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Abstract. The purpose of this paper is to study G (1)-strictly pseudocontractive mapping in a Hilbert space endowed
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1. Introduction

Let H be areal Hilbert space. A mapping T : H — H is said to be nonexpansive if

ITx =Tyl <llx—yl Vx,y€H, (1.1)
and T : H — H is said to be A-strictly pseudocontractive if there exists 4 > 0 such that,
(Tx =Ty, x—y) < lx—yI> = Al = T)x — (I = T)ylI>, Vx,y€H, (1.2)
or equivalently
(T =Ty = (I =T)y,x—y) 2 (I —=T)x — I = T)yl%, Vx,yeH. 13)
It is obvious that (1.2) (and consequently (1.3)) for A € (0, 1), is identical to the inequality
ITx = Ty[* < lx = yI> + k(I — T)x — (I = T)yl’, Vx,y€H, (1.4)

where £k = 1 — 21 <« 1. Let C be a nonempty, closed and convex subset of a Hilbert space H andlet7 : C — C
be a mapping, then a point x € C is called a fixed point of T if Tx = x. The set of fixed points of T is denoted by
F(T).
Let C be a convex subset of a Hilbert space H and T : C — C, the sequence {x,} defined iteratively by x; € C,
g1 = (A —ap)xn + 0, Txp, n > 1, (1.5)

where {a,,};’lil is a sequence in [0, 1] satisfying the following conditions: (i) lim,— o an = 0, (ii) Zso:l a, = 00,
is generally referred to as the Mann sequence in the light of [21]. Many authors have studied the approximation
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of fixed points of A-strictly pseudocontractive mappings using the Mann iteration (1.5) (see, for example,
{1,13-17,20,22,23,25,30-33] and the references therein). The Mann iteration (1.5) in general yield only weak
convergence for approximating fixed points of nonexpansive mappings and to obtain strong convergence, the Mann
iteration has to be modified. ,

In 2007, Marino and Xu [22] obtained weak convergence results using Mann iteration (1.5) for A-strictly
pseudocontractive mappings in Hilbert spaces and used the “C Q" algorithm to obtain the strong convergence for a-
finite family of A-strictly pseudocontractive mappings.

Let G = (V(G), E(G)) be a directed graph where V(G) is the set of vertices of the graph and E(G) be a set of
its edges. Assume that G has no parallel edges. We denote by G~! the directed graph obtained from G by reversing
the direction of edges. That is

E(G™) ={xy): (,x) € E(G)}.
If x and y are vertices in G, then a path in G from x to y of length n € N U {0} is a sequence {x;}]_, of n + 1
vertices such that xo = x,x, = y, (x;—1,x;) € Gfori = 1,2, ...,n. A graph G is connected if there is a (directed)
path between any two vertices of G. The power behind using graphs instead of partial orders was first recognized
by Jachymski in [19]. Jachymski [19] studied fixed point theory in a metric space endowed with directed graph,
introduced the idea of G-contractions and extend the Banach contraction principle to metric space endowed with a
directed graph.

Definition 1.1 ([19]). Let (X, d) be a metric space and let G = (V(G), E(G)) be a directed graph such that
V(G) = X and E(G) contains loops, i.e., & = {{(x,x):x € X} C E(G). Then a mapping f : X — X is said to be
a G contractton if f preserves edges of G, i.e.,

x,y€X, (x,y) € E(G)= (fx), f(Y))GE(G) (1.6)

and there exists a € (0, 1) such that forany x,y € X,

(x,y) € E(G) = d(f(x), f()) < ad(x, y).
Jachymski {19] further obtained the following theorem. '
Theorem 1.2 ([191). Let (X, d) be a complete metric space and let the triple (X, d, G) be such that for any {xp}nen

in X with x, = x and (xn, xn+1) € E(G) for n € N, there exists a subsequence {x,,} with (xn,,x) € E(G) for
n € N. Let f be a G-contraction, and Xy = {x € X : (x, f(x)) € E(G)). Then F(T) # @ ifand only if X ¢ # 0.

Many authors (for example see, [3-9,11,18,27]) have obtained results that improved and extended in various ways
Theorem 1.2.

Definition 1.3 ([28]). Let C be a nonempty convex subset of a Banach space X, G = (V(G), E(G)) be a directed
graph such that V(G) = Cand T : C — C. Then T is said to be G-nonexpansive if the following conditions hold:

(1) T is edge-preserving, i.e., forany x,y € C such that (x,y) € E(G) = (Tx,Ty) € E(G);
(2) iTx — Tyl < ||x — y|, whenever (x, y) € E(G) foranyx,y € C.
Tiammee et al. [28], proved Browder’s convergence theorem and a strong convergence theorem with the Halpern

iteration process for a G-nonexpansive mapping in a Hilbert space endowed with a directed graph. Precisely, they
obtained the following two convergence theorems:

Theorem 1.4 ([28], Theorem 3.4). Let C be a bounded closed convex subset of a Hilbert space H and let
= (V(G), E(G)) be a directed graph such that V(G) = C and E(G) is convex. suppose C has property G and
T C — C is a G-nonexpansive mappmg Assume that there exists xo € C such that (xo, Txp) € E(G). Define
T,:C — Cby
Tox = ({1 — an)Tx + anxo,

for each x € C and n € N, where {a,} is a sequence in (0, 1) such that a,, — 0. Then the following holds:



On G(A)-strictly pseudocontractive mapping in Hilbert spaces 31

(i) T, has a fixed point u, € C,
(i) F(T) # 9,
(i) if F(T) x F(T) € E(G) and Pr(r)xo is dominated by {uy}, then the sequence {u,,} converges strongly to
wo = Pr(ryXx0, where Pr(T) is the metric projection onto F(T).

Theorem 1.5 ([28], Theorem 4.5). Let C be a nonempty closed convex subset of a Hilbert space H and let

= (V(G), E(G)) be a directed graph such that V(G) = C, E(G) is convex and G is transitive. Suppose
C has property G. Let T : C — C be a G-nonexpansive mapping. Assume that there exists xo € C such that
(x0, Tx0) € E(G). Suppose that F(T) # @ and F(T) x F(T) € E(G). Let {x,,} be a sequence defined iteratively by

xg € C,
a.n
Xn+1 = anxo + (1 — ax)Txy, n >0,

where {a,} satisfies; (i) an € [0, 1], (ii) Y00 gon = 00, (iii) limy—oc0 an = 0 and (iv) I poy lOnt1 — anl < 00.
If {xn} is dominated by Pr(Tyxo and {x,} dominates xo, then {x,} converges strongly to Pr(ryxo, where Pp(ry is the
metric projection on F(T).

In this paper, we study G(1)-strictly pseudocontractive mapping which is an important generalization of the
G-nonexpansive mappings that have been recently considered by many authors. We further extended the results of
Tiammee et al. [28] obtained for G-nonexpansive mappings to G (1)-strictly pseudocontractive mappings.

2. Preliminaries
In this section, we present some important definitions and notable results that will be needed in the sequel.
Lemma 2.1 ([29]). Assume {a,} is a sequence of nonnegative real numbers such that
an+1 < (1 —yn)an + yndp, n=0,
where {y,} is a sequence in (0, 1) and {d,} is a sequence in R such that

@ 2,(1’?__0'}% = 00,
(i) limsup,_, o, dn <0o0r T2 (6, ¥nl < 00, then limy_, o0 an = 0.

Lemma 2.2. Let H be a real Hilbert space. Then the following result holds
e = yI? = lIxI? = 2¢x, y) + Iy1,
and.
lIx +yI? < x> +2(y, x + ), Vax,y€H.
Lemma 2.3. Let H be a Hilbert space, thenV x,y € H and a € (0, 1), we have
llax + (1 = a)yl? = allx? + (1 - a)llyl? — a(l — a)llx - yII%

Lemma 2.4 ([2]). Let X be a Hilbert space. Forany x,y € X, if |x + vl = ||x|| + [[y|| then there exists t > 0 such
that y = tx or x =ty.

Lemma 2.5. Let X be a Banach space. Then X is reflexive if and only if every bounded sequence {x,,} in X has a
weakly convergent subsequence {x,, }.

Definition 2.6. Let C be a nonempty closed and convex subset of a real Hilbert space H. For every point x € H,
there exists a unique nearest point in C denoted by Pcx such that

Ix — Pcxl| < flx —yll VyeC.
Pc is called the metric projection of H onto C and is characterized by the variational inequality:

(x — Pcx,z— Pcx) <0, VzeC.
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Lemma 2.7. Let H be a Hilbert space and let {x,} be a sequence of H with x, — x.Ifx # y, then
liminf ||x,, — x| < liminf ||x, — y|.
n—>o0 n—o0

Definition 2.8. Let C be a nonempty subset of a normed space X and let G = (V(G), E(G)), where V(G) =
is a directed graph. C is said to have property G if every sequence {x,} in C converging weakly to x € C has a
subsequence {xp,} such that (xp,, x) € E(G) forall k € N.

Definition 2.9. Let C be a nonempty closed convex subset of a Hilbert space H and G = (V(G), E(G)) be
a directed graph such that V(G) = C. Then T is said to be G-monotone if (Tx — Ty,x — y} > O whenever
(x,y) € E(G)foranyx,yeC.

Definition 2.10 ([10,26]). Let G = (V(G), E(G)) be a directed graph. A set X € V(G) is called a dominating
set if for every v € V(G)\X there exists x € X such that (x,v) € E(G) and we say that x dominates v or v is
dominated by x. Let v € V, then a set X C V is dominated by v if (v, x) € E(G) for any x € X and we say that X
dominates v if (x,v) € E(G) forall x € X.

In this paper, we will always assume E(G) contains all loops.

3. Main results

In this section, we define G(1)-strictly pseudocontractive mapping and prove a fixed point theorem for G (1) —strictly
pseudocontractive mapping in a Hilbert space. We will start by given the definition of G (1)—strictly pseudocontractive
mapping, an example of G (1)-strictly pseudocontractive mapping, some properties of G (1)-strictly pseudocontractive
mapping and the structure of the fixed point set of G(1)-strictly pseudocontractive mapping in Hilbert spaces.

Definition 3.1. Let C be a nonempty closed and cc;nvex subset of a Hilbert space H and let G = (V(G), E(G))
be a directed graph such that V(G) = C. Then a mapping T : C — C is G(A)-strictly pseudocontractive if the
following conditions hold:

(1) T is edge-preserving, i.e. forvanyx y € C such that (x,y) € E(G) = (Tx,Ty) € E(G);
(2) There exists ). > O such that (Tx —Ty,x—y) < [x —y||* — )~||(I T)x —(I —T)y|?, whenever (x, y) € E(G)
foranyx,y € C.

Clearly, I — T is G-monotone if T is G(/l):stt'ictly pseudocontractive.

Example 3.2. Let X = C be the Banach space I; and let G = (I, E(G)) and E(G) = {({xx}, {y»})} : for all
n €N, x,,y, € Zand y, = 2x,, n > 1}. Define amapping T : I, — I, by

(—=5x1, —5x3,—5x3,...) if x, € Z forall n € N,
(5x1,5x3,5x3,...) if x, ¢ Z for some n € N.

T(x1,X2, .0y Xiy...) = 3.1

Clearly, T is edge preserving. Now let x = (x, x2,x3,...) and y = (x1, X2, x3,...) be such that X, ¥ € I, and
(x,y) € E(G).
Then

lx—Tx —(y — Ty)||2 Z lxi = Tx; — (yi — T)’x)l
i=l1

o0
z |6x; — 6)’1
x
=36 Ixi — yil?
i=1

= 36| — 1%,
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which implies
I% = 512 = 2= |E — T% - G - T
36

But

o

IT% — T51? =D 5% — 5yil?

i=1
= 25| — 3|?
= 1% — 31> +241% — 31

- 2 _ _ -
= ||IX - 1% + -T2 -G- )| (3.2)

Thus, T is G()-strictly pseudocontractive. Choose x* = (3, %, %, %, 0,0,0,...)and y* = (4, %, ‘—1‘, %, 0,0,0,...),
then

ITa* = Ty =25 > 17 = |Ix* = y*|2 + llx* = Tx* = " = Ty)I*
> fx* = Y17 +klx* = Tx* = O = TYOI?, Yk e O, 1),
which implies T is not A-strictly pseudocontractive. Furthermore, for (x, ¥) € E(G),
ITx — Tyl =5kx —yll > IIx =yl
Hence, T is not G-nonexpansive.

Remark 3.3. Example 3.2 shows that there exists G(A)-strictly pseudocontractive mappings which are neither
A-strictly pseudocontractive nor G-nonexpansive.

Propeosition 3.4. Let H be a Hilbert space and G = (V(G), E(G)) a directed graph with V(G) = X. Suppose
T : H — H is a G(1)-strictly pseudocontractive mapping. If H has Property G, then T is continuous.

Proof. Let {x,} be a sequence in H such that x, — x, we show that Tx, — Tx.

Let {Tx,,} be a subsequence of {Tx,}, since x,; — x, by property G, there is a subsequence {xp;} such that
(xm;,x) € E(G) for j € N. Since T is G(1)-strictly pseudocontractive and (xn;, x) € E(G), we obtain

T xm; — TxI? < 1%m; — %% + kllxm; — Txm; — (x — Tx)||?
< m, = x N2 + kllm; — %I + kI T, — Tx 11 + 2Kk ll2m; — x| Txm; — T,
which implies |
(A=), = TxI? < (14 E)llxm, — X112 + 2Kl fx||_i|Txmj —Tx| =0, j = oco.
By the double extract subsequence principle, we conc{lude that Tx, — Tx. Thus T is continuous. o

Theorem 3.5. Let H be a Hilbert space and C be a subset of H having Property G. Let G = (V(G), E(G)) be a
directed graph such that V(G) = C and E(G) is convex. Suppose T : C — C is a G(A)-strictly pseudocontractive
mapping, F(T) # @ and F(T) x F(T) € E(G). Then F(T) is closed and convex.
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Proof. Let {x,} be a sequence in F(T) such that x, — x. Since C has Property G, there is a subsequence {xn;} of
{xn} such that (x,,;, x) € E(G) for all k € N. Moreover, by T being G(4)-strictly pseudocontractive, we obtain

I = Tl = lx = xu, + xu, — Tl
< I = ;12 + I, = TxI? + 201 = xa, Ilxa; — Tx]
= llx = 2n;I1* + 1 Txn; — Tx |2 + 20lx — X 1120, — T
< 11 = X, 12 + lxa; — %1 + KN = T)xn; ~ (I = Txl| + 2015 — xu, [l %0, — Tx|
=[x = xn II* + lxn; — 2% + kllx = Tx|I* + 2llx — xn, llxn; — Tx].
Therefore,
A= k)lx — TxlI? < 2l1x = xn; 0 + 2llx — xu; [lllxn; = Txl[l > 0, j — oo.

Thus, x € F(T) and so F(T) is closed.

Next, we show that F(T) is convex.

Letx, y € F(T)and a € [0, 1], then (x, x), (x, y) € E(G). Set z;, = ax + (1 — a)y, then since E(G) is convex
we have (x,z4) = (ax + (1 — a)x,ax + (1 — a)y) € E(G). Similarly, we have (y, z4) € E(G)-Since T is
G(2)-strictly pseudocontractive, we get

Ix — Tzqll? = ITx — Tza I?
< llx — zall> + kil = T)x — (I = T)zql?
= llx — zalI> + kllza — Tzall*. (3.3)
Similarly,
Iy = Tzall?® < 1y = zall? + kllza — Tza . | (34)
But,
lza — Tzall? = llax + (1 — @)y — Tza 2

= lla(x = Tza) + (1 = a)(y — Tzq)II?
=alx = Tzol> + (1 = a)lly — Tzq|> — a(l — a)l|lx — y|%. (3.5)

Substituting (3.3) and (3.4) into (3.5), we have

Iza — Tzall® < allx — zall* + akllza — Tzall* + (1 — @) |y — 241l
+ (1~ kllza - Tzal? —a(l — a)llx — yI2
=all(1 — a)(x = y)[| + (1 — a)lla(y — x)|?
+klzg = Tzal* — a(l — a)llx — ylI*.
Therefore,
(A = k)llza — Tzal? < a(l — a)?lx = yI? + (1 — a)a?lix — yI* — a(l —a)lix — yI?
=a(l-a)[l—a+a—1]lx—y|*=0.

Thus, F(T) is convex. ) L S ]
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Theorem 3.6. Let C be a bounded closed and convex subset of a Hilbert space H and let G = (V(G), E(G))
be a directed graph such that V(G) = C and E(G) is convex. Suppose C has Property G andlet T : C — C
be a G(1)-strictly pseudocontractive mapping. Assume that there exists xo € C such that (xg, Txg) € E(G). Define
Twp:C— Cby

Th px =-(1 —an)[(1 = P)x + BTx] + axxo

for each x € C and n € N, where {a,} is a sequence in (0, 1) such that a,, — 0 and f € (0, min{1, 22}). Then the
following hold:

(1) T, p has a fixed point u, € C,
(i) F(T) # 0, :
Gii) if F(T) x F(T) € E(G) and Pr(ryxo is dominated by {un}, then the sequence {un} converges strongly to
wo = Pg(ryXo0, where Pr(t) is the metric projection onto F(T).

Proof.

(i) Let xo be such that (xo, Txg) € E(G), we show that T, g is a G-contraction for all » € N and
p € (0, minf{1, 2}) C (0, 1).

1T, px — T pyl* = 11 = an)[(A = B)x + BTx] — (1 — @a)[(1 — @)y + BTYII?

= —an)lx —y— Blx —Tx — (y = THII
= (1 —an)’lllx — yI> = 28¢x = Tx = (y = Ty), x = y) + B2llx = Tx — (v = Ty)|1*]
< (1 = an)lllx — yI% = 2B20x = Tx — (3 = TY)I? + B2llx — Tx — (v — THI1*]
= (1 — an)’[llx — yI* = BRA — B)lIx — Tx — (y — Ty)II*]
< (1 —an)?llx — yII%. (3.6)

Therefore,

I T, px — Tupyll < (1= an)llx = yli.
Again, since T is edge preserving, (Tx, Ty) € E(G), for x, y € E(G), and we have
(To g%, Topy) = (1 = an)[(1 = f)x + BTx] + anxo, (1 — an)((1 — B)y + STY] + anxo) € E(G).

Therefore, T, g is G-contraction. For any sequence {x,} in C such that x, — x and (xn, x4+1) € E(G), by
Property G of C, there is a subsequence {x,,} such that (x,,, x) € E(G) for k € N. Since E(G) is convex and
(x0, x0) € E(G), we obtain

(x0, T, px0) = ((1 — ax)[(1 — B)xo + Bx0] + anxo, (1 — an)[(1 — B)xo + ﬂTXO]"i‘ anxo) € E(G).

Therefore all conditions of Theorem 1.2 are satisfied, so T, g has a fixed point up, i.e., up = T, guy.
(i) We now show that F(T) # @. Since {u,} is bounded , there is a subsequence {uy, } of {u,} such that u,, — o for
some v € C. Suppose Tov-#v: By-Property G, without loss of generality, we may assume that (u,,, R v) € E(G)

for all i € N. First, we show that u,, — Tu, — 0,n — 00. T

lin — Tunll = (1 — an)[(1 = Bt + BTun) + atnxo — Tutn |
< 11 = a1 = Bun + BTun — (1 — ) (1 — BTy + fTunll
+ llanl(1 = B)Tun + BTun] = anxol
= (1 = ay)(1 = B)lltn — Tunll + anlll(1 — B)Tutn + BTutn] — xoll. 3.7)

Hence,

(1 — (A = an)(1 = A)Yn — Tinll < anlll(1 = B)Tun + BTun] — xoll,
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and taking lim sup, we have |lu, — Tu,| — 0,n — o0. Observe that
ln, = Tol1> = llun, — Tttn, + Ttn, — To ||
< Nlttn; — Tt 12 + | Tttn; — To|? + 2lt4; — Ttan, | T, — T
< llttn; — T 1> + 20 thn; — Ttan; 1 T, — To||
+ lttn; — 0112 + kI — T)un, — (I — T)o|?
< Nttn; — Tt 112 + 2\ tn; — Ttan; | Tt; — To||
k
+ llun, —011* + AU = Thun, = (I = T)o, up, = 0)
< flun; = Tun 1* + 2llttn; — Tta, | T, — T
5 k : k
+ |lun, —oll“ + III(I — Tup; lun, —oll — I((I —T)o,up, — ).
Then from Lemma 2.7, we have
liminf ||u,, — 0||* < Liminf |lu,, — To||?
n—oo n—o0o

< liminf [[[un, — Titn, |2 + 2lltbn; — Tt I Ttt, — To||
n—>oo

k k
+ llun, —ol* + I = Dup [, = vlf = AT = T)v, tn; — 0)]

= liminf ||u,, — 0?,
n—>0o0

which is a contradiction. Hence 7v = v.
Suppose that F(T) x F(T) € E(G) and {Pr(r)Xo} is dominated by {u,}, we show that u, — wo = Pr(r)Xo0-
Let {un, } be a subsequence of {u,}, we denote v; = u,,. For each i, v; is a fixed point of T, g. Hence, we have

v; = (1 —a))[(1 = Bo; + pTv;] + apxo0
= (1 — ap))l(1 = Povi + poil + anv; = (1 — o )[(1 — Bv; + BT o] + anxo
= an, 0 + (1 — an,) i — Tv;) = an;xo. (3.8)

Since wy is a fixed point of T, we have
an;wo + (1 — an,) f(wo — Two) = on; wo. (3.9
By subtracting (3.9) from (3.8) and taking the inner product of the difference with v; — wg, we obtain
an; (0; — wo, v;i — wo) + (1 — an)f{I — T)v; — (I — THwo, Vi — W) = Oy, (X0 — wo, v; — wo). (3.10)

Again, since Pr(r)xo is dominated by {u,}, we have (v;, wo) € E(G) for all i € N. Moreover, since T is
G (A)-strictly pseudocontractive, then (I — T)v; — (I — T)wo, v; — we) = O for all i € N. Thus from (3.10),
we have

2
on; llvi — woll® < ap; (xo — wo, v; — wo).
Hence,

2
loi — woll < {(xo — wo, vi — wo)

= (x0 — wo, v — Wo) + (X0 — wo, V; — V).
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By the variational characterization of the metric projection, we know that (xo — wo, » — wo) < 0 and thus we
have

llo; — woll? < (xo — wo,v; —0) = 0, i — o0.

Therefore, v; — wo = Pp(r)xo and by the double extract subsequence principle, we can conclude that
up = wo = Pr(1)X0.

O

Proposition 3.7. Let C be a convex subset of a vector space X and G = (V(G), E(G)) a directed graph such
that V(G) = C and E(G) convex. Let G be transitive and T : C — C be edge-preserving. Let {x,} be a sequence
defined for initial xo € C,

Xpt1 = onxo + (1 — an)[(1 — B)xn + BT xn], 3.11)

where o, € [0, 1]and S € (0, 1). If {x,} dominates xo and (xg, Txo) € E(G) then (xn, Xn+1), (x0, X0) and (xn, Txp)
arein E(G) foranyn € N, '

Proof. The proof is similar to the proof of Proposition 4.4 of Tiammee ef al., [28] and is omitted. a

Theorem 3.8. Let C be a nonempty closed and convex subset of a Hilbert space H and let G = (V(G), E(G)) bea
directed graph such that V(G) = C, E(G) is convex and G is transitive. Suppose C has property G. LetT : C — C
be a G(1)—strictly pseudocontractive. Assume that there exists xg € C such that (xo, Txg) € E(G). Suppose that
F(T) #@and F(T) x F(T) € E(G). Let {x,} be as in (3.11), where B € (0, min{1, 21)) and a, € [0, 1] satisfies
the following condition:

(1) Z'OIO=O anp = 00,
(i) D924 lant1 — an| < 00,
(iii) limn_.)oo an = 0.

If {xn} dominates Pr(ryxo and xo, then {x,} converges strongly to Pp(ryxo, where Pg(r) is the metric projection on
F(T). '

Proof. Let zo = Pg(ryx0. From Proposition 3.7, (x, xs+1) € E(G) for all n € N. Since zo € F(T) and
zo = Pr(ryx0 is dominated by {x,}, we have (x,, zo) € E(G) and

Ixn41 — 20l* = llanxo + (1 = an)[(1 — B)xn + BTxn] — 20l
= llan(xo — z0) + (1 — @n)[(1 = B)xn + BTxn — 201
= anlx0 — zol* + (1 — an)|(1 — B)xn + BTxn — 20
— an(1 = ap)l(1 = B)xn + BT xn — xol>
< anlixo = 20l + (L = an) (L = B)xn + BT 0 — 20l (3.12)

But,

(1 = B)xn + BTxn — 20l1* = 1(1 = B)(xn — 20) + B(Txn — 20)II?
= (1= B)2Ixn — 2ol + B2 Txn — 20ll* + 281 — B)(xn — 20, TXn — 20)
< (1= B%11xn — zoll* + B2lxn — zoll* + kllxn — Txnll]
1—k%

+28(1 - B) [uxn — 2012 - 20 — Txnuz]
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= (1= 2B+ BH)llxn — 2011* + BUxn — 201> + kllatn — Txu[|*]
+2Bl1xn — 201> — 28%11xn — 20l1* = B = BYA — B)llxn — Txn]1*]
= |lxn — z0ll® + Blk + B — 1llxn — Txull?
< llxs — zoll®.
Therefore,
I%n+1 = z0l1® < anlixo — 2ol + (1 — an)llxn — 2ol
< max{|lxo — zoll, lxn — 2001}
Thus, {x,} is bounded and consequently, {T x,} is bounded for all n € N. From (3.12) and (3.13), we have -
Ixn+1 — 20l* < anlixo — 2oll® + (1 — an)llixn — 20l + BB — (1 = k))xn — Txu|1%]
< anllxo = z0ll* + lxa — 20l + BB — (1 = k) llxn — Txall?.
Now,
(L= BY(Gn — xn=1) + B(Txn = Txn—D)I* = l1Xn — Xn—1 = BGn — Txn — Gn—1 — Txa_1))II?
= 110 — Xn—1 1> + B*1Ixn — Txn — (tn—1 — Txu—1)II?
—2B{%n = Xn—1,%n — TxXn — (Xn—1 — TXn—1))
< lxn = Xn11? + B2 1lxn — T = Gonmt = Toxn)I®

— 2B \xpn — Txn — (n—1 — Txp—II?

(3.13)

(3.14)

= lxn — xn—l ”2 - ﬁ(2)~ —'ﬂ)”xn “‘.Txn — (xp—1 — Txn—])"2

< llxn — xn—1“2,
which implies
Q- ,B)(xn — Xn—-1) +ﬁ(Txn = Txp-1)ll < lxn — xp-1ll.

Thus

(3.15)

(3.16)

Ixn+1 — xnll = llanxo + (1 — ax)[(1 = B)xp + BT xp] — anxo — (1 = ap-DI(A = Bxp—1 + BTxp1]ll

<lay — an—1ll|x0 — (l - ﬂ)xn—l - ﬁTxn-—l I
+(1 - an)”(l - ﬂ)(xn — Xp-1) + ﬂ(Txn — Txp-1)|l
<lan = an-tllixo— (1 — Bxn—1 — BTxp_1ll + 1- an)llxn — xp-1ll

<l|ap —an-1lD+(1 - an)llxn — xn-1ll,

where D = sup{|lxo — (1 — B)xp—1 — fTxpn-1|l : n € N}.
But for m, n € N and from (3.17), we have

. n+m-—1 n+m—1
Xntm1 = Xngmll < ( > loip —a |) D+ ( IT 1n- ai+1|) Xmt1 = Xml

i=m j

1=m
n4+m—1 n+m-—1
< ( Z |1 —a;I)D + exp(— z a,-+1) 1xm41 — Xl

i=m i=m

317

(3.18)
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Since {x,} is bounded and > {2, a; = 0o, we obtain

n—o0 n—oo

t=m

w .
limsup |lxp+1 — Xpll = Hmsup [ Xp4m+1 — Xntmll < (Z |@aigs — ai|) D, VmeN.

Hence by D72 lan+1 — ax| < 00, we conclude that

Jim (xngy —xall = 0.
Moreover,
IXn — Txnll < 11xn — Xng1ll + xns1 — Txnll
= llxn = Xn41ll + lanxo 4+ (1 — an)[(A — Bxn + BT x] — Txnll
< Mxp — Xpgtll + anlixo = Txall + (1 — an)i(X — B)xn + BT xn — Txnll
< 1%n = Xn41ll + anllxo = Txnll + (1 = an) (1 = B)(xn — Txn)l. (3.19)
Therefore
1 =[Q=an)@ = ADIxs — Txull < llxn — xn+1ll + anlixo = Txall = 0, n — 00, (3.20)
Hence,

ixn — Txpll = 0,n — 00,

Since {x,} is bounded and H is a Hilbert space, there exists a subsequence {x, j} of {x,} that converges weakly to
yeC. .

We next show that limsup(x, — zp,x0 — z0) < 0. Choose a subsequence {x, j} of {x,} such that
limsup,,_, .o {*n — 20, X0 — 20) = limp,— 00 (Xn; — 20, X0 — 20). Since C has Property G, then ({x,,j}, y) € E(G).
Thus, as in the proof of Theorem 3.6 (ii), we conclude that y = Ty.

Hence, by the variational characterization of the projection mapping, we get

im (xn; — 2o, X0 — 20) = (y — 20, X0 — 20) < 0.
k— o0

Therefore, (x, — zg, xo — z0) < 0.
Furthermore,

1- an)[(_l — B)xn + BTxy, — 20] = (xn41 — 20) — an(x0 — 20),

and

1A = an)[(L = B)xn + BTxn — 201> = lIxns1 — zoll* + a2lixo — z0ll* — 20t (Xnt1 — 20, X0 — 20)
> WPt = 20l1% ~ 20 (xns1 — 20, %0 — 20). (3.21)

But,

11 = @)[(1 = B)xn + BT — 20l = (1 — an)ll%n — 20 — Bltn — Tr)]2
= (1 — on)*[llxn — 201> — 2B{xn — Txn, Xn — 20) + B*lIxn — Txnll*]
< (1~ an)*[llxn — 20l1* = 28211xn — Txnll* + B2 lIxn — Txn ]
= (1 — 0n)?[llxn — z0l* = BCA = B)lIxn — Txn?
< (1 = an)?llxn — 20ll%. (3.22)
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Thus,
(1 = an)llxn — 2011 > 1A — an)[(1 — B)xn + BTxn — 20l
> IIxn+1 — 2oll® = 200 (Xn41 — 20, X0 — 20)- (3.23)
Hence,
Ixn41 — 201> < (1 — an)llxn — 20lI* + 20 (Xn41 — 20, X0 — 20)-
It then follows from Lemma 2.1, that lim,_, o0 || X, — 20l|2 = 0, i.e., X, = Z0. |
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