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Abstract.  Given two normalized Hecke eigenforms fi, f> of weight ky and k; respectively of squarefree level N,
we consider the product of twisted L-functions associated with f; and f by a quadratic charater y, and show that if
this product does not vanish at the center of the critical strip s = 1/2, then it does not vanish for infinitely many such
twists. This is a generalisation of the work due to R. Munshi (J. Number Theory, 132, 666-674 [2012]) for the full -
modular group to the case of any congruence subgroup of squarfree level N.
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1. Introduction

Let f1 and f, be two normalized Hecke eigenforms of weight k| and k;, respectively on To(N). Let D denote the
set of fundamental discriminants. Define the set

A(f1, f2) ==1{d € D : L(f1 ® xa, 1/2)L(f2 ® xa,1/2) # 0},

where L(fi ® xa,s) denotes the twisted L-function associated with f; (i = 1,2) by quadratic character y4 for
d € D, and yy is defined by y4(n) = (£), where (2) is the generalised Jacobi symbol.

R. Munshi [6] proved that for given two normalized Hecke eigenforms f; and f, on SLy(Z), if the set A(f1, f2)
is nonempty then the cardinality of the set A(f1, f2) is infinite. We genaralise the work of Munshi [6] for the
congruence subgroup I'g(N), when N is squarefree. We follow the same exposition as given in [6]. The proof uses
the connection between half-integral weight modular form and integral weight modular form developed by Shimura
[7] and Waldspurger formula in the context that vanishing of the twisted L-function can be determined by vanishing
of the coefficients of the associated half-integral weight modular form. We now state the main theorem of the paper.

Theorem 1.1. Let fi and f» be two normalized Hecke eigenféﬁns of IWeighi kl and ks, respectively on To(N);
where N is squarefree. Suppose that there exists a fundamental discriminant d such that (d, N) = 1 and

L(f1 ® xa,1/2)L(f2® xa,1/2) #0,

then there are infinitely many such fundamental discriminants d with the above property. In other words, the
cardinality of the set A(f1, f2) is either zero or infinite.
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2. Preliminaries and basic results
In this section, we briefly recall some basic definitions and properties of modular forms.
The full modular group SL2(Z) and congruence subgroup I'o(N) of level N € N are defined as follows;

SLy(Z) = [(ﬁ Z) ca,b,c,d e, ad—bc= 1],

To(N) := [(‘; Z) €SLy(Z):c=0 (mod N)] .

The group SL2(Z) acts on the complex upper half plane H = {r € C : Im(z) > 0} via fractional linear
transformation as follows;
_at+b
T er+4d’
Letk € Zandy = (2%) € SLy(Z), then for a holomorphic function f : H — C define the weight k slash
operator as follows;

"
vyt y=(‘c’ Z)ESLZ(Z) and 7 eH.

fley @) i=(ct+d)y*f(y 7). O

Definition 2.1. A modular form of weight k € Z for To(N) is a complex-valued holomorphic function f on H
satisfying;

fley(@) = f(o), forall y= (‘C’ Z) & To(N),

and holomorphic at the cusps of To(N). Further if f also vanishes at the cusps of To(N), then f is called a cusp
Sform. -

We denote M (N) (respectively Si(N)) the space of modular forms (respectively cusp forms) of weight k for
Fo(N). .
For N € 4N, y = (‘; 3) € I'o(N) and a holomorphic function f : H — C, define the weight k +% slash operator
as follows; :
c

—4\+2 .
Fleayy (@) = (Z) (74) G +d)TIf (), . 2

where () is the extended quadratic residue symbol as in [7]. _
For a fixed positive integer N such that 4| N, we denote by M, +1 (N), the space of modular forms of weight k + %
for [g(N), that is the space of all complex-valued holomorphic functions f satisfying;

flgyr @ = £, forall y = (‘C’ fj) & To(N),

and holomorphic at the cusps of T'o(N). Further, if f vanishes at cusps of I'o(N), then f is called a cusp form and
we denote the space of all cusp forms by S, +1 (N). \

For every positive integer n, one can define certain linear operator 7,, called n-th Hecke operator on My(N).
The family of Hecke operators acting on Si(N) are commuting and self-adjoint with respect to the Petersson
scalar product, therefore there exist an orthonormal basis consisting of cusp forms (called eigenforms) which are
eigenfunction for all the Hecke operators. We call an eigenform f with Fourier coefficients a s (n) normalized Hecke
eigenform if a;(1) = 1.

For more details on the theory of modular forms, we refer to [3] and [7].

Let f(zr) = Y2 ar(m)e(nt) € Su(N) be a normalized Hecke eigenform of weight 2k on Io(N).
The L-function associated with f is defined by

o ar(n)
L(f, S) = ZI;L?'{"——W

This series converges absolutely for ¢ = Re(s) > 1 and satisfies a functional equation with s — 1 —s.




On simultaneous non-vanishing of twisted L-functions associated to newforms on I'o(N) 247

For d € D, let y4 denotes the associated quadratic character as defined before, we define the twisted L-function
L(f ® xd,s) as

L(f ® xa,5) := z%'

n=1

The sign of the functional equation of the twisted L-function L(f ® yq,s) is given by €4 = (—1)*sgn (d).
As a consequence of this we get L(f ® xa, 1/2) = 0if (=1)*d < 0.
The Kohnen plus space in S, 41 (4N) is defined by

slj+%(41v) ={fe St L (4N) : (-1)'n=2,3 (mod 4) = as(n) =0}.

If f(z) = > 52 ar(n)e(nt) € Sx(N) is a normalized Hecke eigenform (i.e., af(1) = 1) and g(z) =
> ag(n)e(nt) € S;-f- 1 (4N) is the corresponding form of half-integral weight (in the sense of [4]), then the

Fourier coefficients of f and g are related by the formula

d
ag(n?ld]) = ag(ldl) D u(©) (3—)5’<“af(n/5), 3)
oln
(5,1\;):1

for every fundamental discriminant d € D with (—1)*d > 0.
For a prime p dividing N, define w, € {£1} by f | W, = w, f, where W, is the Atkin-Lehner involution on
S2x (N) defined by

1
f1w =f|2k'\—/_;(]z\7] ;b) (a,beZ, pzb—Na:"p)‘

Proposition 2.2 ([5] Corollary 1, p. 242). Let d be fundamental discriminant with (— l)kd > 0 and suppose that

for all prime divisors p of N we have (%) = wp. Then -

lag (D &= D! o L(f ® xa, 1/2)
2TV g |

!
|d

(s.2) = G @
where o (N) denotes the number of different prime divisors of N. -
Given a positive integer k and # € N such that n = 0, (—1)* (mod 4), n can be uniquely written as
n = |d|m?, where deD,meZ and (—1)*d > 0. (5)

It follows from equations (3) and (4) that

ag(n) £ 0= L(f ® 14, 1/2) #0.

-~ " 73. Proof of Theorem 1.1 - - -

In this section we give a proof of the Theorem 1.1.
Let N be a fixed positive squarefree integer. Suppose that

fit) =D aime(nr) € Sy, (N), i=1,2

n=1
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be two normalized Hecke eigenforms of weight 2k; on ['o(N). Let

o0
Fi(x) = Z} Ai(n)e(nt) € s,j+%(41v)
n=
be the half-integral weight modular form corresponding to f; (in the sense of [4]).

We assume that the set A(fi, f2) is nonempty and cardinality of A(f1, f2) is finite. We shall show that this
assumption of finiteness on A(f}, f2) will lead us to a contradiction to a already known result about the number of
zeros of L(f1 x fa, s).

Write H(r) = Fi(zr)F2(z). Then forany y = (25) € To(4N),

[ Y 1
Hy=(z+d)  *(cz+d)*1H(r). ©)
Let 3 = 00, k2, ..., x; be the non-equivalent cusps of I'g(4N), then for each cusp «; there exists g; € SL2(Q)
such that g;00 = x; and I'; := gil'00g; 1, where I'; and 'y are the stabilizer group of the cusps x; (i > 1) and oo
respectively. We define the Eisenstein series corresponding to each cusp «; as follows;
Ei(r,s, k)= > jlg 'y, o) Img 'y - oY, @

y €l'i\['0(4N)

where j(y,7) = (ct +d)(ct +d)~ ! fory = (25).
These Eisenstein series converge absolutely for Re(s) > 1 and has analytic continuation to the whole complex
plane. If we write

El(Ta s, k)

f(z, k) = Ex(z,s,k)

Then these Eisenstein series togéther satisfy a functional equation giveri by
E(,5,k) = O E (z,1 —s, k), (8)
where ©(s) is a h x h matrix, called scattering matrix and satisfies the functional equation
| O()O( —5) = Iyxn.
Observe that for any a, f € SL2(Z), j(aB,t) = J(a, B -1)j(B, 7). Consequently we have,
Ei(n-7,5,k) =t +d) (ct +d)*Ei(z,5,k), 5 € To(dN). ©)
From the equations (6) and (9), it follows that the function

ki —k kj+kp+1
H(z)E; (r,s, 12 2)y 2

is invariant under I'o(4 V). Therefore, we can consider the Rankin-Selberg integral

ki — k ki+ko+1 dud
Ri(s) =/ H(?)E; (r,s, ‘——2) Im() 7 22, c=u+iveh).
To(4N)\H 2 v
Theorem 3.1 ([1]). If Ri(s) is as above, then R;(s) has a meromorphic continuation to all s, the only possible poles
beingats = 0,1, a;j, 1 — a;j and p/2, where p’s are the nontrivial zeros of the Riemann zeta function. Further we
have the following functional equation o

Ri(s) Ri(1—y5) -
o) = | RO _ow | BRI cowmBa—-s. (10)

Ri(s) | Ry(1—s)




On simultaneous non-vanishing of twisted L-functions associated to newforms on I'o(N) 249

We consider the integral

k1 —k kj+io+1 dud
R,-(s)=/ H()E; (r,s, (—i—i)) I () 7 dudo,
ToN)\H 2

1)2
ki+ko+1 dudo
= [ H@ X a0 iy o i,
To@NW\H &

y €Ti\T'g(4N)

k]+k2+1 dudv
2

-/ > HE®GE D Iy o) Im(e)

0@N\H , eI \To(4N) v

Interchanging the sum and integration in the above equation we get

ki+ko+! dudo
R = X[ H@IE 0 T Gy o I
To(4N)\H v
7 €Ti\T'0(4N)
Using the change of variable 1 — g; - 7, we get
o ky—k B kt+kot+1 dudo
Ris)= ) / H(gi ©)j(g 'y, 8i-7) 2 Im(g g o) Im(gi) " 2 ——.
y €Too\To(@n) /81 ToéN\H

Now using the Rankin unfolding argument, we have

dudv

Ri(s):/r \Hf(gz,f) H(g: T)Im(gi‘f)k Im(f)s

Therefore,

d d
Roo(s) = /r \HH<r)1m(r> S Im(ey g

d d
- / A@OFOIn@ ™ Iny g
Teo\H

Now replacing F; and F; by their Fourier series expansions, we have

Roo(s) = / - (Z Al(n)e(—n?)) (Z Az(m)e(mr)) Im(r)ugz'ﬂ“g%?. a1
o0 n=1 m=1

It is well known that the set {t = u +iv : u € [0,1],v € [0, o0)} is a fundamental domain for the action of
I'eo on H. Integrating (11) over this region Roo(s) equals

R (s) = // (ZAl(n)e( nr))(ZAz(m)e(mt))Im(t) dudv

ZAl(n)Az(m)// e(— nr)e(mt)lm(r) d:j;lv

Ms i M8

oo Kbkt
Al(n)Az(n)/ e™HmnY o T =2y,
0

n=1 .

T(s +k*) = A;(m)A2(n) ., ki+ky—1
= . 2 7 k=

(4n)(s+k ) nstk 2
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We now consider the Dirichlet series defined by
00 ——
=3 A1 (n)A2(n)
D(S) = _'ns' Fk* s
n=1

which appeared in the the Rankin-Selberg integral R,. Now, we want to relate D(s) with the normalized
Rankin-Selberg L-function L(f1 x f3, s), where

— ai(n)ax(n)

L(f1 x f2,5) := Zm

n=1
Using the formula (3) and decomposition (5), we have
Arm)Ar() = A QdDA2(d) [ D #@)xa(3)6% ai(m /).
i=1,2 &;lm

((5,',N)=l

Therefore,

dDA2(ld)) = 1 .
po= 3 2NN Cn T X anG)ahams).
‘ 2.5

deA(f, f2) i=1,2 (66’}31';' ]
; N)=

Since f; fori = 1, 2 are normalized Hecke eigenforms, therefore the functions > sm  1(8) xa(6:)di% ~1a; (m/ ;)
(/B 1
are multiplicative in m, we get

o0

> I X weourstaom/s) =] Lyw,d), .

m=1 i=1,2 djlm Y4 .

where w» = s + k* and

o0

) 1 =1 .

Ly(w,d)=1+) —— > 1) xa6:)8N " ai(p'18).

' =1 =12 g L
(&;.N)=1

Also,
> 1@ xa@®3a(p'16) = a(p") — xa(p)pP*'a(p'M),
sl p!

consequently we have

Ly(w,d)=1+.

p2l’“’ [(@1(P") = xa(P)P"1 ' a1 (P' ™) (a2(p") = xa(p)P** " a(p'™H)].
=1

Observe that the local Euler factor of L,(f1 ® f2,s) is given by 1+ > 12, ‘l(%‘i—z(—pl) and the local Euler factor of

L(f; ® xa, s) is given by (1 — xa(p)ai(p)p~° + xy (P)p*i~1-25)~1, where y, (p) is given by
: ) 1 if pIN
P =1
N 0 if pIN.

Executing the sum over ! and using the Hecke relation for the fourier coefficients a; (p") and ay(p") we obtain

Lp(f1 X f2,25)
Lp(f1® Xxda,2s +1/2)Lp(f2 ® xa,25 +1/2)

1

Ly(w;d) = E,(s; d),
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where the first factor on the right-hand side is the local Euler factor for the normalized Rankin-Selberg L-function
L(f1 X f2,2s) (the center of L(f) X f2,s) is 1/2), and the last factor is such that the Euler product [ »Ep (s,d)is
absolutely convergent for ¢ > 1/8. Therefore, '

D(s) = L(f1 x f2,25)E(s), (12)
where o
E@) =, %l@; d),
with

E(s; d)
L(f1® xd,25 +1/2)L(f2 ® xda,2s +1/2)
and E(s; d) is an Euler product which converges absolutely in the half plane ¢ > 1/8.
Recall our assumption that A(f1, f2) is nonempty but finite, say

I(s; d) =

A(f1, f2) =1{d1,....dn}, with |di} <|d2| <d...|dn].

Then E(s) is meromorphic in the half plane ¢ > %, and it is holomorphic in the half plane ¢ > %. Following the
argument of Munshi [6] (section 6), if we consider

={s=0+it:1/3 <0 <a, T <t<T+ H}

and

|d1 |s+k* :(S) o0 l(S dt ( )S+k*
10 = @b ataniean ~ 1 2 k)

Then by applying the Littlewood lemma which states that

a -1
/ v(o)do = —/ log g(s)ds,
1/3 27i JaR

where 0R denotes the boundary of R and v(s) denotes the number of zeroes minus the number of poles of
meromorphic function g in the region R, we get

T+H 1 T+H
Z ﬂ—l/3——/ loglf(1/3+it)|dt—2—/ log | f(a +it)|dt
p=B+iyER, TJr
Fp)=0

]. a . l a ]
+E/1);arg(f(0+l(T+H)))da —E/lﬂarg(f(a-i-lT))da,

Also for large a, log | f(a +it)] = Oa(1) and as 0 — o0, we have
flo+it) =1+ O0n (e~¢ Uogldz|—log 41Dy,

and finally
Z B—1/3= 0s(H).
p=B+iy€eR
F(p)=0

If we denote by N(T, Z) the number of zeros of Z(s) (counted with multiplicity) in the region {s : ¢ > 1/2,
|t] < T}, we obtain
N(T, E) = OA(T).
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Now using the functional equation satisfied by R (s), as given in (10), we get the following functional equation
D(s) = G(s)D(1 - 5),
where G(s) is determined by the scattering matrix ®(s), and it involves Gamma functions. Using (12), we get

E(1 —s/2)
2(s/2)

We now look at the number of zeros of L(f1 ® f2, s) and the function in the right hand side of the functional equation
(13) in the ractangle

L(/1 ® f2,5) = GEL(fi ® f2,2— ) (13)

R={S=0+it:1/2<0 <1,t| <T}.

It is well known that (see [2]) number of zeros N(T, fi @ f2) of L(f1 ® f2, s) is of order ¢T log T, where c is.a non
zero constant. Now, G (s) will have atmost O (1) possible zeros in R, and L(f1 ® f2,2 — s) will not have any zero
in R as 2 — Re(s) > 1. Also E(s/2) has no poles in the region, the major contribution to zeros of right hand side is
coming from E(1 — s/2), which is of order O, (T) and hence we get a contradiction.
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