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Abstract. In this paper, using some special numbers and combinatorial identities, we show some interesting
congruences: for a prime p > 3,

(p-1)/2 - '
> G _2 (Lz" —9)—5(%)+9 (mod p),

3 3
& g+ T p \3F
(p—1)/2 2 (r-1/2
W\HE 2 1 p 1
> ()3=-308) G)ea(s) wen
(p-1/2
E ———— = —(Fa-3p);2 — Fus3py2) (mod p*),
3
i (k #Qk+1) 2p

where B, (x) is the Bernoulli polynomial, C,, H,, F, and L, are the nth Catalan number, the nth harmonic number,
the nth Fibonacci number and the nth Lucas number, respectively. (;) denotes the Legendre symbol.

2000 Mathematics Subject Classification: 11B39, 05A10, 05A19.

1. Introduction
The Fibonacci sequence {F,} and the Lucas sequence {L,} are defined by the following recursions:
A Foyiy=Fo+F,y and Ly =Ly,+Lpy, n>0,

where Fy = 0, F1 = land Ly = 2, L1 = 1, respectively. If a and f are the roots of equatlon x2—x—-1=0,
the Binet formulas of the sequences {F,,} and {L,} have the forms

__ pn
Fa= TP ad Ln=am4pn, '
a—pf )
respectively.
The Pell sequence {P,,} and the Pell Lucas sequence {Q,,} are defined recurswely by.

Pyy1 =2P, + P,—; and Qn+1—2Qn+Qn 1, n>0a

in which Pp = 0, P; = 1 and Q¢ = Q1 = 2, respectively. If y and J are the roots of gguation x2—-2x—-1=0,
the Binet formulas of the sequences {P,} and {Q,} have the forms

n n

_ =9

y_(s and Qn=)’n+5na

respectively.
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The harmonic numbers have interesting applications in many fields of mathematics, such as number theory,
combinatorics, analysis and computer science. Harmonic numbers H, are defined as forn > 0

21
H"=ZE’

k=1
where Hy = 0. The first few harmonic numbers are 1, %, %, %_5’ ... and for m € N, harmonic numbers of order m
are those rational numbers
=1
_HO,m ?0, Hn’m:Zk_m’ n>0.
. k=1 .

Some elementary combinatorial properties of the Catalan numbers are given in [3,4,9,15]. The Catalan numbers

are given by
-2
C, = 1 2n _ 2n _ n)’ neN.
n+1\n n n+1

Bernoulli numbers B,, and Bernoulli polynomials B, (x) are defined by

Bo=1 and Z(Z)Bk=0 (n=2,34,...),

By(x) = (Z)ka"-" (n=0,1,2,...),

_~fespectively [5].
For a prime p and an integer a with p { a, we write the Fermat quotient g, (a) = (@P~! —1)/p. For an odd prime
p and an integer a, (%) denotes the Legendre symbol defined by

. 0" ifpla,
(%) =11 if ais a quadratic residue modulo p,

—1 if a is a quadratic nonresidue modulo p.

In [16], Z. W. Sun obtained that

(p=1)/2
m(m — 4)
> % = (—) (mod p), .
k=0 p
and
(p_zl)/z (Zkk) _m m-—4 m(m — 4) (mod p)
mk+1) 2 2 » Pl
k=0
where p is an odd prime and m is any integer not divisible by p.
Let p be a fixed prime > 3. Define
el
P—-(x-1DF-1 = xk
q(x) = > and  Gn(¥) = > 7
k=1

where x is a variable.
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In [2], A. Granville showed that
g(x) = —Gi1(x) (mod p),
Ga(x) = G2(1 —x) + xG2(1 —1/x) (mod p),
g(x)? = —2xPG(x) —2(1 — xP)Go(1 —x) (mod p).
The author gave that for any integer n > 1

n—1

n— 1\ (—x)k l-x)k—l (l—x)"—(—x)"——l
Z(k—l) —Z 2 ‘

n
k=1

In [12], Z. H. Sun obtained the following congruences: for an odd prime p and Gp(x) € Zp[x],

1\ p-1 XY —1 p— ,rl
Gy = = (L= D xp~2(1—?‘—) Z > o (med P,

p p i=1 r=2" =1
and for aprime p > 3andn € N, _
npGry1(x) = (=1)"xPGn(1/x) = Gu(x) (mod p?).
In [18], Z. W. Sun showed that for a prime p > 3,

p—1 p—1 p—1

H. L H F 2 F
E 2k —o (mod p) and E k2 -k (mod p)
k=1 k k=1 k P k

and for a prime p # 2, 5,

Pa—l 2k pa
k - 3
> ()= (5) (12 () o

where a is a positive integer.
In [1], J. Choi and H. M. Srivastava showed that form,n € N,

" [k n+1 1

E = H, - —.
(m)Hk (m+1)( nl m+1)

k=m

In [4], S. Koparal and N. Omiir gave that forn > 1 and x € R,

=1\ (—x)* (1 —x)" — (—x)" — 1 la-x)—1
;(k—l) k Bt = n H"_l—é k(n —k)

In [10], J. SpieB} obtained that

z (k)Hn—k = (; i 1) (Hnt+1 — Hp+1),

n—1
k— 1\ H,_ n—1
Z(j—l)nk—llc (j_l)(Hn—l(Hn—l_ i= 1) —Hy12+ Hj_12),
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and

n-1

2 k n .
Z ( .)Hn—k—l = ( .)((Hn ~ Hj)? — Hy2+ Hj 2). (1.8)
Py n—k\Jj j

In [8], K. H. Pilehrood et all gave that for a prime p # 2, 5,

(p-3)/2
Z ) Fait1 = (—1)PHDP2 Fp— (%) (mod p?),
(2k + 1)16" p ’
(p-3)/2 2k
Z (k)L2k+1 = (_1)(p+1)/2 Lp - (mod p2)‘
2k + 1)16
k=0
In [6], S. Mattarei and R. Tauraso showed that for a prime p > 3,
-1
Z ( ) = 2G2() + Ga(u)) (mod p), (1.9)
where A = 3(1 ++/T—4x) and p = $(1 — /T~ 4x).
In [19], R. Tauraso obtained that for a prime p > 3,
2k : '
> ( ) e =20~ (G206~ i) ~ Gl =) od . (110)
k=1

where A and u are defined as before.

2. Some congruences involving special numbers

In this section, we will give the congruences involving some special numbers. Firstly, we will give some auxilary
lemmas involving harmonic numbers:

Lemma I. Forn > 1and x € R, we have

(l—x) -1, 1- )k—1 (1—x)"— (—x)" =1 22 /n) (=x)F
z: -I—Hz ! 2 =-3 ()

k=1

Proof. From binomial theorem, we have

n—1 1— k_1q n—1 _ . .
O - ()

k=1 k=1 j=1
n—1 k N
k— 1\ (—x)/
=S a2 ()5
k=1 j=1 J J )
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By taking n — 2, j — 1 instead of #, m in (1.4), respectively, we write

n—-1 ,- n—1 ' .
(1-x)k—-1 (—x) 1
> =X () ()

] é 2 (()- () (- 3)
Z( 22 (5670 -26)) (5-5)

J

n—1 i 1 n—1
S E ) (= 1) LS o (7) (- )
— J° -l j/ n j J

j=1 j=

n—1 RY _ n—1 Y _
= 25 1>—n ()
j=1

-1
j2 \J p=

H,,l”‘l() iy ()(x)f
né (—x)) + ,11 f

~.
—

S~
—

~.

and from binomial theorem, we get

n—1 Y k _ n—1 k -1
S0 e 0 F () )
. k=1

k=1
(A-x)"—(=x)"-1

— Hn—l
n
With help of the sum in (1.1), we write
n—1 n—1"
1—x)*—1 H, 1 1—-x) -1 H, 1 :
Z ( -’;{) Hp_ | = nH, | + ( x) n n— 1 + « _x)n (__x)n . 1)
(=) fn—1 (1-x)" = (=x)" ~ 1
-2 3 \k 1) e n
k=1 )
(1_x)k_1 (1—x)"—( x)"—l < (~x)"()
= H, Z Z :
=1
Thus, this ends the proof. ' O
Lemma2. Forn > 1andx € R\{1}, we have h o )
n—1 . n—1
(l—x)k (1 —x)* 1 A —-x)k—1
o = s = Hpal = (= 9 + o lz-k—-;Z—T—"
k=1 k=1

n k '
S (:)% (% f_x) | @)

k=1
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Proof. By (1 7), it is clearly that >~ -1 H, Hactol = H3_1 — Hp_12. Then

n—1 Nk 1 \ ok _ .
S, S
k=1 .
n—1 -k
=(1-x)" Z L—%Hn—k—l +({(1=-x)"=-1) z Bni-1
k=1 =1
—x Z B et + (1 = x)" = (HZ, ~ Ha_12).

So it suffices to show Z" ! g;"L—H,,_k_l which implies (2.1). From binomial theorem, we have

n—1 _ n—1 k
1-xn~*-1 x ) Hp g1
S Hyker = 1- —p )Rl

kg;‘ k nokl Z x—1 k

k=1

k=1 j=1
" n—1 in—1"
1 x )/ k—1
=3 () =0 e
j=17 , = M

By binomial properties and replacing n — 2 by n and j — 1 by p in (1.6), respectively, we show
Q=x)*-
St g

P > (1 i'xx)J (n ; 1)(11,, | — H)) | -
, _2;(;)'(@)_(;;;)>(H,,_1,Hj)
S (=) GEI) () o

J

1
J

_ oy - H H. x \/ lg(n H . ( x
=" 72(1'—1)( =) (75) 2 2 () - 0 (75
j=1 j=t
n—1N( x Y  &Sn-1\Hi( x Y
= - IZ (1—1)(1 X) _nZ(J—l) (l—x)

j=1

SO () E ()

v
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Substituting %5 replace of x in (1.1) and (1.5), we have

n—1 =k _ n—1 _ Nk _ 1 .
A A U )
k=1 k=1

RO 2R

H, v gy 1S -0+ -1
+ = (=0T = 2" (1= %) —1)—22—

o n—k
From binomial theorem, the desired result is given. 0O

Lemma3. Forn > landx € R\{i}, we have

n—1 n_ ok
>, (Z) (—x)*Hi12 = —Hp_12(—x)" — < x) o Hy Z < x) 1
k=1

kon=1 .. g
-0 ()2 () R

k=1

Proof. From binomial theorem, we have

n—1 n—1
(1—x)k—1 B Hj_ k ;
> K-l L= ~ k(n — k) Z ( ')(_x)j

k=1

By (1.7), we rewrite

)(Hn 1(Hp—1 — Hy—1) — Hp—12 4+ Hr—12)

-1k
> ( :) (Z) (Hp-1(Hp—1 — Hg—1) — Hn—1,2 + Hi-1,2)

n—1
—Hy_12

Hﬁ—l -5 n k Eh_ln_l n k
=_n—k§(k)("‘) - é(k)(—x) Hi-1

1! n
+ - ( )(—x)ka—l,z.
n k

=]

X
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Then, by binomial theorem and (1.5), we get

n-1
1 —xk-1 2 (1 —x)"—(=x)" -1
z wHk~l — (H,,_l - n—1,2) n

k=1 _
' k 1 n—1
— Hy Z (n )( X) Hi1 + é (:)(“x)ka—l,Z
_ (Hz_ — Hyy, 2)(1 —x)t — (—x)" -1 _ H'%_] ad-x"-(=x)"-1
_ n n
Q-xk-1 “n—1 (—x)k
~+ H,_ IZ k(i — 1) +k§;(k—1) . Hi—173.
So, we have
n—1 n .
> (k)(_x)ka—l,2 =Hy_12((1 = x)" = (=x)" - 1)
k=1 .

(l—x)—l ' G e |
o Z k(n—k) ”‘I‘—v"b.'f_‘“lz_: k(n—k)

4 o L
'_H”‘IZ((l—x)n—( x)* — 1)‘*‘2(1 k) Hy) +Z(1 X) . Hi—1

n—-1 ' n—1

With help of the sum in Lemma 2, the desired result is obtained.

Theorem 1. Forn € and x € R\{1}, we have

5 (oot -0 20) (5 -8) ()

k=1

Proof. From binomial theorem, we have

n—1 : n—1 k
a-xk-1 2 (k .

2y ——-—H, 1= k- —x)/

; & n—k—1 ;n_ankljZ__; i (—=x)
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By (1.8), we write

2n_1 (l—x)k—lHi S5 ((H, — Hy)? — Hy s + Hi2)(—x)¢
é g Hri-1 = E (k) n — H w2 + Hi2
n—1 " ‘ n—1 n
= 2 - ) 3 () 00t - 20 3 ()
parl parl
n—1 n—1 n
+ ( )sz(—x)k +> (k) Ha(—x)*
k=1 k=1
n—1
=2 ( )Hk( —x) + Z (n)Hk,z(—x)k
k=1
n—1 n
+ (B = Ha)(( =2 = (3" = 1) =28, 3 () (-0
k=1
and from some arrangements,
n—1 n n—1 (1 —x)"_k ~1 n—1 " .
> (k) HY(—x)¥ =2 ————Hi-1- > (k) Hi2(—x)
k=1 k=1 = k=1

n—1
— (0 ~ o) (= 2" = ()" = )+ 280, 3 () -

k=1
By (1.1) and (1.5), we write

n—1 n-—1

(1 — x)" k- (") k
H2(—x)* =2 H — H —
k§=1,( ) Z(—x) z -1 k§_1 v k,2(—x)

— (HZ — Hy 2)(1 = x)" = (=x)" = 1)

n—1 k
2 n n § d-xF-1
+ 2Hn ((1 - X) - ('—X) - 1) - 2Hn £ _n_——k_

With help of Lemmas 1 and 3, we rewrite

Y=k n &
Z ( )H" () = 22 ¢ x) Hk—l + (X Hpp + A —x)" > (:)Elf' (é)
k_

k=1

k-1

§(H2 4 B2~ 0 — ()" — 1)~ 28, Z(—llik—

If we replace x by ;%7 in Lemma 1, we have

T h—1 7 (l—x) . o n—-lH
z( )Hk(—x)k-—2(1 x)"ZfHk_wz((l—x)"—l)Z =
k=1 k=1

e (N He [ x ) S a-xk-1
o B ()

+ (=x)"Hy 2 + (H2 + Ho 2)((1 — x)" = (=x)" — 1)

159
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n-1 -k n n
1-x)*—1 1-x"—(1-
=2H,,(1—x)"§:( xi polz¥ —d-n
k=1 '

n2

\

n A x k n ! Hi_,
—2(1 —x) ;(k)k—z(m) +2((1 = x) _1)1(21 2

ae(n\He { x ) L —x)k
=% l;(k)T(l—x) _ZH"Z-:I n—k

+ (=x)"Hn2 + (Hy + Hp2)(1 = %) = (=x)" = 1).
From > ;_, % = %(H,% + Hy ) in [1], we have the conclusion.
Now, we will give applications of Theorem 1.
Corollary 1. Let p > 3 be a prime. For any rational number x such that x # 1 and x~1 = 0 (mod p),

p—1
D HixF = =1 = x)P N (G2(1/( = %)) + G2(x/(x = 1)) (mod p).

k=1
Proof. If we take p — 1 replace of nin Theorern 1, we have

- p-1 - | - ‘k
H; 1A x
Z'( )Hk( x)k—(l-—x)” lk 1( )(L—‘Ei)(—l_x) .
Fork=0,1,...p—1,(P;") = (=1)* (mod p), we get

p-1

‘ p-l1 : k
. - Hy_ 1 X
2k 1
kzil Hix" = (1 —x)? kél ( e k_2) (x_l) (mod p).

By Lemma 1, it is shown that

p=2 0 sk -1 _p
SUD =0 =35 (mod p).

Then

% 14 (—x)k
ngka;—(l x)P~ lzkz(l )

=—(1-x)"(G2(1/(1 = %)) + G2(x/(x = 1))) (mod p).
The proof is completed.

When x = 2 in Corollary 1, we obtain the following congruence: for p > 3,

p—1
> 2*H} = q,(2)* (mod p).
k=1
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Corollary 2. Let p > 3 be a prime. For any rational number x such that x # 47" and x~! =0 (mod p),

D2 ok
> ()it =26 076G - Gatu)

k=1 k

— 40— WP H(G2(/( = W) + Gau/ (= 4)))  (mod p),
where A and u are defined as before.

Proof. If we replace 1’—2"—1 by n and 4x by x in Theorem 1, we obtain

(p—-1)/2 —1)/2 k
(r—1/2 —1)/2\ ( H;- 1 4x
> ( ‘ )sz(—4x)k = (1 — 4x)P~ 1)/2 z‘ ( ) (__%_1 — ﬁ) (1 4x)

k=1
p-1 k
1 — 4 (=12 (P—l)/2)(f{l€:_l_i)( Ax )
=1 —4x)? g( k v )i/

Fork =0,1,...,(p —1)/2, ( P 1)/2) =7 14)k (Zk) (mod p), we write

(p—1/2 p—1 k p— k
= (1 — 4x)P~D/2 — -2 — d p).
2. (k)Hkx (1~4) 2 )% & AV ACES (mod p)

k=1 k=1

From (1.9) and (1.10), we have the desired result. O

For example, when x = 37! in Corollary 2, for a prime p > 3, we have

(p—1)/2 2 (p-1)/2
ANHE 2 1 p 1
> (k)3—k=—§ (—5) ('3') Bp-2 (5) (mod p).

k=1
Corollary 3. Let p be an odd prime. Then
p—1

Z HI¢2F2k+1—p =0 (mod p),
k=1

and for p > 5,
p-1

> HlLyy1-p=0 (mod p). 2.2)
k=1

Proof. We will give the proof of (2.2). From Theorem 1 and Binet formula of the Lucas sequence {L,}, we have

> (Z) (—D)**" H2 Lo

k=1

n

()( 1)k nH2 2k— n+/

k=

$ (o) () Ca)f =B — (" =B
1(k) X H"_2k=1(k) 2 +§(_k) e (1)

k=1
. (n (—1)kaLk " o/n (_l)kLk o
l(k)_k—_ZZ(k)T- o

,,(:),(_1)k_—nng_/;2k—n L
1

k=1

k

k
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Also for n = p — 1, we write
p-1 - p-l k p—1 k
p—1 kg2 p— N\ (=1)*HLy p— 1\ (—DFL;
k_l( k )( V HiLaiesi—p ,;( k k kg} k 12

Fork =0,...,p—1, (”;1) = (=1)* (mod p), (1.2) and (1.3), the desired result is obtained. Similarly the other

congruence is given. a

Now, we derive the Theorem 2 by evaluating the sum S(n) = > }_, ("+k) % +1 using technical manipulations on
sums. By Zeilberger’s algorithm, we obtain the recurrence relation

@Qn+ 1)S() — (dx +2)(2n +3)S(n+ 1) + 2n+ 5)S(n +2) =

Theorem 2. Forn € N and x € R\{0}, we have

i (n+k) @Gf 1 a1+ - (Vx+1 f)2"+1
2k+1" 2n+1 2./x

k=0

Proof. For x = —1, Z.W. Sun[17] have the identity

o (n kY (=4F (=1
Z( 2k )2k+1_2n+1' - @3

k=0
For x # —1, we can show the proof. By [11], it is known that

n+k 2n+1k 2 (n+i\[Jj ;
(2k )2k+ =1)" Z(2j )(k)(_d')]'

j=k

Therefore

> (st 2 () (-
S aray

R
=jzi:< 1)!(;:1++1x>)" f(znj— )

_+x)" i(_ 1 j22n—2j(2n_j).
2n+1 1+x J

j=0
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By applying the equality Z"/ 2 (2",:;11) ( ]) 2n-2] ("7 /) in [11], we obtain from the above that
i n+k\ (4x) _(1+x)"i( 1 )fz":(znﬂ)(i)
2%k J2%k+1 2n+1 4 14x) <~ \2i+1J\y

k=0 j=0 i=j

)y i(2n+l)zi:(i)( 1 )f

T 2n41 ~\2i41) 4\ 14+x

i=0 j=0

_(1+x)"z”: 2n+1)(1_ 1 )"

Co2n+1 &\2i+1 1+x

1 z": 2n + 1 S04 xy

T 2n+14\2i+1

_i 2n\ x' (1 + x)"~*
C&\2) 241

Takmg o and 2n + 1 instead of x and n in Z(" b2 Go)xt = %&Mﬁ [11], respectively,
we have

I (n+ k) (4x) =(1+x)"i 2,7+1 (1 +x)x
2k J2k+1" 2n+1 “~\2i+1
k=0 i=0
2n+1
(1 + x)" (1+\/ ) Y=
TS /_‘
n+ 2 x+1

_ 1 (J—+f)2n+l _ (J;T \/_)2n+1
T 2n+41 2%

(2.4)

Combining (2.3) and (2.4), we have the proof of desired result. 0

Corollary 4. Let p > 3 be a prime. Then

— = = _—(Fq_ — F d s 2.5
kg:o (k )4’<(2k D 2p( (-3p)2 — F43py2) (mod p©) (2.5)

(p 1)/2 (2k

' (_L(1+3p)/2 = La-3p)2) (mod p?),

4k(2k T 2p

(p—1)/2

2

“ \x 8"(2k+1) 4p

2k '
) = —((—1)("_1)/2Q(p—1)/2 ~ Qp+1)2) (mod p?);

2 _
‘ ;((—1)(” 1)/21’(,)—1)/2 + Pp41y,2) (mod Po).

8"(2k )
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Proof. For the proof (2.5), considering x = —a and x = —f§ in Theorem 2, we have
n k n k n k
n+k\ (-4 1 n+k\ (—4a n+k\ (-4
Z( 2% )2(k+)1Fk T a —ﬂ(z( 2% )(2k+)1 _Z( 2% )(2k-f)1)
k=0 k=0 k=0
11 ((ﬂf +1//B) — (VB = 1//B)>!

“2nitla-gp 2/JB
(a4 1/ — (Ja =1/ ey
2/Ja
1 ﬂ3n+2 _ (_a)3n+l — ﬂ3"+2 + (_a)3n+1
T 2@n+ 1) a—f
= m((—l)"F3n+1 — F3p42)-
Fork =0,...,(p—1)/2, (P7)/**)(~16)* = (¥) (mod p?), the desired result is obtained. Similarly the other
congruences are given. a
Now, we have the following results of Theorem 2:
Corollary 5. Let p> Sbea przme Then
IR e R . o |
@) _ 3 .
Z G Fy ( ) = W(F—p-f—r—l — Fpry2) (mod p),
c1i(57) = 7o mmyggr-rer = Lopermt) (mod p)
pard 27 4(p—r)+6
L5] ) 2\ 3
Z C,E ) p, (E) = m((—l)(”*r)/g’Q(p—r)/a — Q(p-ry/3+1) (mod p),
L5) ) 2 \ K 6
Z cP o, (f) =351 13 3((—1)(”"')/3 Pip—rys3 + Pp-ry/3+1) (mod p),
where C(z) 2n1+1 (3"") andr = 1 or 2 according as 3|p —r.
Proof. Fork =0,..., 57,
(p—nr)/3+k 3k
( o (—=2n* = f (mod p)

where r = 1 or 2 according as 3|p — 1 or 3|p — 2 in [13], the proof is completed.

Corollary 6. Let p > 3 be a prime. Then

L] ..
Cor Fy, 1
E = (F_3(p—-s)/4—1 — F3(p-s)/4+2) (mod p),
X — P P
= 16 p—s+2
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5] '
Cou Ly 1
z = (L3(p—s)/a+2 — L_3(p-5)7a~1) (mod p),
3 — p—s P
= 16 p—s+2

L& Cox Py 1 (r=5)/4
= —¥~ - - -5 d s
g 2% T 2Ap-s+2) (=D Qp-s)/a — Qp-s)/a+1) (mod p)

L&) Cor Qk 4
> 3% T p—s+ 2((_1)(p_s)/4p(p—S)/4 + Pp-s)/4+1)  (mod p),

k=0

where Cy, is the Catalan number and s = 1 or 3 according as 4|p — s.

Proof. FOI'k=0,...,£;—Sa

(p—s)/4+k . (%
( )/ )(—64) =(2k) (mod p),

where s = 1 or 3 according as 4|p — 1 or 4|p — 3 in [14], we have the proof.

Corollary 7. Let p > 5 be a prixme. Then

L%J -1,@
K\ (2k\ "' CP Fy 3
F_(piyya—1 — Fep_ d p),
( )( ) 108% 2(p—t+3)( (r-0/2-1 = F(p—n242) (mod p)
% Y R A S L ) (mod p)
= st 1085~ 2(p—1+3) P02 T A=/ P
L£] -1,
6k\ (2k\ "1 c? P, 3
N0/, o _ _ d p),
2 (3k)( ) P 4(p—t+3)(( ) Qp-n/6 — Q(p-n/6+1) (mod p)
L5 -100
2k C.7 Ok 6 -n/6
kZ( )( ) 63" = _H_3((—1)(” V8 Pp—iy/6 + P(p—ry/6+1) (mod p),

where C,(,Z) is defined as before andt = 1 or 5 according as 6|p —t.
Proof. Fork =0, ..., %’,

(p—1)/6+k N COAYEAYZ A
( 2% )(_432) =(3k)(k)(k) (mod p),

where ¢ =1 or 5 according as 6|p — 1-or6|p — 5, the proof is compieted.—---

Theorem 3. Let p > 3 be a prime. For any rational number x such that x~* = 0 (mod p),
(p—1)/2 -1
C 2°
Y A =l Qo P TP 4P - 1) (mod p),
= K+ p

where A and y are defined as before.
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Proof. Replacing n and x by EX! and 4x in (1.1), respectively, we have
p 2

p+173" ((p - 1)/2) (—an)tt!
2 = k (k +1)2

+

B (”‘Z‘i/ 2 (1 - 4x)t LU =402 g
N k p+1

= H(p-1)2.
k=1

los]

>IE = % (mod p), we write

b

Rl ket (p=1)/2 ;
S 2k) _x (1 — 4x)
-2 L =2((1 - 4x)PtD/2 _ 202 4o

P (k ) (k +1)? (« x) )+ kg}: EEr— +29,(2) (mod p)

Fork=0,1,...,p—1, (”;1) = (—1)* (mod p), we get

D2 (| gk DR, a2
> LS (p ) TS (P)a e

k=1 k k=1 2%k —1 k L=

21+ V/T=dx)P — (1 — /1= 4x)?

(mod p).
_ P
qustituti‘ng (2.8) into (2.7), we have
(P_Zl):ﬂ C S (pi/z (Zk) xk+1
- 2
= *k+1 paard k) k+1)

I Em -1 - (T ax + )P +2
2p

1—(1—4x)PtO2 _ g, (2)

il

. 2]7—1
=1-U—-wP+=—@P+u” —1) (mod p).
P

Thus, this concludes the proof.
From Theorem 3, we immediately deduce the following results.

Corollary 8. Let p be an odd prime. Then

w2 o
— =41 -g,(2 d p),
> Farn = 41 -9,@)  (mod p)
k=0
Ce-D2,
-k 1—-L 5
(#Ezl’*l—'%s Z)-1 (mod p),
k+1 p p
k=0
(p=1)/2 2
P 2 2p+
> g =202 —a(2) 5o T o p),
o 8k+D) p p p
(p—1)/2 C 2Qp 2]7+1

£ 8(3)—4 d p),
2 Taarn- o, o Hp) e i

ork=1,..., (p=1)/2, (P VA (=4)* = (%) (mod p), Hip—1y2 = —2¢p(2) (mod p)andfork =1,...,
1

p—1,

2.7

(2.8)
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(p—1)/2 3
Ls, 2p+ (5)
= — 201 —) - 16 d
Z - 16)k(k+1) w3, 5 T OND (mod p)

and for p > 3

(p-1)/2 -
C w1 /L 5
> k-~ ( 2p —9)—5(—)+9 (mod p).
— Kk+1) p \3r2 P
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