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Abstract.  We consider the elliptic curves E* : y2 = x3 + ux? — 16x
and their quadratic twists E¥ by a squarefree integer n, where u? +64 =
pt-..p1, (p; are primes). When ! < 2, n = 1(mod 4) and all prime
divisors of n are congruent to 3 modulo 4 we give a complete description
of sizes of Selmer groups of E¥ in terms of number of even partitions of
some graphs. If n is even or [ > 2, we give some conditions for twists of
rank zero. We deduce also that E has rank zero for a positive proportion
of squarefree integers n with a fixed number of prime divisors.
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v1. Introduction

Let p be a prime # 2,3, 17. Then there is an elliptic curve of conductor
p defined over Q with a rational 2-division point if and only if p = u? + 64
for some integer u. If p is of the form u? + 64, there are, up to isomorphism,
just two such curves (connected by a 2-isogeny): y> = x> + ux? — 16x and
y? = x3 — 2ux? + px, where the sign of u.is chosen so that # =-1(mod 4). -
There are the so-called Neumann-Setzer elliptic curves, studied in [15], [16].

Dabrowski [2] studied quadratic twists by primes of generalized
Neumann-Setzer curves E* : y> = x3 + ux? — 16x, where u? + 64 is a
prime or a product of two primes. By a famous result of Iwaniec [12], there
are infinitely many integers u such that % + 64 is the product of at most two
primes.
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In this article we study quadratic twists EY of E* by square-free integers n.
We extend the ideas of Feng and others ([4], [5], [6], [7]) to calculate the
Selmer groups of E} using graph theory. They consider the elliptic curves
y? = x3 — n%x associated with congruent numbers and are especially
interested in rank zero curves (i.c., when n is a non-congruent number).
Goto [10] consider the curves y? = x (x 4+ 3n)(x —n) and uses similar method
for description of non 7 /3-congruent numbers. In [9] he also considers
elliptic curves connected with other 8-congruent numbers. Li and Qiu [14]
used graph theory to calculate the Selmer groups of quadratic twists of
Ecpeq : y2 = x(x + ep)(x + eq) where ¢ = %1 and p, q are odd primes
satisfying ¢ — p = 2™ (m > 1). Note that in [3] the second author considers
quadratic twists of the family y2 = x(x + p)(x — 2™) without using graphs.
It seems that the articles cited above are the only ones where the authors use
graph theory to calculate Selmer groups.

The case when the quadratic twists of some elliptic curve have rank zero
is particularly interesting. This is because it is believed [8] that a positive
proportion of quadratic twists have rank zero. There have been numerous
papers treating this problem. Most of them focus on the nonvanishing of
the L-functions but there is also another approach via the descent method.
For example, Yu [18] proved that a positive proportion of quadratic twists
of elliptic curves with 2-torsion (Z/27Z)? have rank 0. Dabrowski [2] proved
that for any positive integer k there are k pairwise non-isogenous curves
Ej,..., Ey such that rank (Ei(p) (@) =0 < i < k) for a positive propor-
tion of primes p. The first author showed in [13] that quadratic twists of the
Fermat elliptic curve E; : x> + y* = 2 (note that E»[2](Q) = Z/2Z) have
rank zero for a positive proportion of squarefree integers with a fixed number
of prime divisors. He also investigated rank zero cubic twists of this curve
and proved a similar result.

In this paper we give a complete description of sizes of Selmer groups
of E} in terms of numbers of even partitions of some graphs when
u?+64 = porpipy,andn = +qq...q¢ = 1(mod 4) with all primes
g; = 3(mod 4) (Theorems 1 and 2). We also give conditions (in terms of the
values of Legende’s symbols) to rank (E%(Q)) equals O or (conjecturally) 1
(Corollaries 1, 3, 4 and 6). As a consequence, we deduce that E,‘{ has rank
zero for a positive proportion of squarefree integers n with a fixed num-
ber of prime} divisors (Propositions 2 and 4). When n is even, we (avoid
using graphs) only focus on rank zero twists and show similar density result
(Propositions 5 and 6, and Corollary 8). Similarly, when u? 4+ 64 = p1...p
with [ > 2, we will give conditions for rank zero twists without using graph
theory (Proposition 7). '
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2. Preliminaries

2.1 2-descent method

The 2-descent method is described in Silverman book [17, Chap. 10,
Section 4]. In this paper we consider a special case for the quadratic twists
E} of E*. Note that E) : y? = x3 +unx? — 16n2x where u®>+64 = py ... p;
and n = =£q1...qx or n = £2 - q...qr (n squarefree integer) and
u = I1(mod 4). We will assume furthermore that ged(u,n) = 1 and
ged(u? + 64,n) = 1. The curve E} has bad reduction at primes dividing
n(u? + 64). Moreover, the reduction at 2 is good if and only if n = 1(mod 4).
Let S denote the finite set consisting of oo and primes of bad reduction of E},
and let M denote the subgroup of Q*/(Q*)? generated by S\{oo} and —1, i.e.

S:{w,ze,pl’""pl,q]""’qk}
M = <_1326,p15'--~’plaq1,~--aqk) SQ*/(Q*)25

where € = 0 forn = 1(mod 4) and ¢ = 1 for n = 2, 3(mod 4).
There exists an isogeny ¢ of degree 2 from E¥ to E* : y? = x3 — 2unx? +
n2(u? + 64)x. Let Sf and Sf denote the Selmer groups corresponding to ¢

and its dual, respectively. Then we can identify the Selmer groups S,? and Sf ,
with some subgroups of M as follows:

S ={deM:Cy(Q,) #¥ forall v € S},
§¢ =(deM:CyQ,) #9 forall veS),

where
Cq : dy? = d? — 2dunx® + n?(u® + 64)x*,
C, - dy* = d* + 4dunx® — (16n)*x*.
We define ,
rs(E/Q) := dimp, S¢ + dimg, S¢ — 2.
The number rs(E};/Q) we call the Selmer rank of E¥/Q. Clearly,
rank (E; /Q) < rs(E;/Q).
Lemma 1. Under the above assumptions we have
1) CaR) # B d>0;
1) C;R) #0; '
2) Ca(Qp)) # 9
2) Cl@p) =0¢= (£) #1;
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5)
5

g: = 1(mod 4) and ( —-1) = C4(Qy,) # ;

g; = 1(mod 4) and ( 2+64 —-1)= (C4(Qy) =0+ (%) o+ 1);
i = 1(mod 4) and (“1*= +64) —1and (MM)) 1)

= (Ca@Qq) =8 = ((£) # 1 and (g: 1 d or (4%) £1)));
6) (g = 1(mod 4) and (%) = 1 and (*L4LHE/D) — 1)
= (C4Qq) =8 == ((£) # Land (i t d or (“42) # 1)));
7) (g = 1(mod 4) and (%) = 1 and (a0 - _y)
= (Ca(@Qq) =0 = ((§) #1 and (gi t d or (42) # -1));
7) (g: = 1(mod 4) and (%) = 1 gnd (*L448/D

)=-1
= (C}(Qy)= 0= ((Z)#1and (gt d or (d/ ) #—1)));

8) nu = 1(mod 4) => (C4(Q2) =0 <= d # 5(mod 8));
8) nu=1(mod 4) = (C,(Q2) =¥ <= d # 5, 7(mod 8));
9) nu=3(mod 4) = C4(Qy) # 0;
9 nu =3(mod 4) = (Cz(Qr) = B <= d # 1(mod 8));
10) nu = 2(mod 16) — (Cd(Qz) =0

<> (2td or % # 1(mod 8)) and d # 1(mod 8));
10') nu = 2(mod 16) =— (Cé(@z) =0

< (2tdor% #1,7(mod 8)) and d # 1,7(mod 8));
11) nu = 10(mod 16) = (C4(Qy) =¥

= (21 dor % # 5(mod 8)) and d # 1(mod 8));
11') nu = 10(mod 16) = (C,(Qy) =0

> (2fdor% #3,5(mod 8)) and d # 1,7(mod 8));
12) nu = 6(mod 8) => (C4(Q2) = ¥ <= d # 1(mod 8));
12") nu = 6(mod 8) => C;(Q2) # 2.

3) (q,—3(mod4)and( g 64) = 1) = (C4(Qy,) = 0 < g¢; | d);
3) (g: =3(mod 4) and (“ ; ) = —1) = (C}(Qy) = 0 <= qi | d);
4) (g =3(mod 4) and (%) = 1) = (Ca(Qy,) = B> (£ )7&1);
4) (g; = 3(mod 4) and (% ;4)= 1) = CL(Qy) # 0

( )

( )

(

6)

Proof. Follows frofn Goto thesis [9, Prop. 7.1, 7.3, 7.5, 7.7.].



Partitions of graphs and Selmer groups 79

2.2 Graphs and their partitions

This subsection contains necessary terminology of graph theory. Let G be
a simple nondirected graph with vertex set V{(G) = {v1,..., 0} and edge
set E(G).

Definition 1. A partition of a vertex set V is a pair {V1,V2} such that
ViU Vy = Vand Vi NV, = @. The partition {8,V} is called trivial.

Definition 2. For v € Vi we denote by #{v — V3} the number of vertices
in V1 adjacent to v. A partition {V1,Va2} of V is called odd, if there exists
v € Vi such that #{v — V} is odd or there exists v € Vy such that #{v — Vi}
is odd. Otherwise, a partition {V1,V,} is called even.

Note that trivial partitions are even.

Definition 3. We say that a graph G is odd if any nontrivial partition is odd,
otherwise, we call G an even graph. We say that a graph G is semi-odd if
there exists only one nontrivial even partition.

3. Main results and their proofs

In this section we assume that u? + 64 = p or p;p with u = 1(mod 4).
We will consider both cases separately. We will study the quadratic twists of
E* : y2 = x> + ux? — 16x by integers n = 1(mod 4). We will give a
full description of the size of the corresponding Selmer groups in terms of
numbers of even parititions of some graphs.

3.1 Thecase u? +64=p

Suppose that u? + 64 = pandn = +q;...qx = 1(mod 4), where, for all
1 <i <k, primes ¢g; = 3(mod 4) and gcd(g;, up) = 1. Note that necessarily
p = 1(mod 8).

/ :
Definition 4. We define the nondirected graph G1(n) as follows. The vertex
set V(G1(n)) = {p, g1, -, ,qk} and_the edge set. E(Gl(n))- = {pq,-*:-—'
() ==Li=17""0k

Proposition 1. Under the above assumptions we have
D sf=(p) (-ncst,

il) if {V1, Vo} is a nontrivial even partmon of G1(n), then quv q € Sf,
where p ¢ Vi (j =1or2),
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i) if giy...qi € ST < s < k), then Ugiys-..»qi,}, V(GI)\
{qi)> - - - » gi;}} s nontrivial even partition,

iv) |Sﬁ5 | = 2% number of even partitions of the graph G1(n).
Proof.

i) By Lemma 1, we have S,‘f c{p,q1,---,qk) and Sf/ C{-Lq,...,qk)
(note that in this case E, has good reduction at 2). Moreover, if g;
divides d then C4(Qg) = @ (i = 1,...,k). Hence S¢ C (p). Again,
by Lemma 1, we get C4(Q,) # 0, C4(R) # @ and C4(Qq) # 9
for 1 < i < k. Therefore S,? = (p). Also by Lemma 1, we obtain
C ,(K) # @ for K = Q, where » = p,qi,...,qx and oo.
Hence —1 € Sf/. :

ii) Let {Vj, V»} be a nontrivial even partition of Gj(n). Without loss
of generality we may assume that Vi = {qi1,...,45} and V2 =
{Ps 4gs+1, - - ., qr} forsome 1 < s < k. Let r denote the product quvlq.
We will show that ( ) = 1 for all ¢ € V). Suppose, on the‘eon-‘

trary, that (without loss of generality) (£ z ~) = —1. Then the number of
edges #{q1 — Va} equals 1, which contradicts the parity of partition
{V1, V2}. Hence by Lemma 1, C,(Q,) # @ forv = p, 41, ..., gk and 0o.
Consequently r € S,‘f L

',iii) Without loss' of generality we assume that » = ¢;...q9s € Sf/.
Let Vi = {q1,...,qs} and Vo = {p,qgs+1,--->Gk}- We explain,

that {Vj, V,} is even partition of Gj(n). Let ¢ € V;. Then we have
#qg > Vo) = #q - p) =Oif(§) =1land #{g - Vo} = #{g —
p} = 1if (g) = —1. But if (g) =—1 then by Lemma 1, C/.(Q,) =
because g | r, contrary to the assumption. Hence the number #{g — V»}
is even. Now, let » be any element of V,. If v # p then of course
#{v — V)} = 0. We have shown above that (5) = 1forall g € Vi,
hence also #{p — Vj} = 0, and the assertion iii) follows.

iv) By parts ii) and iii) there is one-to-one correspondence between even
partitions of G1(n) and posmve elements in Sd’ (note that trmal partition
corresponds to 1 € S ) Since —1 € S,, , we have g € S,, if and only
if —ge S,? . And we are done. O

Theorem 1. Under the above assumptions; 275 En/Q equals the number
of even partitions of the graph Gi(n). In particular, rank (E}/Q) =
rs(E, /Q) = 0 if and only if G(n) is odd. Moreover, rs(E, /Q) is maximal
(equals k) if and only if E (G 1(n) =0.
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Proof. Let 2¢ denote the number of even partitions of the graph G (#n) (this
number is indeed a power of 2, see for example [7, p. 5, Lemma 2.2]).
By Proposition 1, we get

rs(E4/Q) _ odimg, S$-+dimg, s?—2 _ plHet)-2 _ ne

Hence rs(E}/Q) = 0 if and only if 2¢ = 1, i.e. by definition, that G(n) is
odd. Similarly, E(G1(r)) = @ if and only if any partition of G () is even,
that is 2¢ = 2#V(Gim)—1 _ 2k and the assertion follows. O

Corollary 1. Assume that n = =%q1...qr = l(mod 4), where primes
gi = 3(mod 4), (%) =—1and gt u forall 1 <i < k. Then rank (E*/Q)=0.

Proof. 1t is enough to show that the graph Gj(n) is odd. Suppose, by con-
tradiction, that {V7, V3} is even nontrivial partition of it. Let (without loss of
generality) p € V, and let g be some element of V. Then #lg — WV} =
#{g — p} is even, which contradicts to (3) = —1. Using Theorem 1 yields
the assertion. : O

Corollary 2. Assume that n = =*q;...q¢ = 1(mod 4), where primes
g = 3(mod 4), gi t uforall 1 < i < k and (%) = 1, and
V,‘#,‘O(%) = —1. Then rs(E,’f/Q) =1

Proof. We will show that the graph Gj(n) is semi-odd, i.e. it has only
‘one nontrivial even partition. Assume without loss of generality that
ip = 1. First, we show that the partition {V1, V;}, where Vi = {g1} and
Vo = (p,qa,...,q¢k}, is even. Indeed, #{g1 — Va} = #lq1 — p} =0
because (%) = 1. Similarly, for any v € V, we have #{v — V;} = #{v —
g1} = 0. Now, we show that there are no other nontrivial even partition
of G1(n). Suppose that the partition -{V/, V2’} # {V1, Va} is nontrivial. With-
out loss of generality let g; € V|. We need to consider two cases: p € V| or
p € V. In the first case, for g € V, wehave #{g = V]} =#{g — p} =1
because (%) = —1.Hence {V], V,} is odd. In the second case, forg € V{\{q1}
we get #H{g — V;} = #{g — p} = 1. Thus again {V{, V,} is odd.
Now, by Theorem 1, we obtain 2"5(E:/@ = 2, and we are done. !

Lemma 2. Under the assumptions from Corollary 2, the global root number

W (EX) of the-L-function associated-to E} i5 equalto™=1." — =~ 7

Proof. It is well known (for example see [1]) that for.any elliptic curve
E over Q its global root number W(E) is equal to [[;.., Wi(E) where the
product is taken over all primes / and 0o, and W) := W, (—E) = =1 is the local
root number. Moreover, W, = —1, and if E has a good reduction at / then
Wi(E) = 1. If E has bad reduction at [ then W; depends on the reduction
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type (see-[1]).-In our. casé we have W(E}) = W(E)) = — pH]<z<kW
The ‘curve E/* has potential good reduction at g; (i.e. additive reduction
and ord '(]E:,u) > 0), Hence W, = (;il) —1if g; > 3. If 3|n then
from [11, Table 2], we get W3 = —1. Hence always [, ;< Wg, = (=D
At the prime p = u? + 64, the curve E’* has multiplicative reduction.
We must decide whether this reduction is split or nonsplit. To this aim we
consider a, = p + 1 —#E(F,). Note that E/* over F,, has the equation
y? = x3 — 2unx?. Therefore: E (F p) contains points oo, (0, 0) and (2un, 0).
~ Substituting z-:= (y/x)?, we get z2 = x — 2un. This equation has p — 3 solu-
_tions in F p\{0, 2un} if (%) =1, and p — 1 solutions if (‘i"") = —1. Note

-~ that (=242 2"") = (@) (5) = (=171, because p = 1(mod 8). Since E has

nonsplit multiplicative reduction (i.e. a, = —1) if and only if (—=1)*~! = —1,
we obtain W, = (—1)*. Hence W(E¥) = —(—1)*(=1)¥ '= —1, and we are
done. ’ O

Corollary 3. Assume the Parity Conjecture. Then under the assumptions
from Corollary 2, we have rank (E¥ /QQ) = 1.

HProof By Corollary 2, rank (E;/Q) < 1 and by Lemma 2, the global root
number- of the associated L-function is equal to —1. Therefore (under the
Parity Conjecture) the rank ‘isA odd and we are done. ' O

For a positive integer k, let A1 denote the . sef of odd squarefree (posi—
" tive if k 1s even and negative if k is odd) integers n such that gcd(n u) =
ged(n,; u? 4 64) = 1, and with exactly k prime factors.

Proposntlon 2. The set{n € A ,t : rank (EX(Q)) = 0}‘has positive density
in A1 for all k. In particular, for inﬁmtely many odd squarefree integers the
quadratzc twists of the curve y = x3 4 ux? — 16x (u? + 64 is prime) have
rank 0.

Proof Let By denote the set of integers satisfying the assumptions from
Corollary 1. Then By C A}( and by this Corollary, rank (EX(Q)) = 0 for
n € Bg. By the Dirichlet Prime Number Theorem, the set By has positive
density in A ,1¢, and we are done. .

-+ 3.2 The case u? + 64 = p1D2

Now suppose that u? +64 = pipyand n = +q;::qx = 1(mod 4),
where primes g; = 3(mod.4) for all 1 < i < k. Note that necessanly
- pip2 = 1(mod 8) and p; _.p2 = 1(mod 4).
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Definition 5. We define the nondirected graph G, (n) as follows. The vertex
set V(G2(n)) := {p1, p2,q1, - - -, gk} and the edge set E(G2(n)) := {Pjq; :

(%)=—1,i=1,...,k,j=1,2}_

Proposition 3.  Under the above assumptions we have

D) (p1p2) C SF C (p1, p2), (—1) C ST,
i) Sy = (p1, p2) if and only if there exists an even partition {Vy, V»}
of G2(n) such that p1 € Vi and py € V; (or vice versa)
iii) if {Vi, Vb} is an even partition of Gz(n) such that p1,p» € Vi

or p1, p2 € Va, the”quv q € S, where piand py ¢ Vi (j =1or2),

v) if g, ...qi, € Sn (1 < s < k) then {{qi,...,q}, V(G2(n)\
{gi> - . -+ gi.}} is even partition (and clearly, satisfies property from iii),

V) |Sf,5 | = 2x number of even partitions {V1, Va} of the graph G2(n), such
that both p1, py € V1 or both py, p; € V.

Proof.

1) By Lemma 1, we have Sf Cc {(p1,P2,91,---,9k) and Sf/ C
(=1,q1,...,qk). Also by Lemma 1, we get Cp,,,(Q,) # @ for
v = pi,p2.q1,-..,qk and 0o. Thus p1pr € SP. On the other hand,
Ca(Qg;) = 9 if g; divides d. Hence (p1p2) C Sf C {p1, p2). Similarly,
by Lemma 1, C” ;(Q,) # @ for v = p1, p2,491, ...,k and co, and the
assertion follows.

ii) Assume that p;, p» € S¢ Then in pafucular Cp,;(Qg) # @ for all

i=1,...,kand j = 1,2. Hence by Lemma 1, for any prime divisor ¢
" of n we have either (1’—(1&) = —1lor (%) = (q ) = 1. We define the

partition {V, V2} of G2 (n) as follows: Vi := {p1} U {q : ( 2) =1}
and V; := {;}U{q ¢ Vi (’(’;) = 1}. We claim that {(V1, Vo)
is an even partition. Indeed, simply #{p — Vo) = #lg e W, :
(%) = —1} = 0 and similarly #{p, — V}} = 0.Letg € Vi and
q' € Vo.Then#{g — Vo} = #{q — p2} =0and #{q¢' > Vi} =#{¢' —
p1} = 0. Conversely, assume that we have an even partition {V}, V,} of
G2(n) such that p; € Vj and py € V,. By part i), it suffices to prove that
pP1 € Sf. By Lemma 1, we just have Cp,, (Q,) # @ for v = p1, p» and

is even, hence equals 0, i.e. ( q}) = 1. Similarly, #{g — V2} = 0, that
1s(q)—1foranyqeVl,Nowtakeze{l k}.If(p—;lfﬂ):—l,
then by Lemma 1, Cp, (Qg,) # 9 just because ¢; 1 p1. If (%j&) =1
then by above, ( ) =1(fg; € Vp) or ( 2) =1 (if g; € V1). Therefore

(21) = (&) = 1, and by Lemma 1, Cp, (@g,) # 850 py € SF.

_00. Let ¢’ be any element of V;. The number-#{q- —-Vr} =#{g"= pi}~ =~ ~
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iii) Without loss of génerality assume that V| = {q31, ..., gs} and V2 = {p1,
D2, qs+1,--.,qr} forsome s € {1,...,k}. Letr :=gq1,..., gs- Clearly,
Cl(Qq) #Bfori =s+1,...,k Now let i < 5. By assumption, the
number #{q; — V2} = #{g; f) { D1, p2}} is even (i.e. equals O or 2).
Hence (%{’—2) = 1, and consequently by Lemma 1, we get C1.(Qq,) # .
Let j = 1 or 2. Since the number #{p; — V;} =#{q € V; : (7,‘17) = -1}
is even, (pL]) =1 and by Lemma 1, C;(Qp;) # 0. Clearly, C;(R) # 0

thus r € S‘Zs

‘iv) Without loss of generality, we assume that r := gy, ...,9s € S,‘f I. Let
Vi = {q1,...,qs} and V» = {pl,pz,qs+1,---,qk},We prove by
deﬁnition, that {V1, V»} is an even partition of G,(n). By assumption,
we have C/(Q,) # @ for v = pi1,p2,41,--.,9k and oo. Hence in
particular, by Lemma 1, we get (P—L) = 1fori < s and( J) =1
for j = 1,2. Now let g € V;. By above we obtain that #{g — V,} =
#gi — (pr,p2)} = 0if (&) = () = land #lg » Vi}. =

q
#ai - {pup2)} = 2if (&) = (1;—2) = —1, and the number
#pj— Vi) =#{g € Vi : (;£) = —1} iseven too, because I = (;-) =

: quVn ) -1y Haen: ( ) 1} Clearly, #q — Vl} = 0 for any
q € Vs, and the assertion follows.

v) By parts iii) and-iv) there is one-to-one correspondence between even
partitions of G2(n) such that both vertices p; and p; are in the same set
and positive ¢ elements in S"S (note that trivial partmon has such property
and corresponds tole S¢) Since —1 € S,‘f , we have g € S,, if and
only if —ge S,1 . And we are done. : a

Lemma 3. Suppose that a graph G has vertex set V = {01, 02,03,...,0:}.
Then the number of even partitions {Vy, V2} of the graph G such that either
bothvy,v2 € Vq or both v1,v3 € V; is equal to a xnumber of even partitions
{V1, Va} of the graph G, where a. = 1 or %

Proof. Follows from [5, p. 122123, Lemmas 5.3 and 5.4] (note that we con-
sider non-ordered partitions). : a

Theorem 2. Under the above assumptions, 25En/Q equals the number
of even partitions of the graph Ga(n). In particular, rank (EY/Q) =
rs(E% /QQ) = 0 if and only if Go(n) is odd. Moreover rs(E}: /Q) is maximal
(equals k + 1) if and only if E(G2(n)) =@

Proof. Let 2¢ denote the number of even partitions of the graph G(n) and
let 2/. denote the number of even partitions of the graph G,(n) such that
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both vertices p; and p; are in the same set. By Proposition 3 and Lemma 3,
we gét 27s(EH/Q  — odime, ST +dime, sf2 _ gae(rHD-2 g f < e and
ors(ES/Q) — odime, S§-+dimg, P2 _ ol+(f4-2 45 f = e. In both cases
275(Ex/Q = 2¢. Then rs(E*/Q) = 0 if and only if 2 = 1, i.e. by defini-
tion, that G,(n) is odd. Similarly, E(G2(r)) = @ if and only if any partition
of Gy(n) is even, that is 2° = 2#V(G2ln)-1 2k+1 " and the assertion
follows. =

Corollary 4. Assume that n = +£qi...qx = 1(mod 4), where primes
g;i = 3(mod 4), (-‘IL) = —landgq; fuforalll <i < k. Moreover, assume

that 3 (32) = —1 and ¥,y (%) = 1. Then rank (E}/Q) = 0.
Proof. We claim that in this case the graph Gz(n) 'is odd. Suppose,

by contradiction, that {V7, V»} is even nontrivial partition of it. Let (with-
out loss of generality) p; € V, and let g; be some element of V;. Then

#{g: — V2} = #{gqi — p1} is even, which contradicts to (1’—) = —1.Ifno
such g; exists, i.e. Vi = {p>}, then the number #{g;, — V1} = #{q; = p2}is
even, contrary to (‘;2 ) = —1. Using Theorem 2 yields the assertion. O

Corollary 5. Assume that n = =q1...qr = 1(mod 4), where primes
gi = 3(mod 4), gi fuforalll <i <k and Vi(%) = —(f;—l) =1 (or vice
versa). Then rs(EY/Q) = 1.

Proof. We show that the graph G, (n) is semi-odd, i.e. has only one nontrivial
even partition. First, we show that the partition {V], V,}, where V| = {p>} and
Vo = (p1,91,92, ..., qk} is even. Indeed, #{q; — V1} = #{g1 = p2} =0
because (i‘;) = 1. Clearly, #{p; — Vi} = 0 and #{p, — W,} = #{g; :
(%) = —1} = 0. Now, we show that there are no other nontrivial even par-
tition of G2(n). Suppose that the partition {V], V;} # {Vj, V;} is nontrivial.
Without loss of generality let py € V| but now V| # {p}. We need to
consider two cases: p1 € V| or p; € V;. In the first case, for g € V,
we have #{g — V/} = #{g — p1} = 1 because (%) = —1. Hence
{V{, V;} is odd. In the second case, there exists some g; € V. Then we get
#q — V,} = #{qi — p1} = 1. Thus again {V], V;} is odd. Now, by
Theorem 2, we obtain 27*(:/® = 2 and we are done. O

Lemma 4 Under zhe assumptions from Corollary 5 the global root number’
W(EY) of the L-function associated to E}; is equal to —1.

Proof. The proof is very similar to the proof of Lemma 2. Now vs}e have
W(EY) = W(EY) =. —Wp, Wy, I11<;<; Wy The curve E}* has poten- .
tial good reduction at g;, hence W,, = -1 (the sign of W3 follows
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from [11, Table 2]). At the primes p; and p, the curve E}* has multi-
plicative reduction. Moreover, this reduction-at p; is nonsplit if ‘and only

if ( 2‘"’) = -1, and hence W), = —(1%’:—") = —(2;—1_"). Since p; =
p2 = 1,5(mod 8), we get (i—’;) = (i—‘;), and consequently W(E%) =
—(—=1)¥(—1)* = —1. This finishes the proof. O

Corollary 6. Assume the Parity Conjecture. Then under the assumptions
from Corollary 5, we have rank (EX/Q) = 1.

Proof. By Corollary 5, rank (E¥/Q) < 1 and by Lemma 4, the global root
number of the associated L-function is equal to -1. Therefore (under the Parity
Conjecture) this rank is odd, and we are done. a

Proposition 4. The set {n € A,l : rank (E; (Q)) = O} has positive density
in A,lc for all k. In particular, for infinitely many odd squarefree integers the
quadratic twists of the curve y* = x3 + ux? — 16x (u? + 64 is a product of
two primes) have rank 0. :

Proof. Let Cy denote the set of integers satisfying the assumptions from
Corollary 4. Then Cx C A,lc and by this Corollary, rank (E¥(Q)) = 0 for
n € Bg. By the Dirichlet Prime Number Theorem, the set Cy has positive
_density in A{, and the assertion follows. - |

4. Related results

In this section we consider quadratic twists of E# by an even n. We focus on
rank zero twists only.

Proposition 5. Assume that u> + 64 = p and u = 1(mod 4). Let
n = +2q1...qgx where primes q; = 3(mod 4) for all 1 < i < k and let
5 = 1(mod 4), 5 # u(mod 8). If(;%) = —1foralll <i <k, then

s¢ = (p) and ¥ = (—1).

Proof. By Lemma 1, we have Sf c 2,p,91,...,9%) and Sf/ C (—1,2,
q1,-..,qk). From the implication 3 from Lemma 1, we get
S¢ C (2, p). Since 7 # u(mod 8) (by assumption) and p = 1(mod 8), using
condition 11 from Lemma 1, we obtain 2, 2p ¢ S¢ Hence S"S {(p).
Consider now the group SZS . Since for all 1 < i < k Legendre’s symbol

(%) = —1, then the condition 3’ from Lemma 1 leads to the inclusion

Sf / C {—1,2). Additionally, using condition 11’ from Lemma 1, we obtain
+2 ¢ S,‘f. Finally, we get s? = (—1). : a
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Proposition 6. Assume that u?> + 64 = pip; and u = 1(mod 4). Let
n = +2qi...qx, where primes q; = 3(mod 4) foralll < i < k and let
5 = 1(mod 4).

1) If 5 # u(mod 8), p1 = p» = 5(mod 8), and for certain 1 < ip < k
we have gi, = 3(mod 8) and (;ﬂ) = (;’l) = 1 or g;, = 7(mod 8) and
0 K]
(%) = (ﬁ = —landforall 1 <i #io < k we have (B2) = -1,
then S = (p1p2) and ST = (—1).

2) If 5 # u(mod 8), py = p; = I(mod 8), and for certain 1 < ig < k

we have (BL) = (&) = —1, andforall 1 < i # ig < k we have
9ig 9ip
(B22) = -1, then S¢ = (p1p2) and S¥ = (—1).

3) If 3 = u(mod 8), p1 = p» = 5(mod 8), and for certain 1 < ip < k
we have g, = 3(mod 8) and (qu&) = 1l,andforalll <i # iy <k we
io

have (ELR2) = —1, then S? = (p1p2) and s = (—=1).

Proof. By Lemma 1, we have Sf C (2, p1, p2) and S,‘f/ c (-1,2,q1,

q2,...,4qr). Without loss of generality assume that igp = 1. Let (%) =
(2) = —1, then using condition 4 of this Lemma, we obtain p1, pz ¢ s?.

Next, if g1 = 3(mod 8), then (2) = —1and C2(Qg,) = C2p, ,(Qqy) = 0.
Consequently SY C (2p1,2p2). However, if g1 = 7(mod 8), then (q%) =1
and Czp, (Qq,) = C2p,(Qy,) = @ and consequently Sf C (2, p1p2).

Let 5 $# u(mod 8). Then, using condition 11 from Lemma 1, we get
C2(Q2) = Cap,p,(@2) = 0. Additionally, if p; = p2 = 1(mod 8), then we
have C3p,(Q2) = C2p,(Q2) = @, which means that 2p;, 2p; ¢ s

Thus we obtain: if 3 = u(mod 8), g1 = 3(mod 8), p1 = p2 = 5(mod 8)
or 53 # u(mod 8), g1 = 7(mod 8), p; = p2 = 5(mod 8) or 5 # u(mod 8),

g1 = 3(mod 4), p1 = p» = 1(mod 8), then S¢ = (p;p2).

" Consider now the group S . Let (B£2) = ~1forall 2 < i < k. Since
(45) = —1 == (Ca(Qq) = 9 = gi 1d), we get S¥ C (~1,2,q1).

If 5 # u(mod 8), then £2 ¢ Sf/, because C’,(Q2) = @. Additionally, if
g1 = 3(mod 8), then +q; ¢ S§ (Cl,, (Q2) = ¥) and if ¢; = 7(mod 8),
then £2g1 ¢ S§ (Cly, (Q2) = ©). Hence if g1 = 3(mod 8), then 5§ C
(~1,2q1) and if g = 7(mod 8), then S¢ c (~1, q1).
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By assumptions we have:

1) R] =p2= 5(mod 8), g1 = 3(mod 8), (%) = (%) =1,
2) pi = p2 = 5(mod 8), g1 = 7(mod 8), (%) = (%) = -1,
3 = P2 = 1(mod 8), g1 = 3(mod 4), (2) = (2) = -1, | |
when % # u(mod 8). In the first case-(% = (;—12) = —1 and (zqu) =
(ﬂp;i) = —1, hence C,(Qp) = C/i2q1(QP1) = (J, which means that
$¢" = (—1). In the second case, since (%) = (:pi;l) =-1, then s = (=1)
. 2 -2 2 ) .
too. In the third case (E) = (F) = 1, consequently (—pgll) = (—Eﬂ) = —1

and §§ = (~1).If 2 = u(mod 8) and g1 = 3(mod 8), then Cl, (Q2) =

C/ﬂql (@Q2) = & and S,‘f/ C (—1,2). Because in the case 5 = u(mod 8)

we assume, that p; = p2 = 5(mod 8), then (%) = (;—12) = =1,

50 C,(Qp,) = Band S¢ = (~1). O

Corollary 7. Under the assumptions from Proposition 5 or Proposition 6,
we have rank (E¥% /Q) = 0.

For a positive integer k, let A,% denote the set of even squarefree (positive if
k is even and negative if k is odd) integers such that gcd(n, u) = ged(n, u? +
64) = 1, and with exactly & prime factors.

Corollary 8. The set {n € A% : rank (E%*(Q)) = 0} has positive density -
in A% Sor all k. In particular, for infinitely many even squarefree integers the
quadratic twists of the curve v =x3+ux? - 16x (u> +64isa prime or a
product of two primes) have rank O.

Proof. Similar to the proof of Propositions 2 and 4. ' O

5. Generalizations

In this section we consider more general curves E¥ : y2 = x3 + ux? — 16x,
with u? + 64 = p1...p;, where [ is a positive integer and p; are primes.
We focus on rank zero twists E} only. ' '
Proposition 7. Suppose that u*> + 64 = p;...p, | > 2 and
n = =q...qp0 = l(mod 4), k > | — 1, where (for all 1 <.i

primes q; = 3(mod 4) and q; t u. Let V15i5k(%) = —L J<iyx(£2) =
-1, Yi;éi,,lgisk(l—;%) = 1, 3i2¢i1,15i25k(572) = -1, Vi;éig,'lgisk(

o Py . AN
L..., Ellz—l#11,12,"-,11—2,1511—151((m) = ~1, Vl;ﬁll_],lftﬁk(qi) = 1. Then

S$=(p1...p1) 8¢ = (—1).



Partitions of graphs and Selmer groups 89

Proof. The table below consists of the values of Legendre’s symbol (%{i),
1 <i <k,1 < j <, under assumption, which may be taken without loss of

generality, thatiy =1, =2,...,i_1=1—-1.

. P1 D2 p3 Pi-1 pi
q1 -1 -1 1 1 1
q2 -1 1 -1 1 1
g3 -1 1 1 1 1

qr—-2 -1 1 1 -1
qr-1- -1 1 | 1 |

qr -1 1 | 1
gk -1 1 1 1 1

In order to calculate the Selmer groups we apply Lemma 1. The startmg
point is the condition

S8, 82 C{=1,p1, P2, PLA1,G2s - - - » 4k)-

From the equivalence 2’ from Lemma 1, we first get S,ff’/ c (—1,q,
92, - .., qk). Note (using the same equivalence over QQp,), that no product
of odd number of factors g;, either multiplied by —1 or not, belongs to

S,‘f ,. Next, over ij, where 2 < j < [, no product of even number of

factors g;, including g; 1, either multiplied by —1 or not, belongs to Sf g
The remaining products of numbers g; (that is the products where g;,
i €{l,...,1 —1}do not appear) are excluded from the group S,‘f , applying

(“ZTJf“i) = -1 = (C;(Qq) = ¥ < qi |d). So are the same products

multiplied by — 1. Finally, we get S¢ = (—1).

Consider now the group Sf . The condition C4(R) #@0 —=d > O
leads to the inclusion S2 € (p1, p2, ..., P1q1, 92, - - -, qx). Next, from
the implication (%% +64) = -1 = (C4(Qy) = ¥ < g;|d), taking
i =1,1+1,...,k, we conclude that Sf' CAPL, P2y PIsq1,G2s - - > qi—1)-
~PFori =1, ~ l—l“reget(“+64) L soCd((@q)—Q)<=———>( )3 1

Obviously, no product M of primes g; (1 < i < [ — 1) belongs to Sf, asit .

is enough to observe that (ﬂ) = 0 if g;, | M, which gives Cy(Qiy) = 9.
Gip
The table also shows that no product N of numbers p; Jo 1<j<l, such that

pip2 1 N and (p; | N or pz | N), belongs to S¢ (in partlcular p1, D2 & S ),

as (%) = —1. In turn, the products of numbers p;, such that pyjp3 { N
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and (p1 | N or p3 | N) (in particular, such that pyp2 | N and p3 t N) do not
belong to S,‘f , as (N ) = —1, etc., finally, S¢ does not contain such products

N of numbers p],l < j < I that pip; t N and (p1|Norp1|N) as

(EN—T) —1. This way we obtain S C (p1p2 ... p1). C

Corollary 9. Under the assumptions from Proposition 7, we have
rank (E} /Q) =

Now we show that in some cases the assumption k¥ > [ — 1 in the
Proposition 7 is necessary but in some cases is not.

Proposition 8. Let u? + 64 = pypyps where p1 = pp = p3 = 1(mod 8).
Let n = +q or £2q, where q is an odd prime. Thenrs(E}/Q) > 1.

Proof. By Lemma 1, we have Sff c (2, p1, P2, P3,q) and Sf/ C (—1,2,q).
Moreover, C4(R) # @ < d > 0 and C;(R) # ¢ for all d. We have to
consider many (not necessary disjoint) cases according to residue classes of g
modulo 8, values of Legendre symbol ( ) and residue classes of n modulo 4.

Casel. n = 1(mod 4). Then the reduction of E¥ is good at 2, hence Sf C
(P1, P2, p3,q) and S; C (~1,q). By Lemma 1, C4(Qp,) # # for all d and
i =1,2,3. Again by Lemma 1, C’ ;(Q,,) # @ (i =1,2,3), and if (—qu) =1
fori = 1,2,3 then C/(@,,) # @ ford = =%q but if (—g:) = —1 for some

i €{1,2,3} then +q ¢ S,‘f’l. Now it remains to consider C; and C(’i over Q.

Case 1.1. g=3(mod 4).If (%) =—1 then C4(Qy) # % and C,(Q,) # ¥

for all d not dividing by g. Thus {p1, p2, p3) C Sf and (—1) C S,‘f,, and
consequently rs(EY/Q) > 2. If( PLP2P3) = | then C,;(Qq) # # for all d

and C4(Qg) # 0 if (q) =1. Therefore (p1p2p3, pi) C S? for some i, and
(1) ¢ S¢'. Hence rs(E*/Q) > 1.

Case 1.2. q = 1(mod 4). If( PIP2P3) = —] then by Lemma 1, C4(Q,) # 9
for all d and C;(Q,) # @ if and only if (q) =1.Thus {p1, p2, p3,q) CSf and
(~1)C 8§, s0rs(EX/Q) > 3. Assume that (21222) =1. Then C"_, (Q,) £,
hence (—1) C S,‘,ﬁ/. For at least one i € {1, 2,3} we have (%) = 1. Thus,
by Lemma 1, we get (p;, p1 p2p3) C S, and rs(EX/Q)>1.

Case2. n =3(mod 4). Then E has bad reduction at 2. Besides Qp, and Q,

we have also to consider C, and C}; over Q. Considerations over Q; and Qg
are similar (almost the same) to that above. Thus we only regard the field Q;.
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Note that un = 3(mod 4). Therefore, by Lemma 1, we obtain, C/,(Q,) # @
for all d and C4(QQ,;) # @ if and only if d = 1(mod 8). Consequently, the

Selmer groups Sf and Sf " in this case are greater than or equal to the groups

Sff and Sff/ in case 1, and rs(E4 /Q) > 1.

Case 3. n = 2(mod 4). Then E¥ has bad reduction at 2, too. Now, existence
of Q;-rational point on Cy and C"i depends on residue class un(mod 16)
(see Lemma 1) but in all cases Cz(Q2) # @ for d € {(p1, p2, p3) and
C"(Q2) # @. Thus, the group S;’f in case 3 is greater than or equal to Sy,

in case 1, and S,'f ) (—1). Consequently rs(E%/(Q) > 1 and the assertion
follows. 0

Proposition'9. Ler u? + 64 = pypap3, where p; = 1(mod 8) and p; =
p3 = S(mod 8). Let n = g where g = 3(mod 4) is a prime such that ( ql) =

(;%) = —(—‘1—) = —1,and q { u. Then N (p1p2p3) and Sf = (-1).

D3
In particular, rs(EX /QQ) = 0.

Proof. Since n = 3(mod 4), the curve EY has bad reduction at 2, and SO Sf -
(2, p1, P2, P3,q) and Sf/ {(—1, 2, g). Moreover, (ﬁ) -1, ( ) =-1
and (%) = —1, hence by Lemma 1, s < (~1) and Cl—1(Qpi) £ @ for
i = 1,2,3. Since un = 3(mod 4), by Lemma 1, we obtain C;(Q2) # @
and C4(Q2) # @ if and only if d = 1(mod 8). Thus S¢ C (p1, p2, p3) and
P2, P3, P1DP2, P1P3 € Sf. Now it remains to consider C; and Cl’i over Qq.
Since (ﬂ%&) = 1, we get C;(Q,) # & for all d and C4(Qy) # @ if and
only if (g) = 1. Thus C4(Q,) = @ for d = p1, p2p3 and C4(Qg) # ¥

for d = pj pap3. Hence s? = {p1p2p3) and Sf/ = (—1), and we are done.
O
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