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Abstract. The following notions related to probabilistic metric spaces have been mentioned in the first section of 
this research article. 

(1) Commuting Self Maps, 
(2) Weakly Commuting Self Maps, 
(3) Compatible Self Maps, 
(4) Weakly Compatible Self Maps, 
(5) Occasionally Weakly Compatible Self Maps. 

While mentioning the above stated concepts, it has been also proved that each pair of self maps satisfies the conditions 
of its successor, but none of the reverse implication is true. Examples are provided to illustrate these ideas. In the 
main results, some common fixed point theorems using contractive conditions of integral type in the probabilistic 
metric spaces are established. An example is presented to validate the results. 

2000 Mathematics Subject Classification: 47H10, 54H25. 

1. Introduction 

A generalization of metric space, called probabilistic metric space was invented by K. Menger (12] in 1942. The 
idea of non-deterministic distance was employed to define the notion of probabilistic metric spaces. These metric 
spaces are studied and developed further by many mathematicians in many of its aspects [18,19]. This probabilistic 
generalization of metric spaces finds its applications in the investigation of physical quantities and physiological 
thresholds. Also fundamental concepts of probabilistic functional analysis are closely concern with the probabilistic 
distance. The contraction mappings are entered into the study of probabilistic metric spaces in 1972. Contraction 
mapping~ in probabilistic metric space are initiated by Sehgal, Bharucha, Reid (20]. This was the beginning of fixed 
point theory in the probabilistic metric spaces. 

Many authors established common fixed point theorems by using the idea of commuting pair of self maps. The 
notion of commuting pair of self maps is further generalized to weakly commuting pair of self maps (21]. G. Jungck 
[8] observed that many elementary pairs of self maps are not weakly commuting. So he weakened the notion of 
weakly commuting pair of self maps to compatible pair of self maps [8]. G. Jungck and Rhoades generalized the 
compatibility of pair of self maps to weak compatibility [9]. Many fixed point theorem were also proved using these 
notions (8,9,20,21]. Recently AI-Thagafi and Shahzad [1] further weakened the notion of weakly compatible maps 
by bring in occasionally weakly compatible maps. In due course the following direction of implications is observed 
to be true, but the reverse implications are not always true [5]. 

Commuting self maps => weakly commuting self maps => compatible pair of self 
maps => weak compatible pair of self maps => occasionally weak compatible pair of self maps. 
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S. L. Singh, B. D. Pant [23] extended the definition of weakly commuting pair of self maps to probabilistic 
metric space, S. N. Mishra did the same for compatible pair of self maps [13], B. Singh, S. Jain [22] extended 
the definition of weak compatibility to probabilistic metric spaces and proved a number of fixed point theorems 
in this space. H. Chandra, A. Bhatt [3] extended the concept of occasionally weak compatibility to probabilistic 
metric space. Recently, Chandra and Bhatt [3] proved common fixed point theorems for a pair of occasionally 
weakly compatible maps in probabilistic semi-metric space. Sastry et al. [17] improved the results of Chandra 
and Bhatt [3]. A good number of interesting and significant results have been obtained by various authors in this 
direction [2,4, 7, 10, 11, 14, 16]. Sunny Chauhan et al. obtained the fixed point theorems in probabilistic metric space 
by using contractive condition of integral type [6]. In this paper we establish unique common fixed point theorems 
for occasionally weakly compatible self maps in probabilistic metric space using a contractive condition of integral 
type. 

2. Preliminary notes 

Definition 2.1 ([15]). A mapping F : ~ ➔ ~+ is said to be a distribution function if it is non-decreasing and left 

continuous with inf1e.IR F(t) = 0 and sup1ent F(t) = 1. 

Example 2.2 ([15]). The function defined by 

H(t) = 

is a distribution function. 

{
o, 
1, 

ift=::0 

if t > 0 

One more example of distribution function is mentioned ahead. For any two distribution functions F and G, by 
F(t) < G(t), we mean value of Fis less than the value of G at all t ER Similarly we can define what we mean by 
F(t) > G(t) and F(t) = G(t). We shall denote by ;s the set of all distribution functions defined on [-oo, oo]. 

Definition 2.3. If X is a non-empty set, then r : X x X ➔ ;sis called a probabilistic distance on X. The value of 
r(x, y) is usually denoted by Fx,y(t), t E JR. 

Definition 2.4 ([15]). The ordered pair (X, r) is called a probabilistic metric space if Xis a nonempty set and r 
is a probabilistic distance on X satisfying the following conditions for all x, y, z E X and s, t > 0: 

1) Fx,y(t) = lforall t > 0 ¢>- x = y, 
2) Fx,y(0) = 0, 
3) Fx,y(t) = Fy,x(t), 
4) if Fx,y(t) = 1 and Fy,z(s) = 1 then Fx,z(t + s) = 1. 

If we take Fx,y(t) = H(t - d(x, y)) in the definition 2.4, we get a usual metric space (X, d) [15]. It is clear that 
the probabilistic metric spaces are wider spaces than the metric spaces and are better suited for statistical situations. 

Definition 2.5. Let (X, r) be a probabilistic metric space. Two self maps f and g of X are said to commute if 
Fjgx,gfx = lfor all x EX. That is self maps f and g of X are said to commute if fgx = gfxforall x EX. 

Example 2.6. Clearly an identity map on X commutes with all the maps on X. 

Example 2.7. Consider the functions f(x) = 2x and g(x) = 3x. Then we have fg(x) = f(3x) = 2(3x) = 6x 
and gf(x) = g(2x) = 3(2x) = 6x. Therefore Fjgx,gfx = F6x,6x = 1 and so f and g commute with each other. 

Definition 2.8 ([231). Let (X, d) be a probabilistic metric space. Then the self maps f and g of X are said to be a 

weakly commuting pair if Fjgx,gfx =:: Fjx,gx for x E X. Note that Fjgx,gfx =:: Fjx,gx imply probabilistic distance 
between fgx and gfx is greater that or equal to the probabilistic distance between f x and gx. 
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Clearly commuting mappings f, g are weakly commuting because then f g(x) = gf(x) and thus Ffgx,gfx = 
1 :::: Ffx,gx for all x E X. But the converse is not true as is revealed by the following example. · 

Example 2.9. Consider the probabilistic metric space (X, I'), where X = [0, oo) and 

I 
~ e- I , if t > 0 

Fx,y(t) = . 
0, 1f t = 0. 

Consider the functions f (x) = ½, g(x) = 2~x defined on X. We observe that 

Thus 

or 

Therefore we get, 

lfg(x) - gf(x)I = ,_x_ - _x_, 
4+2x 4+x 

< 

x2 

(4+x)(4+2x) 

x2 

4+2x 

= lfx -gxl 

( 
l4t2x - 4~x I) 

Fjgx,gfx = exp - t 

:::: exp (- l½-tz=hl) 

= Fjx,gx 

That is the functions f, g are weakly commuting. However fg(x) = f( 2~x) = (T°r = 2c2~x) - 4_:2x and 

gf(x) ,-;::= g(½) = 
2
1~(~) = 4~x. Thus f g(x) -:/=- gf (x) and therefore the functions f, g are not commuting. 

/ 1 ' 

Gerald Jungck introduced the notion of compatible mappings over the weakly commuting mappings in metric 
space. S. N. Mishra[13] extended the same to probabilistic metric space as follows. 

Definition 2.10 ([13]). Self mappings f and g of a probabilistic metric space (X, f) are compatible if and only if 
limn➔oo F fgxn,gfxn = 1 whenever {xn }~1 is a sequence in X such that limn➔OO f Xn = limn➔oo gxn = X for some 
X EX. I I 

I 
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Remark 2.11. Any weakly commuting pair of self maps is compatible. We observe this as follows. Suppose 
fj g are weakly commuting mappings on a probabilistic metric space (X, f). Then we have Ffgx,gfx ::: 

Ffx,gx- Let {xn}~1 be a sequence in X such that limn➔oo f(xn) = limn➔oo g(xn) = x for some x E X. 
Consider limn➔OO Ffgxn,gfxn ::: limn➔OO Ffxn,8Xn = Fx,x = l. But as SUPn➔oo Ffgxn,gfx,, = 1 we must have 
limn➔oo F fgxn,gfxn ::: l. This imply limn➔OO F fgxn ,gfxn = l. Thus the pair /, g is compatible. 

But the converse may not be true. That is the pair of compatible mappings on a probabilistic metric space may or 
may not be weakly commuting. This is illustrated in the following example. 

Example 2.12. Consider the probabilistic metric space (X, f), where X = [1, oo) and 

e I ' I 
_k=.rl 

Fx,y(t) = O, 
if t > 0 

if t = 0 

Consider the functions f(x) = cosh(x) and g(x) = sinh(x) defined on X. Then f and g are compatible. (In this case 
the condition of compatibility is vacuously satisfied because there is no sequence {xn}~1 for which the sequences 
{cosh(xn)}~1 and {sinh(xn)}~1 converge to an element x of X). Now we see that, 

I cosh(sinh(x)) - sinh(cosh(x))I > I cosh(x) - sinh(x)I 

==> -I cosh(sinh(x)) - sinh(cosh(x))I < -I cosh(x) - sinh(x)I 

We can see that I cosh(sinh(x)) - sinh(cosh(x))I > I cosh(x) - sinh(x)I from the following figure. 

So we get 

y 

lcosh( sinhx)-sinh( coshx)I 
4 

3 

2 

!coshx-sinhxl 
X 

2 

Figure 1. Graph showing I cosh(sinh(x)) -sinh(cosh(x))I > Jcosh(x) - sinh(x)I on X = [1, oo) 

( 
I cosh(sinh(x)) - sinh(cosh(x))I) 

Ffgx,gfx = exp - t 

( 
I cosh(x) - sinh(x) I) 

< exp -
t 

= Ffx,gx 

Thus the functions f and g are not weakly commuting .. 

Definition 2.13 ([22]). Let (X, f) be a probabilistic metric space. Then x E X is called a coincidence point of two 
. self maps f and g if f x = gx. We call w = f x = gx a point of coincidence off and g. 

Definition 2.14 ([22]). Two self maps f and g of a probabilistic metric space (X, f) are said to be weakly 
compatible if Ffgx,gfx = 1 whenever fx = gxfor x EX. 
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Remark 2.15. Every pair of compatible maps on probabilistic metric space is weakly compatible. Indeed, suppose 
f and g are compatible self maps of a probabilistic metric space (X, f). Suppose x E X be a coincidence 
point of f and g, that is fx = gx. Consider the sequence {xn}~1 = {x}~1 = {x, x, .. . }. Then clearly 
limn--+oo f(xn) = limn--+oo f(x) = f(x) and limn--+oo g(xn) = lililn--+oo g(x) = g(x). But as f(x) = g(x) E X, 
we have limn--+oo f(xn) = limn--+oo g(xn) and the limit exists in X. So by compatibility off and g, we have 
limn--+oo F Jgxn ,gfxn = F Jgx,gfx = 1. Thus f, g are weakly compatible. But the converse may not be true as is shown 
in the example below. 

Example 2.16. Consider the probabilistic metric space (X, f), where X = [0, 20) and 

Define f, g on X as follows:· 

{

e_lx7rl, if t > 0 
Fx,y(t) = 

0, if t = 0 

{

0, if X = 0 

f (x) = X + 7, if O < X .:'.:: 7 

X - 7, if 7 < X .:'.:: 20 

{

o, if x=0 

g(x)= 5, if0<x~7 

0, if 7 < X ~ 20 

Let {xn}~1 = {7 + ¼}:1 be the sequence of points in X. Then f(xn) = f(? + ¼) = (7 + ¼) - 7 = ¼ 
and g(xn) = g(? + ¼) = 0. Thus limn--+oo f(x11 ) = limn--+oo g(x11 ) = 0. But limn--+oo Fjgxn,gfxn = limn--+oo 

Fo,s = e--
10
7

51 = e-t =,=. 1 for all t E JR. Thus f, g are not compatible on X. However f, g are weakly compatible 
because they commute at their coincidence point x = 0, because f(0) = g(0) = 0, f g(0) = gf(O) = 0. 

Definition 2.17. Let (X, f) be a probabilistic metric space and f, g are self maps of X. Then f, g are said to be 
occasionally weakly compatible (owe) if there exists at least one point x E X which is a coincidence point off and 
g and at which they commute, that is, there exists x EX such that fx = gx, fgx = gfx. 

Remark 2.18. Clearly every weakly compatible pair of maps is owe. The following example shows that the owe 
pair of self maps may not be always weakly compatible. Thus the notion of occasionally weakly compatible mappings 
is more general than the notion of weakly compatible mappings. 

Example 2.19. Let (X, f) be a probabilistic metric space, where X = ~ and 

J,,,,~=-{~;:'' ;~ : ~=~===== 
I 
I 

Define f, g : X ➔ X by f(x) = 5x and g(x) = x 2 for' all x E X. Then f(x) = g(x) for x = 0, 5. 
But Jg(0) = gf(O) = 0 and fg(5) = 125 =,=. 625 = gf(5). Thus f, g are owe maps but not weakly compatible. 

There are many fixed point results related to the probabilistic metric spaces. We refer to some of them as follows. 

Lemma 2.20 ((51). Let (X, f) be a probabilistic metric space and f, g are occasionally weakly compatible self 
maps of X. If f, g have a unique point of coincidence w = f x = g x, then w is the unique fixed point off and g. 

The following result is obtained by Sunny Chauhan et al. 
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Theorem 2.21 ([5]). Let (X, r) be a probabilistic metric space. Further let A, B, Sand T be self maps of X and 
the pairs (A, S) and (B, T) be each owe maps satisfying FAx,By(</J(t)) ~ min { Fsx,Ty(t), FAx,sx(t), FBy,Ty(t)} 
for all x, y E X and t > 0. Here the function </J(t) : [0, oo) -+ [0, oo) is onto, strictly increasing and satisfies 
L~l </J(n)(t) < oofor all t > 0, where </J(n)(t) denotes the n th derivative of <p(t). Then there is unique point w EX 
such that Aw = Sw = wand a unique point z E X such that Bz = Tz = z. Moreover, z = w, so that there is a 
unique common fixed point of A, B, .S and T. 

Taking A ~Band S =Tin the above theorem 2.21 we get the following result due to Sunny Chauhan et al. 

Theorem 2.22 ([5]). Let (X, f) be a probabilistic metric space. Further let A and S be self maps of X and the pair 
(A, S) be owe satisfying FAx,Ay(</>(t)) ~ min { Fsx,sy(t), FAx,sx(t), FAy,Sy(t)} for all x, y E X and t > 0. Here the 
function </J(t) : [0, oo) -+ [0, oo) is onto, strictly increasing and satisfies L~l </J(n)(t) < oo for all t > 0, where 
¢<n>(t) denotes the nth derivative of </J(t). Then there is unique common fixed point of A and S. 

Further taking A = Bin the above theorem 2.21, we get the following interesting result. 

Theorem 2.23 ([5]). Let (X, f) be a probabilistic metric space. Further let A, S and T be self maps of X and 
the pairs (A, S) and (A, T) be each owe maps satisfying FAx,Ay(</J(t)) ~ min{Fsx,Ty(t), FAx,sx(t), FAy,Ty(t)} 
for all x, y E X and t > 0. Here the function </J(t) : [0, oo) -+ [0, oo) is onto, strictly increasing and satisfies 
L~l <p(n)(t) < oo for all t > 0, where </J(n)(t) denotes the n th derivative of <p(t). Then there is a unique common 
fixed point of A, S and T in X. 

The following results are due to Pant, B. D. et al. 

Theorem 2.24 ([15]). Let (X, f) be a probabilistic metric space. Further let (L, A) and (M, S) are occasionally 
weakly compatible maps in X satisfying 

min{FLx,My(kt), Fsy,Lx(kt)} + y Fsy,My(kt) ~ aFAx,Lx(t) + fiFAx,Sy(t) 

for all x, ye X, k e (0, 1), t > 0, where 0 < a, fJ < 1, 0 ~ y < 1 such that a+ fJ - y = 1. Then L, A, Mand S 
have a unique common fixed point in X. 

Theorem 2.25 ([15]). Let (X, r) be a probabilistic metric space. Further let (L, A) be occasionally weakly 
compatible pair of maps in X satisfying 

min{FLx,Ly(kt), FAy,Lx(kt)} + Y FAy,Ly(kt) ~ aFAx,Lx(t) + PFAx,Ay(t) 

for all x, y EX, k E (0, 1), t > 0, where o < a, fJ < 1, 0 ~ y < 1 such that a+ fJ - y = L Then Land A have a 
unique common.fixed point in X. 

3. Main results 

We extend the theorems 2.21-2.25 as follows. 

Theorem 3.1. Let (X, f) be a probabilistic metric space. Let f, g, S and T be self maps of X and the pairs (f, S) 
and (g, T) are each occasionally weakly compatible. If 

f Ffx,gy fm(x,y) 

lo </J(s)ds > lo <p(s)ds (1) 

for each x, y E X, where m(x, y) = min{Fsx,Ty, Fsx,fx, FTy,gy, Fsx,gy, FTy,fx} and <P: [0, oo) -+ [O, oo) is a 
Lebesgue integrable mapping which is mapping on each compact subset of [0, oo) and such that for all € > 0, 

fo" </J(s)ds > 0. (2) 

Then there is a unique point w E X such that fw = Sw = wand a unique point z E X such that gz = Tz = z. 
Moreover, z = w, so that there is unique common fixed point off, g, Sand T. 



Some common fixed point theorems in probabilistic metric space 87 

Proof Since the pairs (f, S) and (g, T) are each owe, there exists points x, y EX such that fx =_Sx, f Sx = Sfx 
and gy = Ty, gTy = Tgy. We prove fx = gy. Suppose fx -::j:. gy. Therefore we obtain 

From inequality (1) we get, 

m(x, y) = min{Fsx,Ty, Fsx,Jx, FTy,gy, Fsx,gy, FTy,fx} 

= min{Fjx,gy, Fjx,fx, Fgy,gy, Fjx,gy, Fgy,fx} 

= min{Fjx,gy, 1} 

= Fjx,gy (·: sup Fjx,gy = 1 => Fjx,gy .'.::: 1) 
fx,gyEX 

f Ffx,gy {m(x,y) f Ffx,gy 

lo </J(s)ds > lo </>(s)ds = lo </J(s)ds 

(3) 

(4) 

This is a contradiction. Therefore f x = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such 
that f z = Sz and f z -::j:. gy, then again inequality (1) imply a contradiction that 

f Ffz,gy {m(z,y) f Ffz,gy 

lo </J(s)ds > lo <p(s)ds = lo <p(s)ds. (5) 

Therefore we have fz = gy. It follows that fz = Sz = gy = Ty or fx = fz and Sx = Sz. So that there is unique 
x E X such that f x = Sx. Let w = f x = Sx be the unique point of coincidence of f and S. By lemma 2.20 w is 
unique common fixed point off and S. Also there is unique point z E X such that z = gz = Tz. Suppose, w -::j:. z. 
Then 

Using inequality (1), we get 

m(w, z) = min{Fsw,Tz, Fsw,Jw, Frz,gz, Fsw,gz, Frz,Jw} 

= min{Fw,z, Fw,w, Fz,z, Fw,z, Fz,w} 

= min{Fw,z, l} 

= Fw,z (·: sup Fw,z = 1) 
w,zEX 

f Fw,z {m(w,z) {Fw,z 

lo </J(s)ds > lo </;(s)ds. = lo <p(s)ds. 

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, S and T. 

(6) 

(7) 

□ 

Theorem 3.2. Let (X, f) be a probabilistic metric space. Let f, g, Sand T be self maps of X and the pairs (f, S) 
and (g, T) are each occasionally weakly compatible. If 

iFfx:gy ;(s)~s > h fom(x,y) <p(s)ds·. (8)-

foreach x,'>. X, whe,-e h > I, m(x, y) = min {Fsx,Ty, Fsx,Jx, Fr,,.,, F,,,.,·:trw} and 4>: [0, oo) ➔ [O, oo) 
is a Lebesgue integrable mapping which is mapping on each compact subset of [0, oo) and such that for all E > 0, 

(9) 

Then there is a unique point w E X such that f w = Sw :::;: wand a unique point z E X such that gz = Tz = z. 
Moreover, z = w, so that there is a unique common fixed point off, g, Sand T. 
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Proof Since the pairs(/, S) and (g, T) are each owe, there exists points x, y E X such that fx = Sx, f Sx = Sf x 
and gy = Ty, gTy = Tgy. We prove fx = gy. Suppose fx -::fa gy. Therefore we obtain 

From inequality (8) we get, 

( . { Fsx,gy + FTy,fx } m x, y) = mm Fsx,Ty, Fsx,fx, FTy,gy,_ 
2 

. { Fjx,gy + Fgy,fx} = mm Fjx,gy, Fjx,fx, Fgy,gy, 
2 

= min{Fjx,gy, l} 

= Ffx,gy (·: sup Ffx,gy = 1) 
fx,gyEX 

f Ffx.gy fm(x,y) f Ffx,gy 

lo </J(s)ds > h lo <p(s)ds = h lo rp(s)ds. 

(10) 

(11) 

This is a contradiction. Therefore fx = gy. Thus fx = Sx = gy = Ty. Moreover, if there is another point z such 
that f z = Sz and f z -::fa gy, then again inequality (8) imply a contradiction that 

f Ffz,gy fm(z,y) . f Ffz.gy 

lo <p(s)ds > h lo <p(s)ds = h Jo rp(s)ds. 02) 

Therefore we have f z = gy. It follows that f z = Sz = gy = Ty or f x = f z and Sx = Sz. So that there is unique 
x E X such that f x = Sx. Let w = fx = Sx be the unique point of coincidence off and S. By lemma 2.20 w is 
unique common fixed point off and S. Also there is unique point z E X such.that z = gz = Tz. Suppose, w -::fa z. 
Then 

( . { Fsw,gz + FTz,fw} m w, z) = mm Fsw,Tz, Fsw,Jw, FTz,gz, 
2 

. {F F F Fw,z+Fz,w} = nun w,z, w,w, z,z, 
2 

= min{Fw,z, l} 

= Fw,z (·: sup Fw,z = 1). 
w,zeX 

(13) 

Using inequality (8), we get 

f Fw,z fm(w,z) f Fw,z 

lo <p(s)ds > h lo <p(s)ds = h lo rp(s)ds. (14) 

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, S and T. □ 

Definition 3.3. Let (X, r) be a probabilistic metric space. A Symmetric on Xis a mapping R E 5s such that 

1) Rx,y(t) = lfor all t > 0 ~ x = y, 
2) Rx,y (t) = Ry,x (t) for all x, y E X. 

Theorem 3.4. Let (X, r) be a probabilistic metric space with symmetric R. Let f, g, S and T be self maps of X 
and the pairs (f, S) and (g, T) are each occasionally weakly compatible. If. 

{Rfx,gy fm(x,y) 
lo rp(s)ds > lo <p(s)ds (15) 
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for each x, y E X such that f x =I=- gy where, 

m(J, y) = min{Rsx,Ty, Rsx,Jx, Rry,gy, Rsx,gy, Rry,Jx} 

and </J : [0, oo) -+ [0, oo) is a Lebesgue integrable mapping which is mapping on each compact subset of [0, oo) 
and such that for all E > 0, 

fo" </J (s )ds > 0. (16) 

Then there is a unique point w E X such that f w = Sw = wand a unique point z E X such that gz = Tz = z. 
Moreover, z = w, so that there is a unique common fixed point off, g, Sand T. 

Proof Since the pairs (f, S) and (g, T) are each owe, there exists points x, y E x· such that f x = Sx, f Sx = Sf x 

and gy = Ty, gTy = Tgy. We prove fx = gy. Suppose fx =I=- gy. Therefore we obtain 

m(x, y) = min{Rsx,Ty, Rsx,Jx, Rry,gy, Rsx,gy, Rry,Jx} 

= min{Rjx,gy, Rjx,fx, Rgy,gy, Rtx,gy, Rgy,fx} 

= min{R fx,gy, l} 

From inequality (15) we get, 

= R Jx,gy (·: sup R Jx,gy = l ::::} R Jx,gy :::: 1) 
fx,gyEX 

{Rfx,gy fm(x,y) {Rfx,gy 

lo </J(s)ds > lo </J(s)ds = lo </J(s)ds 

(17) 

(18) 

This is a contradiction. Therefore f x = gy. Thus f x = Sx = gy = Ty. Moreover, if there is another point z such 
that fz = Sz and f z =I=- gy, then again inequality (15) imply a contradiction that 

{Rfz,gy rm(z,y) {Rfz,gy 

lo </J(s)ds > lo </J(s)ds = lo </J(s)ds, (19) 

Therefore we have fz = gy. It follows that f z = Sz = gy = Ty or fx = fz and Sx = Sz. So that there is unique 
x E X such that fx = Sx. Let w = fx = Sx be the unique point of coincidence off and S. By lemma 2.20 w is 
unique common fixed point off and S. Also there is unique point z E X such that z = gz = Tz. Suppose, w =I=- z. 
Then 

m(w, z) = min{Rsw,Tz, Rsw,Jw, Rrz,gz, Rsw,gz, Rrz,Jw} 

= min{Rw,z, Rw,w, Rz,z, Rw,z, Rz,w} 

= min{Rw,z, l} 

= Rw,z (·: sup Rw,z = 1) 
w,zEX 

Using inequality (15), we get 

f Rw,z fm(w,z) f Rw,z 

lo </J(s)ds > lo </J(s)ds = lo </J(s)ds. 

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, S and T. 

(20) 

(21) 

D 
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Theorem 3.5. Let (X, f) be a probabilistic metric space. Let f, g, Sand T be self maps of X and the pairs (f, S) 
and (g, T) are each occasionally weakly compatible. If 

{Rfx,gy {m(x,y) 
lo <p(s)ds > h lo . <p(s)ds (22) 

for each x, y E X, where h > 1, f x· -::/= gy, 

. . { Rsx,gy + Rry,Jx 1 m(x, y) = mm Rsx,Ty, Rsx,fx, Rry,gy, 
2 

and <P : [0, oo) ~ [0, oo) is a Lebesgue integrable mapping which is mapping on each compact subset of [0, oo) 
and such that for all € > 0, 

(23) 

Then there is a unique point w E X such that fw = Sw = wand a unique point z E X such that gz = Tz = z. 
Moreover, z = w, so that there is a unique common.fixed point off, g, Sand T. 

\ 

Proof Since the pairs (f, S) and (g, T) are each owe, there exists points x, y E X such that J x = Sx, f Sx = Sf x 
and gy = Ty, gTy = Tgy. We prove fx = gy. Suppose fx -::j= gy. Therefore we obtain 

( . { Rsx,gy + Rry,Jx 1 m x, y) = mm Rsx,Ty, Rsx,Jx, Rry,gy, 
2 

From inequality (22) we get, 

. { . R fx,gy + Rgy,fx 1 = mm Rfx,gy, Rfx,fx, R8y,gy, . 
2 

= min{Rfx,gy, 1} 

= Rfx,gy (·: sup Rjx,gy = 1) 
fx,gyEX 

f Rfx,gy rm(x,y) f Rfx,gy 

lo <p(s)ds > h lo <p(s)ds = h lo <p(s)ds. 

(24) 

(25) 

This is a contradiction. Therefore f x = gy. Thus f x = Sx = gy = Ty. Moreover, if there is another point z such 
that f z = S z and f z -::/= gy, then again inequality (22) imply a contradiction that 

{Rtz,gy {m(z,y) {Rfz,gy 

lo <p(s)ds > h lo <p(s)ds = h lo </J(s)ds. (26) 

Therefore we have fz = gy. It follows that f z = Sz = gy = Ty or fx = fz and Sx = Sz. So that there is unique 
x EX such that fx = Sx. Let w = fx = Sx be the unique point of coincidence off and S. By lemma 2.20 w is 
unique common fixed point off and S. Also there is unique point z E X such that z = gz = Tz. Suppose, w -::/= z. 
Then 

. { Rsw,gz + Rrz,Jw 1 m(w, z) = mm Rsw,Tz, Rsw,Jw, Rrz,gz, 
2 

. { Rw,z + Rz,w J = rmn Rw,z, Rw,w, Rz,z, 
2 

= min{Rw,z, l} 

= Rw,z (·. · sup Rw,z = 1) 
w,zEX 

(27) 
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Using inequality (22), we get 

f Rw,z . fm(w,z) f Rw,z 

lo <p(s)ds > h lo <p(s)ds = h lo <j)(s)ds. (28) 

This is a contradiction. Therefore w = z and w is a unique common fixed point of f, g, S and T. □ 

Example 3.6. Let (X, r) be a probabilistic metric space, where X = [2, 20] and 

j
k=.tl e- r , if t > 0 

Fx,y(t) = . 
0, 1f t = 0 

forallx,y EX. 

Define f, S, g and T on X as follows. 

{2, if X = 2, 
f(x) = 

if 2 < X ~ 20 3, 

{2' if X = 2, 
S(x) = 

6, if 2<x~20 

r if X = 2, 

g(x) = 6, if 2 < X ~ 5, 

2, if5<x~20 

{

2, if X = 2, 

T(x) = 12, if 2 < x ~ 5, 

X - 3, if 5 < X ~ 20. 

Let <p(t) = t fort > 0 and <p(0) = 0. If we choose {xn}~1 = {5 + H:1' then limn---+oo T(xn) = limn---+oo 

T(5 + ¼) = limn---+oo (5 + ¼ - 3) = 2 and limn---+oo g(xn = limn---+oo (5 + ¼) = limn---+oo 2 = 2. 

But Tg(xn) = Tg(5 + ¼) = T(2) = 2 and gT(xn) = gT(5 + ¼) = g(5 + ¼ - 3) = g(2 + ¼) = 6. Thus 
Tg(xn) =I- gT(xn). So g and T are not compatible. But g(2) = 2 = T(2). Also Tg(2) = T(2) = 2 and 
gT(2) = g(2) = 2. Thus g and Tare occasionally weakly compatible. Now we show that inequality (1) is satisfied 
for all x, y E X. We consider following four cases for x and y. 

case 1) 2 < x < 5, 2 < y < 5 
case 2) 2 < x < 5, 5 < y < 20 
case 3) 5 < x < 20, 2 < y < 5 
case 4) 5 < x < 20, 5 < y < 20 

Consider the above four cases one by one. 

- Case 1. 2 < x < 5, 2 < y < 5. 
-ln this case 

3 

{Ffx,gy {F3,6 r-f [S2]e-T 
lo cp(s)ds = lo sds = lo sds = 2 o = 2 



92 

So that we get, 

Thus 

U. P. Dolhare and V. V. Nalawade 

m(x, y) = min{Fsx,Ty, Fsx,Jx, FTy,gy, Fsx,gy, FTy,jx} 

= min { h,12, F6,3, F12,6, F6,6, F12,3} 

9 ( )_2 m(x,y) e-T S2 t lo cp(s)ds = lo sds = 2 
0 

2 

1

Ffx,gy e-~ e-lf- -1m(x,y) 
cp(s)ds = - > - - cp(s)ds. 

0 2 2 0 

Case 2. 2 < x < 5, 5 < y < 20. 

In this case 

So that we get 

Thus 

e r 

2 

m(x, y) = min{Fsx,Ty, Fsx,Jx, FTy,gy, Fsx,gy, FTy,jx} 

= min{F6,y-3, F6,3, Fy-3,2, F6,2, Fy-3,3} 

• { _ 1l..=2.[ _ z _ ~ _ ± _ ly-61 } 
=rmne 1 ,e 1 ,e 1 ,er,e t 

15 

rm(x,y) r-¥ [S2]e-T 
lo cp(s)ds = lo sds = 2 o = 2 

2 30 ) 

l
Ffx,gy e-r e-T 1m(x,y 

cp(s)ds = - > - = cp(s)ds. 
o 2 2 o 
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Case 3. 5 < x < 20, 2 < y < 5. 
In this case 

3 [ ] _J Ffxgy F36 e-T s2 t lo ' cp(s)ds = lo ' sds = lo sds = 2 
0 

2 

m(x, y) = min{Fsx,Ty, Fsx,Jx, Fry,gy, Fsx,gy, Fry,Jx} 

So that we get, 

2 

Thus 
6 18 ( ) 

la

Ffx,gy e-, e-, lam x,y 
cp(s)ds = - > - = cp(s)ds. 

o 2 2 o 

Case 4. 5 < x < 20, 5 < y < 20. 
In this case 

f Ffx gy f F3 2 r-t [s2]-f 
lo , cp(s)ds = lo , sds = lo sds = 2 o = 2 

m(x, y) = min{Fsx,Ty, Fsx,Jx, Fry,gy, Fsx,gy, Fry,Jx} 

. { _ lt=21 _ ;! _ 12::.=B _ 1 _ fy-61 } 
=rmn e t ,e i,e t ,e i,e t 

_]1 
=e I 

So that we get, 

rm(x,y) r-¥ [s2]e-¥ 
lo cp(s)ds = lo sds = 2 o 2 

Thus 
2 30 ( 

la

Ffx,gy e-, e-, lam x,y) 
cp(s)ds = - > - = cp(s)ds. 

o 2 2 o 
Thus we have 

f Ffx,gy fm(x,y) 
lo . cp(s)ds > lo cp(s)ds 

for all x, y E X and the condition ( 1) is satisfied. We see that x = 2 is the unique common fixed point of 
f, g, Sand T. 

Taking f = g and S = Tin the theorem 3.1 we get the following result. . 
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Corollary 3.7. Let (X, f) be a probabilistic metric space. Let f and S be self maps of X and the pair (f, S) be 
occasionally weakly compatible. If 

1
Ffx,fy 1m(x,y) 

cp(s)ds > cp(s)ds 
0 0 

(29) 

for each x, y E X, where m(x, y) = min{Fsx,Sy, Fsx,tx, Fsy,fy, Fsx,ty, Fsy,tx} and cp : [0, oo) ➔ [0, oo) is a 
Lebesgue integrable mapping whic'\mapping on each compact subset of[0, oo) and such that for all€ > 0, 

1" cp(s)dJ > 0. (30) 
0 . 

Then there is unique common fixed point off and S. 

If we take f = g in the theorem 3 .1 we get the following interesting result. 
I 

Corollary 3.8. Let (X, I') be a probabilistic metric space. Let f, S and T be self maps of X and the pairs (f, S) 
and (f, T) are each occasionally weakly compatible. If 

f Ffx.Jy fm(x,y) 
lo cp(s)ds > lo cp(s)ds (31) 

for each x, y E X, where, m(x, y) = min{Fsx,iy, Fsx,fx, FTy,Jy, Fsx,fy, FTy,fx} and cp' : [0, oo) ➔ [0, oo) is a 
Lebesgue integrable mapping which mapping on each compact subset of [O, oo) and such that for all € > 0, 

lo" cp(s)ds > 0. 

/Then there is unique common fixed point off, Sand T. 

Conclusion 

(32) 

Many of the concepts related to pair of self maps from metric space can be extended to probabilistic metric space. 
Further fixed point theorems that use contractive condition of integral type also can be extended to probabilistic 
metric space. 
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