 2t +6, p(za) = r+t+3, p(za) = O,
p(zs) = ar+4t +11, p(z1,1) = 4r +4t+9,

( 2 ifi =1,
t+241i if2<i<wr,
t+3+1 ifr+1<i<2r—1,
or+2t+4  ifi = 2r
PE2:) = § oG4 ifi—2r+1,2r 42
3t+7+i  if2r+3<i<3r+l,
3t+8+i if3r+2<ic<dr,
| 4r+4t+10  ifi=4r+1,

p(z31) = 3r+3t+9,

i i+2 ifl<i<t+1,
2r+1+1 ift+2<i<2t+2,
p(:c4,‘-):J 2r+2t+5 ifi = 2t+3,
2r+5+1 if 2t +4 <i<3t+4,
[ 4r+4+i if3t+5<i<4t+3

and p(zs,) = 4r + 4t + 8. m

In conclusion, we propose the following problems:
Problem A. Which caterpillar admits an orthogonal labelling?

In general,
Problem B. Which tree admits an orthogonal labelling?
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