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Abstract 

A grid graph G is a finite induced subgraph of the infinite 2-
dimensional grid defined by Z x Z and all edges between pairs of 
vertices from Z x Z at Euclidean distance precisely 1. A natural 
drawing of G is obtained by drawing its vertices in R 2 according 
to their coordinates. Apart from the outer face, all (inner) faces 
with area exceeding one (not bounded by a 4-cycle) in a natural 
drawing of G are called the holes of G. We define 26 classes of 
grid graphs called alphabet graphs , with no or a few holes. We 
determine which of the alphabet graphs contain a Hamilton cycle , i.e. 
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a cycle containing all vertices, and solve the problem of determining 
a spanning 2-connected subgraph with as few edges as possible for 
all alphabet graphs. 

Keywords: alphabet graphs, grid graph, Hamilton cycle, spanning 
2-connected subgraph 
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1 Introduction 

The infinite grid gmph C00 is defined by the set of vertices V = { ( x, y) I 
x E Z, y E Z} and the set of edges E between all pairs of vertices from V 
at Euclidean distance precisely 1. For any integers s 2'. 1 and t ~ 1, the 
rectangular grid graph R(s, t) is the (finite) subgraph of C 00 induced by 
V(s, t) = {(x, y) 11 :'S x s; s, 1 '.Sys; t, x E Z , y E Z} (and just containing 
all edges from C00 between pairs of vertices from V(s, t)) . This graph 
R(s, t) is also known as the product graph Ps x Pt of two disjoint paths 
Ps and Pt. A grid gmph is a graph that is isomorphic to a subgraph of 
R(s, t) induced by a subset of V(s, t) for some integers s 2'. 1 and t ~ 1. 
It is clear that a grid graph C = (V, E) is a planar gmph, i.e. it can be 
drawn in the plane 3?2 in such a way that the edges only intersect at the 
vertices of the graph . In such a drawing, the regions of ?R2 \(V U E) are 
called the faces of G . Exactly one of the faces is unbounded; this is called 
the outer face; the others are its inner faces. The natural drawing of a 
grid graph is just described by drawing its vertices in ?R2 according to their 
coordinates. A solid grid gmph is a grid graph all of whose inner faces have 
area one (are bounded by a cycle on four vertices) in a natural drawing. A 
grid graph that is not solid contains inner faces (in a natural drawing) that 
have area larger than one; these faces are called holes. A subgraph H of a 
graph C = (V, E) is called a spanning subgraph if V(H) = V. A connected 
graph is called 2-connected if it remains connected if at most one vertex 
is removed. A Hamilton cycle in a graph G = (V, E) is a cycle containing 
every vertex of V, i.e. a spanning 2-connected subgraph in which every 
vertex has degree 2 (the number of edges is IVI). 

ltai, Papadimitriou and Szwarcfiter [2) proved that deciding whether a 
given grid graph has a Hamilton cycle is an NP-complete problem. This 
implies that the problem of finding a spanning 2-connected subgraph with 
as few edges as possible is also NP-hard for grid graphs. It has been con
jectured that the first problem remains NP-complete when it is restricted 
to solid grid graphs . However, Umans and Lenhart [9] recently proved that 
this problem is polynomially solvable, by presenting a complicated algo
rithm with time complexity O(IVl4

) . In a recent paper of Sheffield [8) the 
work of [2] has been extended to grid graphs with a small number of holes. 
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For the second problem the complexity is not known when it is restricted 
to solid grid graphs. It remains an open problem - what the complexity of 
both problems is - when we restrict ourselves to grid graphs with a fixed 
number of holes. 

Motivated by the above problems, we study the problem of the existence 
of a Hamilton cycle and the problem of determining a spanning 2-connected 
subgraph with as few edges as possible for a large number of classes of 
finite grid graphs with no or a few holes called alphabet graphs. This is a 
continuation of the work in [3], [4], [5], [6] and [7] . For all graphs of the 
defined classes we solve the second problem. All solutions are of the same 
type : first, we use the well-known Grinberg-condition and the properties 
of bipartite graphs to derive a lower bound for the number of edges in a 
spanning 2-connected subgraph. Secondly, we show by construction that 
this lower bound is in fact the optimum value. 

RBCDEF 
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Figure 1: Alphabet graphs in order from A to Z for m = 4 and n = 3 

2 Alphabet graphs 

We now introduce the 26 classes of grid graphs which we call alphabet 
graphs. 

For every letter ). of the alphabet { a, b, ... , z} we define a corresponding 
subgraph Am,n of R(3m - 2, 5n - 4) for all m ~ 3, n ~ 3. These alphabet 
graphs {Am,n, Bm,n, ... , Zm,n} are shown in Figure 1 form= 4 and n = 3. 
It is clear from these figures how these graphs should be extended for other 
values of m and n. We will avoid the tedious details of defining all these 26 
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graph classes formally. Note that the extension of these classes to m = 2 
or n = 2 causes problems with the definition of grid graphs: for instance, 
the natural definition of Ei,2 would not result in an induced subgraph of 
coo. 

Notice that from these 26 classes, there is one class of alphabet graphs 
with two holes, namely the graph Brn,n; six classes with one hole, namely 
the graphs Arn,n, Drn,n, Om,n, Prn ,n, Qm,n and R.n,n; the remaining 19 
classes contain no holes, i.e. are solid grid graphs. 

We refer to these classes in the next result just by the capital letters, 
omitting the indices. Spanning 2-connected subgraphs with a minimum 
number of edges of alphabet graphs with m = n 2'. 3 were presented in 
[5) . In this paper we generalize that result. Our main result characterizes 
which of the alphabet graphs for any m 2'. 3 and any n ~ 3 are hamiltonian 
and shows a spanning 2-connected subgraph with at most two edges more 
than their number of vertices. We postpone the proofs and constructions 
(figures) until the next section. 

Theorem 1 Let m 2'. 3 and n ~ 3. Let A, B, .. . , Z denote the alphabet 
graphs Arn,n, Brn,n, . .. , Zm,n as defined above. Then: 

{i} A, D, 0 and P are hamiltonian. 

(ii) E and F contain a spanning 2-connected subgraph with (at most} 
!VI+ 1 edges and are hamiltonian if and only if n is even. 

{iii) N contains a spanning 2-connected subgraph with {at most} IVI + 1 
edges and is hamiltonian if and only if m and n have a different 
parity. 

{iv} Q contains a spanning 2-connected subgraph with (at most} IVI + 1 
edges and is hamiltonian if and only if m is odd or n is even. 

{v} R contains a spanning 2-connected subgraph with (at most) IVI + 1 
edges and is hamiltonian if and only if m is even or n is odd. 

{vi} W contains a spanning 2-connected subgraph with 
• !VI edges if m is even; 
• !VI + 1 edges if both m and n are odd; 
• !VI+ 2 edges if m is odd and n is even. 
These numbers of edges are all best possible. 

{vii} X contains a spanning 2-connected subgraph with 
• !VI edges if either {m is even} or {m is odd, m ~ 7 and n is even}; 
• !VI+ 1 edges if either (m and n are odd} or {m=5 and n is even}; 
• !VI+ 2 edges if m=3 and n is even. 
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{viii) The remaining alphabet graphs contain a spanning 2-connected sub
graph with (at most) IVI + 1 edges and are hamiltonian if and only if 
m • n is even. 

3 Proofs and constructions 

A useful necessary condition for hamiltonicity is the following result due to 
Grinberg [l]. 

Lemma 2 Suppose a planar graph G has a Hamilton cycle H. Let G be 
drawn in the plane, and let ri denote the number of faces inside H bounded 
by i edges in this planar embedding. Let r: be the number of faces outside 
H bounded by i edges. Then the numbers ri and r; satisfy the following 
equation. 

We use this lemma to prove the following corollaries. 

Corollary 3 E and F contain no Hamil.ton cycle if n is odd. 

Proof We will divide the proof into two cases. 

Case 1 We consider the alphabet graph E. There is exactly one face with 
12(m - 1) + lO(n - 1) edges and there are exactly lO(m - l)(n - 1) faces 
with four edges in the planar (natural) drawing of this graph . Let E be 
hamiltonian. Then, by Lemma 2, we have 

(12(m - 1) + lO(n - 1) - 2)(-1) + (4 - 2)(r4 - r~) = 0. 

Hence 
r4 - r~ = 6m + Sn - 12. (1) 

It is known that the number of faces with four edges is 

r4 + r~ = 10m -n - lOm - lOn+ 10. (2) 

From equations (1) and (2) we obtain 

2r4 = 10m • n - 4m - 5n - 2. (3) 

So, n is even. 

Case 2 We consider t he alphabet graph F. There is exactly one face 
with 8(m - 1) + lO(n - 1) edges and there are exactly 8(m - l) (n - 1) 
faces with four edges in the planar (natural) drawing of this graph . Let F 

21 



be hamiltonian. Then, by Lemma 2 and using a similar method as in the 
proof of Case 1, we obtain 

2r4 = 8m · n - 4m - 3n - 2. 

So, n is even. 

(4) 

□ 

Corollary 4 N contains no Hamilton cycle if m and n have the same 
parity. 

Proof There is exactly one face with 6(m-1)+14(n-l) edges and there 
are exactly lO(m - l)(n - 1) faces with four edges in the planar (natural) 
drawing of the graph N. Let N be hamiltonian. Then, by Lemma 2 and 
using a similar method as in the proof of Corollary 3, we obtain 

2r 4 = 1 Om · n - 7 m - 3n - 1. 

So, m and n have a different parity. 

Corollary 5 Q contains no Hamilton cycle if m is even and n is odd. 

(5) 

□ 

Proof It is easy to check that there is exactly one face with 8(m -1) + 
IO(n - 1) edges, one face with 2(m + n - 2) edges and there are exactly 
ll(m - l)(n - 1) faces with four edges in the planar (natural) drawing of 
the graph Q. Let Q be hamiltonian. Then, by Lemma 2 and using a similar 
method as in the proof of Corollary 3, we obtain 

2r4 = 11 m · n - 7m - 6n + 1 - (m + n - 3)(r2(m+n-2) - r;(m+n- 2)). (6) 

So, m is odd or n is even since (r2(m+n- 2) - r;(m+n- 2)) is -1 or 1. D 

Corollary 6 R contains no Hamuton cycle if m is odd and n is even. 

Proof We can check that there is exactly one face with 6( m - 1) + 
12(n - 1) edges, one face with 2(m + n - 2) edges and there are exactly 
ll(m - l)(n - 1) faces with four edges in the planar (natural) drawing of 
the graph R. Let R be hamiltonian . Then, by Lemma 2 and using a similar 
method as in the proof of Corollary 3, we obtain 

2r4 = llm · n - 8m - 5n + 1 - (m + n - 3)(r2(m+n-2) - r;(,n+n-2)) . (7) 

So, mis even or n is odd since (r2(,n+n-2) - r;(,n+n-2)) is -1 or 1. D 

Corollary 7 W, X and the remaining alphabet graphs in (viii} contain no 
Hamilton cycle if m • n is odd. 
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Proof We will divide the proof into two cases. 

Case 1 We consider the alphabet graph B. There is exactly one face with 
6(m - 1) + lO(n - 1) edges, there are two faces with 2(m + n - 2) edges 
and there are exactly 13(m - l)(n - 1) faces with four edges in the planar 
(natural) drawing of B. Let B be hamiltonian. Then, by Lemma 2 and 
using a similar method as in the proof of Coro1Jary 3, we obtain 

So , m · n is even since (r2(m + n - 2) - r;(m + n - 2) ) is -2, 0 or 2. 

Case 2 We consider the a lphabet graphs C, G, H , I , J , K, L , M, S , T , 
U , V, W, X, Y and Z . They are solid grid graphs. So the only faces to 
be considered in the planar (natural) drawing of every one of these graphs 
are the single outer face and the faces with four edges. Let these graphs be 
hamiltonian. The number of edges in the outer face is always even since 
they form a cycle and the graphs are bipartite. This number is then always 
2x(m - 1) + 2y(n - 1) for some positive integers x and y. The number of 
faces with four edges is al ways of the form z( m - 1) ( n - l) for some positive 
integer z. Then, by Lemma 2 and using a similar method as in the proof 
of Corollary 3, we obtain 

2r4 = z · m · n + (x - z)m + (y - z)n + (z - x - y - 1) . (9) 

Since 
(5, 5, 9) for C 
(5,7,11) for G,X, Y 
(3, 9, 11) for H, U 
(3, 5, 15) for I 

(x , y ,z) = (3, 7, 9) for J, K 
(3, 5, 7) for L , T 
(3, 7, 13) for M 
(7 , 5, 11 ) for S 
(3,7, 11 ) for V, W 
(5, 5, 13) for Z, 

z is odd, and x - z , y - z and z - x - y - 1 are even. So, m • n is even . □ 

Le mma 8 W contains no spanning 2-connected subgraph with at most 
JV I + 1 edges if m is odd and n is even. 

Proof Consider the alphabet graph W for odd m and even n . We can 
partition this graph into three rectangles; name them A (on the left), B (in 
the middle) and C (on the right) . A is R(m, 4n - 3), Bis R(m - 2, 2n -1) 
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Figure 2: Partition of the alphabet graph W5 ,4 

and C is R(m, 5n-4). For illustration, look at the partition of the alphabet 
graph W5 ,4 in Figure 2. All of the rectangles are bipartite graphs with a 
bipartition of the vertices, say in S and T, where we start with S in a 
corner vertex of A. It is easy to check that A and B have one more vertex 
from S than from T, whereas C has the same number of vertices from 
S and from T. So, IV(W) n SI = IV(W) n Tl+ 2. In any spanning 2-
connected subgraph G of W all vertices in S have degree at least 2, hence 
IE(G)I 2: 21S1 = ISi + ITI + 2 = IV(G)I + 2. This completes the proof of 
Lemma 8. □ 

We complete the proof of Theorem 1 by showing, through construction, 
the existence of a Hamilton cycle or a spanning 2-connected subgraph with 
at most IVI + 2 edges, in all cases where m = 3, 5, 6 or 7 and n = 4 or 5. 
Meanwhile, for other values of m and n, it is not difficult to see, from the 
patterns in the figures that now follow, how to extend the solutions. 

RDJ■P 
Figure 3: Hamilton cycles for the alphabet graphs A, D, 0, and P for 
m = 5 and n = 4 

Hamilton cycles for the alphabet graphs A, D, 0, and P are shown in 
Figure 3 form= 5 and n = 4, in Figure 4 form = 6 and n = 4, and in 
Figure 5 form = 7 and n = 5. The patterns in Figure 3 can be used for 
finding Hamilton cycles for these graphs for any odd number m and any 
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IIDIIP 
Figure 4: Hamilton cycles for the alphabet graphs A, D, 0, and P for 
m = 6 and n =4 

even number n; the patterns in Figure 4 can be used for finding Hamilton 
cycles for these graphs for any even number m and any number n; and 
the patterns in Figure 5 can be used for finding Hamilton cycles for these 
graphs for any odd numbers m and n . 

Figure 5: Hamilton cycles for the alphabet graphs A, D, 0, and P for 
m = 7 and n = 5 

In Figure 6, we show Hamilton cycles for the alphabet graphs E5 ,4 , 

Fs,4, Ns,4, Ns,s, Qs,4 , Q1,s, Rs ,4 and R1,s - The patterns in Figure 6(a) and 
Figure 6(b) can be used for finding Hamilton cycles for the alphabet graphs 
E and F, respectively, for any number m and any even number n. The 
patterns in Figure 6(c) and Figure 6(d) can be used for finding Hamilton 
cycles for the alphabet graph N (the pattern in Figure 6(c) for any odd 
number m and any even number n, the pattern in Figure 6(d) for any 
even number m and any odd number n). The patterns in Figure 6(e) and 
Figure 6(f) can be used for finding Hamilton cycles for the alphabet graph 
Q (the pattern in Figure 6(e) for any number m and any even number n, 
the pattern in Figure 6(f) for any odd numbers m and n). The patterns 
in Figure 6(g) and Figure 6(h) can be used for finding Hamilton cycles for 
the alphabet graph R (the pattern in Figure 6(g) for any even number m 
and any number n , the pattern in Figure 6(h) for any odd numbers m and 
n). 

In Figure 7, we show spanning 2-connected subgraphs with !VI+ 1 edges 
for the alphabet graphs Es,s, F6,5, Ns,4, N1,s, Qs,s and Rs,4. The pattern 
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(a) (b) (c) (d) 

ii fl 
(e) (f) (g) (h) 

Figure 6: Hamilton cycles for the alphabet graphs (a) Es,4 (b) Fs,4 
(c) Ns,4 (d) Ns,s (e) Qs,4 (f) Q1,s (g) Rs,4 (h) R1,s 

(a) (b) (c) 

Pl 
(d) (e) (f) 

Figure 7: Spanning 2-connected subgraphs with !VI + 1 edges for the al
phabet graphs (a) Es,s (b) Fs,s (c) Ns,4 (d) N1 ,s (e) Qs,s (f) Rs,4 
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in Figure 7(a) can be used for determining such a spanning subgraph for the 
alphabet graph E for any number m and any odd number n. The pattern in 
Figure 7(b) can be used for determining such a spanning subgraph for the 
alphabet graph F for any number m and any odd number n. The patterns 
in Figure 7(c) and Figure 7(d) can be used for finding such a spanning 
subgraph for the alphabet graph N (the pattern in Figure 7(c) for any 
even numbers m and n, the pattern in Figure 7( d) for any odd numbers 
m and n). The pattern in Figure 7(e) can be used for determining such a 
spanning subgraph for the alphabet graph Q for any even number m and 
any odd number n. The pattern in Figure 7(f) can be used for determining 
such a spanning subgraph for the alphabet graph R for any odd number m 
and any even number n. 

We show a Hamilton cycle for the alphabet graph W6 ,4 in Figure 8(a) . 
The pattern in Figure 8(a) can be used for finding a Hamilton cycle for 
the alphabet graph W for any even number m and any number n . In 
Figure 8(b) is shown a spanning 2-connected subgraph with IVI + 1 edges 
for the alphabet graph W7 ,5 . The pattern in Figure 8(b) can be used for 
determining such a spanning subgraph for the alphabet graph W for any 
odd numbers m and n. In Figure 8(c) is shown a spanning 2-connected 
subgraph with JVI + 2 edges for the alphabet graph Ws,4 . The pattern in 
Figure 8(c) can be used for determining a spanning 2-connected subgraph 
with IVI + 2 edges for the alphabet graph W for any odd number m and 
any even number n . This is the optimum value for the minimum number 
of edges in such a spanning 2-connected subgraph. 

(a) (b) (c) 

Figure 8: (a) A Hamilton cycle for the alphabet graph W6,4 (b) A span
ning 2-connected subgraph with IVI + 1 edges for the alphabet graph W7 ,5 

(c) A spanning 2-connected subgraph with JVI + 2 edges for the alphabet 
graph Ws,4 

We show Hamilton cycles for the alphabet graphs Xs,4 in Figure 9(a) 
and X 7 ,4 in Figure 9(b). The pattern in Figure 9(a) can be used for finding 
a Hamilton cycle for the alphabet graph X for any even number m and 
any number n, whereas the pattern in Figure 9(b) can be used for finding 
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(a) (b) (c) (d) (e) 

Figure 9: Hamilton cycles for the alphabet graphs (a) X6 ,4 (b) X1 ,4; 
Spanning 2-connected subgraphs with !VI+ 1 edges for the alphabet graphs 
(c) X 7,5 (d) X5,4 ; (e) A spanning 2-connected subgraph with IVl+2 edges 
for the alphabet graph X3,4 

a Hamilton cycle for any odd number m, m ~ 7 and any even number n . 
Meanwhile, in Figure 9(c) and Figure 9(d) are shown spanning 2-connected 
subgraphs with !VI+ 1 edges for the alphabet graphs X1,s and Xs,4, re
spectively. The patterns in Figure 9(c) and Figure 9(d) can be used for 
determining spanning 2-connected subgraphs with IV I + 1 edges for the 
alphabet graph X (the pattern in Figure 9(c) for any odd numbers m and 
n, the pattern in Figure 9(d) for m = 5 and any even number n) . In 
Figure 9(e) is shown a spanning 2-connected subgraph with !VI+ 2 edges 
for the alphabet graph X3,4 . The pattern in Figure 9(e) can be used for 
determining a spanning 2-connected subgraph with !VI+ 2 edges for the 
alphabet graph X form= 3 and any even number n. We are not sure that 
this is the optimum value for the minimum number of edges in a spanning 
2-connected subgraph. 

(a) (b) 

Figure 10: Hamilton cycles for the alphabet graphs (a) Zs,4 (b) Z6,5 

We show Hamilton cycles for the alphabet graph Zs,4 in Figure lO(a) 
and Z6,5 in Figure lO(b). The pattern in Figure lO(a) can be used for 
finding a Hamilton cycle for the alphabet graph Z for any number m and 
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Figure 11: Hamilton cycles for the alphabet graphs B, C, G, 1-/, I, J, K, 
L, M, S, T, U, V and Y form= 5 and n = 4 

any even number n, whereas the pattern in Figure lO(b) can be used for 
finding a Hamilton cycle for any even number m and any odd number n. 

Hamilton cycles for the remaining alphabet graphs are shown in Figure 
11 for m = 5 and n = 4 and in Figure 12 for m = 6 and n = 4. The 
patterns in Figure 11 can be used for finding Hamilton cycles for these 
graphs for any odd number m and any even number n. The patterns in 
Figure 12 can be used for determining Hamilton cycles for these graphs 
for any even number m and any number n. Finally, in Figure 13 we show 
spanning 2-connected subgraphs with !VI+ 1 edges for the alphabet graphs 
in (viii) for m = 7 and n = 5. The patterns in this Ia.st figure can be 
used for determining such spanning subgraphs for these graphs for any odd 
numbers m and n. 

To conclude this section, we present the remaining open problem. 

Problem 9 

(i} Is there a Hamilton cycle for the alphabet graph Xm ,n form= 5 and 
any even n? 

(ii} Is there a spanning 2-connected subgraph with ( at most} WI+ l edges 
for the alphabet graph Xm,n form= 3 and any even n? 
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Figure 12: Hamilton cycles for the alphabet graphs B, C, G, H, I, J, K, 
L, M, S, T, U, V and Y form= 6 and n = 4 
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Figure 13: Spanning 2-connected subgraphs with !VI + 1 edges for the 
alphabet graphs in (viii) form= 7 and n = 5 
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