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Abstract. In this paper, using some special numbers and combinatorial identities, we show some interesting 
congruences: for a prime p > 3, 

(p-1)12 ck 2p-1 ( L2p ) ( 5) '°' --- = -- -- -9 -5 - +9 (mod p), 
L., 9k(k + 1) - p 3p-Z p 
k=O 

(p-l)/
2 (2k) Fk 1 2 L k 4k(2k + l) = 2 (F(l-3p)/2 - F(1+3p)f2) (mod p ), 

k=O p 

where Bn(x) is the Bernoulli polynomial, Cn, Hn, Fn and Ln are the nth Catalan number, the nth harmonic number, 
the nth Fibonacci number and the nth Lucas number, respectively. Ct) denotes the Legendre symbol. 

2000 Mathematics Subject Classification: 11B39, 05Al0, 05A19. 

1. Introduction ,' 

The Fibonacci sequence {Fn} and the Lucas sequence {Ln} are defined by the following recursions: 

Fn+l = Fn+ Fn-l and Ln+l = Ln + Ln-1, n > 0, 

where Fo = 0, F1 = l and Lo = 2, L1 = 1, respectively. If a and /3 are the roots of equation x 2 
- x - l = 0, 

the Binet formulas of the sequences {Fn} and {Ln} have the forms 

respectively. 

an -/Jn 
Fn = --- and Ln = an + pn, 

a - /3 

The Pell sequence {Pn} and the Pell-Lucas sequence {Qn} are defined recursively by 
- ·- - -

Pn+l = 2Pn + Pn-1 and Qn+l = 2Qn + Qn-1, n > 0, 

in which Po = 0, P1 = I and Qo = Q1 = 2, respectively. If y and '5 are the roots of ~_quation x 2 
- 2x - 1 = 0, 

the Binet formulas of the sequences {Pn} and {Qn} have the forms 

respectively. 

yn - on 
Pn = --- and Qn = yn +on, 

y -0 
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The harmonic numbers have interesting applications in many fields of mathematics, such as number theory, 
combinatorics, analysis and computer science. Harmonic numbers Hn are defined as for n > 0 

where Ho= 0. The first few harmonic numbers are 1, ~' ~, i~, ... and form EN, harmonic numbers of order m 
are those rational numbers 

Ho,m =;== 0, 
n 1 

Hn,m = L km , n > 0. 
k=I 

Some elementary combinatorial properties of the Catalan numbers are given in [3,4,9,15]. The Catalan numbers 
are given by 

Cn = _l (2n) = (2n)-(· 2n ), n EN. 
n+l n n n+l 

Bernoulli numbers B n and Bernoulli polynomials B n (x) are defined by 

/respectively [5]. 
For a prime p and an integer a with pf a, we write the Fermat quotient qp(a) = (aP-l - l)/p. For an odd prime 

p and an integer a!{!) denotes the Legendre symbol defined by 

{

o · if p I a, 

(~) = 1 · if a is a quadratic residue modulo p, 

-1 if a is a quadratic nonresidue modulo p. 

In [16], Z. W. Sun obtained that 

(p~/Z (:;k) =- (m(m - 4)) 
~ (mod p),. 
k=O m p 

and 

where p is an odd prime and m is any integer not divisible by p. 
Let p be a fixed prime > 3. Define 

where x is a variable. 

xP - (x - l)P - 1 
q(x) = -----­

p 

p-1 k 

and Gn(x) = L ~n, 
k=l 
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In [2], A. Granville showed that 

q(x) = -G1(x) (mod p), 

G2(x) = G2(1 - x) + xPG2(1 - l/x) (mod p), 

q(x)2 = -2xPG2(x) - 2(1 - xP)G2(l - x) (mod p). 

The author gave that for any integer n > 1 

~ (n - 1) (-xl = ! ~ (1- xl - 1 + (1 -x)n - (-x? - 1. 
LJ k - 1 k2 n LJ k n2 
k=l k=l 

In [12], Z. H. Sun obtained the following congruences: for an odd prime p and Gn(x) E Zp[x], 

1 (l+(x-l)P-xP pL-1 (1-xi-1) pL-lxrrL-
1

1 
G2(x) = - ------ - . + p - -

p p l r 2 S 
i=l r=2 s=l 

and for a prime p > 3 and n E N, 

npGn+1(x) = (-ltxPGn(l/x) - Gn(x) (mod p2). 

In [18], Z. W. Sun showed that for a prime p > 3, 

p-I HkLk I:-k- = 0 (mod p) and 
k=l 

p-1 p-1 L HkFk _ 2 L Fk (mod p). 
-k- = p k 

k=l k=l 

In [7], H. Pan and Z. W. Sun obtained that for a prime p > 5, 

p-1 / 

L Li = o (mod p), 
k=l k 

and for a prime p =I- 2, 5, 

where a is a positive integer. 
In [1], J. Choi and H. M. Srivastava showed that form, n EN, 

n ·( k) ( n + 1 ) ( 1 ) L m Hk = m + 1 Hn+I - m + 1 · 
k=m 

In [4], S. Koparal and N. Omiir gave that for n > 1 and x E ffi., 

~ (n - 1) ( -x )k _ (1 - x r - ( -x )n - 1 _ ~ (1 - x l - 1 
LJ k - 1 k Hk-I - n Hn-I L., k(n - k) . 
k=l k=l 

In [10], J. SpieB obtained that 

n (k) (n + 1) ~ p Hn-k = p + l (Hn+l - Hp+I), 

n-1 ( --(· ) k - 1 Hk-1 n - 1 L . )-- = . (Hn-1(Hn-l - Hj_I)- Hn-1,2 + Hj-1,2), 
. 1-l n-k J-1 

k=; . 
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and 

(1.8) 

In [8], K. H. Pilehrood et all gave that for a prime p i= 2, 5, 

(p-3)/2 f2lc) F F (!!.) L \k 2.HJ = (-I)(p+l)/2 P - 5 (mod p2), 
k=O (2k + I)I6k p 

(p-3)/2 (2k) L k L2k+l = (-lip+I)/2 Lp - I (mod p2). 
k=O (2k + I)I6k p 

In [6], S. Mattarei and R. Tauraso showed that for a prime p > 3, 

(1.9) 

where il = ½O + JI - 4x) andµ= ½O - JI - 4x). 
In [19], R. Tauraso obtained that for a prime p > 3, 

(1.10) 

where il and µ are defined as before. 

2. Some congruences involving special numbers 

In this section, we will give the congruences involving some special numbers. Firstly, we will give some auxilary 
lemmas involving harmonic numbers: 

!Lemma 1. For n > 1 and x E JR, we have 

~(l-xl-1 ~(l-xl-1 (l-xt-(-xt-1 ~(n)(-xl 
k..i k Hk-1 = Hn L., k + n2 - L.,, k ---;;_z-· 
k=l k=l k=I 

Proof. From binomial theorem, we have 

n-1 k n-1 k ( ) " (1 - x) - 1 "°' Hk-1 "°' k ( 1· L., k Hk-1 = L.,, -k- L.,, . -x) 
k=I k=l j=I J 

I 

nL-1 Lk (k - 1) ( _:i)j = Hk-1 --. 1 . 
k=l j=l ] - J . 

~ (-x)j ~ (k - 1) = L.,, --. - L., . Hk-1 • 
j=l J k=j J - 1 
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By taking n - 2, j - 1 instead of n, min (1.4), respectively, we write 

n-1 ( · k n-1 ( · ( ) ( ) 

L 1 - x) - 1 _ L -x)l n - 1 1 · 
----Hk-1 - -- H -I - -k . . n . 

k=l j=I ] J J 

n-l(-x)j(n-1)( 1) ln-l •(n)( 1) = n I:-.-2 - . _ l Hn-1 - -;- - ;; L(-x)1 . Hn-1 - -;-
j=I J J J j=I J J 

n-1 · n-1 · 
= nH _ "'(-x)

1 
(n - 1)- n"' (-x)l (n - 1) 

n I L.,. ·2 . 1 L.,. ·3 . 1 
j=I J J - j=I J J -

n-1 n-1 · 

Hn-1 "'(n)( j 1 '°' (n) (-x)l - --L.. -x) +-~ --
n j=I j n j=l j j ' 

and from binomial theorem, we get 

'°'(1-x) -1 ,_ "°'(-x) n-1 '°'(-x) n-1 n-1 k n-1 k ( ) n-1 k ( ) 
~ k Hk-1 - (nHn-1 + 1) ~ ~ k _ l - n ~ ~ k _ l 
k=l k=l k=l 

(1- xt - (-xl - l 
- Hn-1-------. 

n 

With help of the ~um in (1.1), we write 

n-1 k n-1 · k 

L (1 - x) - l _ nH11 _, + l L (1 - x) - 1 nHn-1 + l (( )n ( )n l) ----Hk-1 - ---- . + ---- 1 - x - -x -
k n k n2 

k=l k=l 

nI:-, <-xi (n - 1) <1 - xt - < .. -xr - 1 -n -- -Hn_,-------
k3 k - l n . 

k=l . 
·, 

n-1 k n-1 · k ( ) =H '°'(1-x) -1 (l-x)n-(-xr-1_"'(-x) n. 
n ~ k + n2 L. k2 k 

k=l k=l 

Thus, this ends the proof. 

Lemma 2. For-n > 1 and x E JR\{1}, we have 

n-1 {l )k · n-l ( )n-k n-1 ( )k l "°' -x -1 n '°' 1-x -1 1~ 1-x -
L.. Hk-1 = Hn 2(1- (1-x)) + Hn-1 ~ ----- - - L, k 

n-k ' k n 
k=l k=I k=l 

- (1 - xt ± (n) Hk (__::_.)k 
k k 1-x 

k=l 

155 

D 

(2.1) 



156 Sibel Koparal and Neje Omar 

Proof By (1.7), it is clearly that LZ:} Hn-/-1 = H;_1 - Hn-1,2· Then 

n-1 (1-x/-1 \ n-1 (1-:--xr-k -1 . 
L---Hk-1 = L----Hn-k-1 

n-k k 
k=I k=I 

n-1 -k n-1 

= (1-xt L (1-xi -1 Hn-k-1 + ((1-x)'1-1) L Hnt-1 

k=I k=I 

n-1 (I -x)-k -1 2 
= (1 - xt L k Hn-k-1 + ((1 - xt - l)(Hn-1 - Hn-1,2). 

k=I 

So it suffices to show LZ:: (I-x(-1 
Hn-k-1 which implies (2.1). From binomial theorem, we have 

n-1 k 11-I ( )k ) L (1 - x)- - 1 Hn-k-1 = L (1 - _x_ - 1 Hn-k-1 
k X - l k 

k=I k=I 

n-1 k (k) ( )j = L Hn-k-1 L . _x_ 
k J 1-x 

k=I j=l 

ll-l k (k - 1) 1 ( x )j 
= L Hn-k-1 L . - 1 -;- 1 - X 

k=I j=I J J 

n-1 l ( X )j n-1 (. k _ 1) 
= L-=- - L . Hn-k-1· 

J l-x 1-l 
j=I . k=) 

By binomial properties and replacing n - 2 by n and j - 1 by pin (1.6), respectively, we show 

n-l (1 .:_ x)-k - l . n-I 1 ( x ')j (n - 1) . L k Hn-k-1 = L-=- l -·x . (Hn-1 - Hj) 
k=l j=l J J 

~ 1 ( x )j (n (n - 1) j (n)) · = ~-:- -- -:- . - - . (H11-1 - Hj) 
. J 1-x J J-l n J 
J=I 

n-1 ) ( )j n-1 ( ) ( )j 1 n - I x n - I Hj x = nR -1 - . -- - n - --
11 ~ j 2 C -1 l - x ~ j - 1 j2 1 - x 

J=l 1=1 

Hn-I n-I (n) ( x )j In-I (n) ( x )j 
- -n- L j 1 - x + -;; ~ j HJ 1 - x · 

J=l J=l 
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Substituting x:_ 1 replace of x in (1.1) and (1.5), we have 

n-l (1 - x)-k - 1 n-l (1 - x)-k - 1 H -I : 
L-----Hn-k-I = Hn-I L-----+-n-((1-x)-n -xn(l -x)-n -1) 

k k n 
k=I k=I 

Hn-1 n x n - I Hk x n-1 ( ) ( )k n-I ( ) ( )k 
--n-L k 1-x -nL k-1 k2 1-x 

k=I k=I 

n-1 -k 
Hn -n n -n 1 ~ (] - X) - 1 + -((1-x) -x (1-.t) -1) - - L...J----. 
n n k=I n - k 

From binomial theorem, the desired result is given. 

Lemma 3. Forn > 1 andx E IR.\{1}, we have 

n k -x -1 -x -1 n-1 ( ) (l )n n-1 (l )k L k (-x) Hk-I,2 = -Hn-1,2(-xt - n2 - Hn L k 
k=l k=l 

n ( ) ( )k n-1 k n n Hk x (1 - x) - 1 
-(1-x) L - -- + L---Hk-1• 

k=I k k 1 - x k=l k 

Proof From binomial theorem, we have 

By (1.7), we rewrite 

n-l (1 - xl - 1 n-l Hk-1 k (k) · 
L k(n-k) Hk-l = Lk(n-k) ~ j (-x)l 
k=l k=I J=l 

n-1 k · 
= L Hk-1 ~(~-1)(-~)1 

n-k.L...J 1-l J 
k=l J=l -

n-1 ( k n-1 k 
~ 1 - x) - 1 (-x) (n - 1) 
L...J k(n _ k) Hk-1 = L -k- k _ l (Hn-1 (Hn-1 - Hk-1) - Hn-1,2 + Hk-1,2) 
k=l k=I 

H2 _ H n-1 ( ) n-1 
= n-1 n-1,2 L n (-xl - Hn-1 L (n)(-xlHk-1 

n k n k . 
k=l k=l 
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Then, by binomial theorem and (1.5), we get 

~(l-xl-1 _ 2 (l-x)"-(-:-x)"-1 
L.i k(n _ k) Hk-1 - (Hn-1 - Hn-1,2) n 
k=I · 

- Hn-1 I:(:=~) (-:l Hk-1 + ~ ~ (:)c-xlHk-1,2 
k=I k~I 

· 2 (1 - X )" - ( -X )n - 1 2 (1 - X )" - ( -X )" - 1 
= (Hn-1 - Hn-1,2)-------- - Hn-1 --------

. n n 

. n-1(1-xl-1 n-l(n-1)(-x)k 
+ Hn-1 L k(n - k) + L, k - 1 -k-Hk-1,2· 

k=I k=l 

So, wehav~ 

. n-_l (1- xl - 1 . n-1 (1- xl - 1 
+ n L, k(n _ k) Hk;_I - nHn-1 L, k(n _ k) 

.k=I . '. · · k=I 

. . . . . n'-1 (1 - xl - 1 . n-1 (1 - xl _:_ 1 
= Hn-1,2((1- xt - (-x)'1 - 1) + L, k Hk-1 + L, n _ k Hk-1 

k=l k=I 

n-1 k n-1 k 

L, 
(1 - x) - 1 L, (1 - x) - 1 

- Hn-1 ---- - Hn-1 ----. 
k n -k . 

k=l k=I ·· 

With help of the sum in Lemma 2, the desired result is obtained. D 

Theorem 1. For n E and x E IR\{1}, we have 

n ( ) n ( ) ( ) ( )k n 2 k n n Hk-1 1 x L, k Hk(-x) =(1-x) L, k -k-- k2 1-x 
k=l k=I 

Proof From binomial theorem, we have 

n-1 (l ~ x)k _ l n-1 2 k (k) . 
2~----Hn-k-1 = L,--kHn-k-lL, . (-x)1 

£.... n-k n- J 
k=I k=l j=I 
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By (1.8), we write 

n-1 k n-1 ( (1 - x) - 1 n 2 k 
2 L n _ k Hn-k-1 = L k)((Hn - Hk) - Hn,2 + Hk,2)(-x) 

k=l k=l 

and from some arrangements,· 

By (1.1) and (1.5), we write 

~ (n) 2 k ~ (l - x t-k - 1 ~ (n) k L... k Hk (-x) = 2 L... k · Hk-1 - L... k Hk,2(-x) 
k=l k=l k=l 

- (H; - Hn,2)((1 - xt - (-xt - 1) 

n-1 k 
2 L c1 - x) - 1 + 2Hn ((1 - xt - (-xt - 1) - 2Hn ----. 

n-k 
. k=l 

With help of Lemmas 1 and 3, we rewrite 

~ (:)Hf(-xl = 2 f (l -x);-k -
1 

Hk-1 + (-xtHn,2 + (1- xt ± (;) :k (
1 

~x)k 
k=l k=l k=l 

. n-1 k · 

+ (H;+ Hn,2)((1- xt - (-xt - 1) - 2Hn""' (1-x) -
1

. 
L... n-k 
k=l 

If we replace x by x.:.l in Lemma 1, we have 

+(1-x)n± (n)Hk (-x-)k _ 2Hnf (l~xl-1 
k=l k k 1 - x k=l n - k 

+ (-xtHn,2 + (H; + Hn,2)((1-xt - (-xt -1) 
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~ (1 -x)-k -1 1-xn -(1 -x)n 
=2Hn(I -xt ~-----+2 2 

k=l k . n 
\ 

- 2(1 - xt ~ (n) ]_ (-x-)k + 2((1 - xt - l) ~ Hk-I 
~ k k2 1-x ~ k 
k=I k=I 

n ( ) ( )k n-1 ( k +(l-xtL n Hk _x_ -2HnL 1-x) 
k k 1-x n-k 

k=I k=l 

From Lk=l ~k = ½(H; + Hn,2) in [l], we have the conclusion. 

Now, we will give applications of Theorem 1. 

Corollary 1. Let p > 3 be a prime. For any rational number x such that x -:/= 1 and x-1 = 0 (mod p), 

p-1 

L Hfxk = -(1 - x)P-1(G2(l/(l - x)) + G2(x/(x - 1))) (mod p). 
k=I 

Proof. If we take_p - 1 replace of n in Theorem 1, we have 
~ . . . . 

Fork= 0, 1, ... p - 1, (Pj; 1) = (-ll (mod p), we get 

(mod p). 

By Lemma 1, it is shown that 

p-2 (1 )k p-1 k 
~ -X -I ~ X 
~ k Hk-1 = (1-x)P - ~ k2 (mod p). 
k=I k=l 

Then 

The proof is completed. 

When x = 2 in Corollary 1, we obtain the following congruence: for p > 3, 

p-1 

L 2k Hf= qp(2)2 (mod p). 
k=I 

□ 

□ 



On congruences involving special numbers 

Corollary 2. Let p > 3 be a prime. For any rational number x such that x f=. 4 -I and x-1 = 0 (mod p), 

(p-1)/2 (2k) L k Hfxk = 2(.:l - µ)- 1(G2(.:l) - G2(µ)) 
k=I 

where A and µ are defined as before. 

Proof If we replace P21 by n and 4x by x in Theorem 1, we obtain 

(p-1)/2 (p-1)/2 ) ( )le L cp -/)12)Hf(-4xl = (1 - 4x)(p-l)/2 L cp -/)12) ( H~-1 - k12 1 ~\x 

k=I k=I 

p-I )le = (l _ 4x)<p-I)/2 '°' ((p - 1)/2) (Hk-1 _ 2_) (~ 
L.i k k k2 1 - 4x 
le=l 

Fork= 0, l, ... ' (p - 1)/2, ((p-1)12) = (-~)k e1e1e) (mod p), we write 

161 

(pt' (~)Hfx' ~ (1-4x)(p-l)/Z (~ (~) :, (
4
;_ i)' -2 ~ (~) :, c:_ In (mod p). 

From (1.9) and (1.10), we have the desired result. D 

For example, when x = 3-I in Corollary 2, for a prime p > 3, we have 

(p~/2 e:) ~t = -~ (-tYp-1)/2 (f) Bp-2 (}) (mod p). 

k=I 

Corollary 3. Let p be an odd prime. Then 

p-I 

L Hf F2k+I-p = 0 (mod p), 
k=I 

andfor p > 5, 

p-I 

L Hf L2k+I-p = 0 (mod p). 
k=I 

(2.2) 

Proof We will give the proof of (2.2). From Theorem 1 and Binet formula of the Lucas sequence {Ln}, we have 
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Also for n = p - l, we write 

p-1 · p-1 k p-l k "(p -1)(-l)k H2L _ = ~ (p - 1) (-1) HkLk _ 2 " (p - l) (-1) Lk 
~ k k Zk+I P ~ k k ~ k k2 . 
k=I k=l k=l 

Fork= 0, ... , p - 1, (P:;1) = (-It (mod p), (1.2) and (1.3), the desired result is obtained. Similarly the other 
congruence is given. · □ 

Now, we derive the Theorem 2 by evaluating the sum S(n) = I:Z=o (n:{/) t1~ using technical manipulations on 
sums. By Zeilberger's algorithm, we obtain the recurrence relation 

(2n + l)S(n) - (4x + 2)(2n + 3)S(n + 1) + (2n + 5)S(n + 2) = 0. 

Theorem 2. For n E N and x e ~\ {0}, we have 

± (n + k) (4xt = _1_ (-Jx+T + ,Jx)2n+l - (-Jx+T _ .Jx)2n+l 

k=O 2k 2k + 1 2n + 1 2,./x 

Proof. For x = - l, Z.W. Sun[l 7] have the identity 

~ (n + k) (-4t = (-It. 
~ 2k 2k+l 2n+l 
k=O 

(2.3) 

For x f= -1, we can show the proof. By (11], it is known that 

Therefore 

= (1 + x)n ± (--1-)j 22n-2j (2n-:- j)· 
2n + 1 •_n 1 + X J 

J=v 
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By applying the equality LZl:1 (;k·~_\) e) = 2n-2J (nj 1) in [11], we obtain from the above that 

±(n+k) (4xl = (l+x)n±(--1 )J±(2n+l)(i) 
2k 2k+l 2n+l. l+x .. 2i+l j 

k=O ;=0 l=] 

(1 + xt n (2n + 1) i (i) ( 1 )J 
= 2n + 1 ~ 2i + 1 ~ j - 1 + X 

= (1 +xr ±(2n+ 1) (1- _1 )i 
2n+l 2i+l l+x 

i=O 

Taking l~x and 2n + 1 instead of x and n in Ltol)/
2 

(2i:1)xi 

we have 

= CI+Jx)"-(I-Jxr [11], respectively, 2Jx 

l (,Jx+T + .Jx)2n+l _ (-Jx+T - .Jx)2n+l 

2n + 1 2./x 
(2.4) 

Combining (2.3) and (2.4), we have the proof of desired result. □ 

Corollary 4. Let p > 3 be a prime. Then 

(p-l)/
2 (2k) Fk l 

~ k 4k(2k + l) = 2P (F(l-3p)/2 - F(1+3p)f2) (mod p
2

), (2.5) 

{p-l)/
2 (2k) Lk 1 

~ k 4k(2k + l) = 2P (L(1+3p)/2 - L(l-3p)f2) (mod p
2

), 

(p-1)/2 
~ (2k) Pk _ 1 {p-1)/2 2 L.... k gk(2k + l) = 4 ((-1) Q{p-1)/2 - Q{p+I)/2) (mod p ), 
k=O p 

(p-1)/2 
~ (2k) Qk _ 2 {p-1)/2 2 
~ k gk(2k + l) = p((-1) P(p-1)/2 + P(p+l)/2) (mod p ). 
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Proof. For the proof (2.5), considering x = -a and x = -Pin Theorem 2, we have 

~ (n +i k) (-4/ F = _1_ (~ (n + k) (-4a)k _ ~ -(n + k) (-4p/) 
{:a 2k 2k+l k a-ft~ 2k 2k+l ~ 2k 2k+l 

= _1 ___ 1 _ ((,/P + 1/ ,Jlj)2n+l - (,Jlj - 1/ ,J/J)2n+l 

2n + 1 a - p 2/,JP 

- (,,fo. + 1/ ,,fo.)2n+l - (,v'a - 1/ ,,fo.)2n+l) 

2/,,fo. 

= 1 (p3n+2 _ (-a)3n+l _ p3n+2 + (-a)3n+I) 

2(2n + 1) a - P · · 

l n = 2(2n + l) ((-1} F3n+I - F3n+2), 

Fork = 0, ... , (p - 1)/2, (<P-w2+k)(-16l = (::) (mod p 2), the desired result is obtained. Similarly the other 
congruences are given. D 

Now, we have the following results of Theorem 2: 

Corollary 5. Let p > 5 be a prime. Then 

~ C/2>£>(~ )' ~ 4(p _
3
,) + /F-p+,-1 '- Fp-,+2) (mod p), 

k=O 

LtJ k 
~ (2) ( 2 ) _ 3 (( )(p-r)/3 ) L., Ck pk 27 = 4(2p _ 

2
r + 3) -1 Q(p-r)/3 - Q(p-r)/3+1 (mod p), 

k=O 

L!J ( 2 )k 6 Lc?)Qk 27 =2(p-r)+3((-l)(p-r)/
3

p(p-r)/3+P(p-r)/3+1) (modp), 
k=O . 

where cf)= 2n~I {~) and r = l or 2 according as 31p - r. 

Proof Fork= 0, ... , y, 

((p -i:3 + k)(-27/ = e:) (mod p) 

where r = l or 2 according as 31p - 1 or 31p - 2 in (13], the proof is completed. 

Corollary 6. Let p > 3 be a prime. Then 

□ 
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L¾J 
'"' C2kPk _ 1 (p-s)/4 
~ 32k = 

2
( _ + 

2
) ((-1) Q(p-s)/4 - Q(p-s)/4+1) (mod p), 

k=O p s 

L¾J 
'"' C2k Qk _ 4 (p-s)/4 
~ ~ = _ + 

2 
((-1) P(p-s)/4 + P(p-s)/4+1) (mod p), 

k=O p s 

where C2n is the Catalan number ands = 1 or 3 according as 41p - s. 

Proof For k = 0, ... , Pt, 

wheres = 1 or 3 according as 41p - 1 or 41p - 3 in [14], we have the proof. 

Corollary 7. Let p > 5 be a prixme. Then 

LfJ (6k) (2k)-1 c?) h 3 
~ 3k k lOSk = 2(p _ t + 3) (F-(p-t)/2-1 - F(p-t)/2+2) (mod p), 

Li J (6k) (2k)-1 c<2l Lk 3 
~ 3k k !osk = 2(p _ t + 3) (L(p-t)/2+2 - L-(p-t)/2-I) (mod p), 

LiJ (6k) (2k)-I c<2
) P 3 

~ 3k k ~3k k = 4(p - t + 3) ((-1/p-t)/6Q(p-t)/6 - Q(p-t)/6+I) (mod p), 

Lt J (6k) (2k)-1 C (Z) Q 6 
~ 3k k ~ 3k k = p _ t + /(-1/p-t)/

6 
P(p-t)/6 + P(p-t)/6+1) (mod p), 

where d 2) is defined as before and t = 1 or 5 according as 61p - t. 

P •+ F k - 0 l!:2 roo1 . or - , ... , 6 , 

where t = l or 5 according as 61p - 1--or-61p - 5, the proof is completed:-----

Theorem 3. Let p > 3 be a prime. For any rational number x such that x-1 = 0 (mod p ), 

(p-1)/2 C 2p-I L k xk+I = 1 - (,1, - µ)P+ 1 + --(,1,P + µP - 1) (mod p), 
k=O (k + 1) p 

where A and µ are defined as before. 
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D 

0 

(2.6) 



166 Sibel Koparal and Ne~e dmur 

Proof Replacing n and x by p!l and 4x in (1.1), respectively, we have 

p + 1 (p~Y
2 

((p - 1)/2) (-4xl+l 

2 L k (k + 1 )2 
k=O 

(p-1)/2 (1 - 4xl (1 - 4x)<P+l)/2 - I . 
= L --- + 2------- - H(p-1)/2· 

k p+l 
k=I 

Fork= 1, ... , (p-1)/2, ((p-J)12)(-4l = f!) (mod p), H(p-1)/2 = -2qp(2) (mod p) and fork= 1, ... , p-1, 
l_l( d) · p+k = k mo p , we wnte 

(p-1)/2 ( 2 ) k+l (p-1)/2 ( 4 )k 
-2 ~ k X = 2((1- 4x)<P+l)/2 - 1) + ~ l - X + 2qp(2) 

L k (k + 1)2 L k 
k=O k=I 

(mod p). (2.7) 

· _ (P-1) _ k Fork-0,1, ... ,p-1, k =(-1) (modp),weget 

(p-l)/2 (1 - 4xl (p-l)/2 (p - 1) (1 - 4xl 2 (p-l)/2 (p) k 

L k - L 2k - 1 k = -p L 2k (1 - 4x) 
k=l k=I k=I 

2 - (1 + ✓1 - 4x)P - (1 - ✓1 - 4x)P 

p 
(mod p). (2.8) 

Substituting (2.8) into (2.7), we have 

(p-1)/2 Ck xk+I = (p-1)/2 (2k) xk+I 

L (k + 1) L k (k + 1)2 
k=O k=O 

= l _ (1 _ 
4
x)(p+l)/2 _ qp(2) _ (✓1 - 4x - l)P - (✓l - 4x + l)P + 2 

2p 

Thus, this concludes the proof. 

From Theorem 3, we immediately deduce the following results. 

Corollary 8. Let p be an odd prime. Then 

(p-1)/2 C 

L 4k(k: 1) = 4(1 - qp(2)) 
k=O 

(mod p), 

(p-I)/
2 (-l)kC l-L (5) L k = 2p-l P + 5 - - 1 (mod p), 

k=O k + l p p 

(p-1)/2 C p ( 2) 2P+2 L k = 2<7-p)/2_!!_ - 4 - + 8 - -- (mod p), 
k=O 8k(k+l) p p p 

(p-1)/2 Ck 2Qp 2p+I (2) 
L (-4)k(k + l) = -p + p + 8 p - 4 (mod p), 
k=O 

D 
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(p-l)/
2 

Ck L3p 2P+3 (5) 
"""' --~-- =---+--+20 - -16 
~ (-16)k(k+l) 2P-3p p p 

(mod p) 

andfor p > 3 

(mod p). 
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