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Abstract . A general definition of 11es ti11g for a G-desig.n of index A, wi thou t 
condi tions on IV((i) I anJ 1I :(G)I, is gi ven in 14 1. In this pap..:r w<:: cunsider the 
n.:sting or a lr..:ad\" nest..:d G-dcsigns and construct all possihle nestings of 
n..:stings in the cas.: th at G is a P"-dt.:sign or order a prime n. 

l. Introduction 

Let G =(V(G),E(G )) be a graph and let M n be th e com pl ete 
multigraph on n vertices (every edge is repeated A times) . AKn is 
said to be C,-Jecomposable. briefly we well write },Xn~G, if it is 
union of edge-disjoint subgraphs of K11 , each of them is isomorphic 
to G . We say , a lso, that ).Kn admits a G-decomposition IF(V,B), 
where V is the vertex-set of AXn and B is the edge-disjoint 
decomposition of AK,., into copies of G . If BE B, Bis call ed a block 
of .L The pair L=(V,B) is , also, ca ll ed a G-design of order n, 
block-size I V(G) I and index A. 
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ln [8] , Milici and Quattrocchi gave the following definition of 
nesting of a G-design , generalizing the usual nesting for cycle
systems. 

Definition I Mili ci-Quattrocchi [8] 

Let G=(V(G),E(G)) be a graph and let I =(V ,B) be a C -
decomposition <?l )J(" _ A nesting of I is a tripl e N {I ,O,F} , 
where O=(Y(K11) ,S) is a decomposition of AK 11 in 111-stars Sm and F: 
B~S is a 1-1 mapping such that : 

i) for every BE B, the centre of the m-star F(B) doesn ' t belong 
to V(H), all the terminal vertices of F(B) belong to V(B) ; 

ii) for every pair B1,B::E B, the graphs B1uF(B1), B3uF(B:: ) are 
isomorphi c. 

It follows, as a necessary condition, that IY(G)I 2". IE(G)J . For 
IY(G)I = IE(G)I , this definition is eq ui valent to the usual nesting 

ln [4],[5] , we gave a new definition a nesting of a G-design in 
which there are not condi ti ons on IY(G)I , IE(G)I 

Definition 2 (4] [5] 

Let G=(V(G),E(G)), H=(V(H),E(H)) be two graphs and let 
I =(Y,B) be a (; -design c?f index At, briefly ). ,H-xj A 11estinK 
N(G,H). 1,A.2) of I is a triple N (I,0,1-) , where n =(V(H),S) is 
an m-star-desig11 <!/index A.:: , briefly A.::H -'>S,,, , and 1-":B~ S is a 
bijection such that 

i) for every BE B, the centre of them-star F(B) doesn ' t belong 
to V(B), and V(F(B))=V(B) [x vertex of F(B) iff XE Y(B)J ; 

ii) for every pair B 1, B2 EB the graphs B1 uF(B1) and B 2 

uF(B2) are isomorphic . 

In the case H:::K 11 , such a nesting is usuall y denoted by N= N( G,n: 
At,A.:i) Observe that N is a G *-desii11 of order n, block-size 
IV(G)I · I , index A.=A.1 A. 2, where G* =GuS

1
, cti J1 
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If A1=A2=A, this definition is the same studied in l1J,i61,l71 . 
Consi der an example. Let Ix ; x1,X2, ... , xvi be the union-graph 
between the path P,. of vertices x 1 ,x2, .. ,x,. and edges { x;, x; , 1}, 
i= l, 2, .. ,v -1 , and the star of centre x and terminal vertices 
x1 ,x 2, .. . ,x,, , then we can verify that the following design , defined 
on 2 5 (the sums are mod 5), having the blocks : 

fj ; j + 1,j + 2,j+ 3,j +4J, lj ; j+2,j+4,j+ 1,j+ 3], for every j =O, 1,2,3 ,4 

is a nesting (P4,5;3 ,4) . 

Jn this paper we consider nesting designs N(G ;,n;v1,v2) of Li, 
where Li is a nest in g design (G;.1, n;µ 1,µ 2) of :E ;. 1, for all 
admissible i, sta rting from a G-design l?/" index A.1. We study the 
case that G is a path of order a prime. 

In what follows , all the sums will be reduced mod n . 

2. k-nesting and necessary conditions 

We give the following definition . 

Definition 3 : 

Let G=(Y(G),E(G)) be a graph ; let I =(V,B) be a Ci-desix11 of 
index A11 a11d order II and let I::; k ::; n-/Y(G)/ , for an integer n. The 
I-nesting of I is the nesting 1=N(G,n:A. 11 ,A.1_o)=(I,nJ), introdu
ced in Defi nition 2 . Let G1 =G, n1 = n , F , F . Fork 2'. 2, the k
nesting Ni.;(G) of the 0 -design I; is a nesting (:E1,. , n .. , Fk) of :Ek= 
=N(Gk-J ,11; Ak-1, Ak-J..:' ). 

In what follows, if BE Band xis the centre of F{B) , we will write 
(x)-B=Bul·(B). Now, we see some necessary conditions for the exi
stence of a nested-design N(G ,n;A1,A2). Some are proved in [4]. 

Theorem 2.1 [4]: I.et G=(V(G),E(G)) be a graph and let I =(V,B) 
he a G-desig11 l!f index A.1. A necessary condition.for the existence 
l?fa N(G, n:A.1.A) is that A1 lv(G) l=A2 E(G) l 

29 



Theorem 2.2 : /,et G1=(V(G1),E(Gi)) be a graph and let I.1=(V,B1) 
be a C ,-design of index AJ1. 

i) a necessa,y condition for the existence ofa N(G, ,n ;?,., 11 ,?,.,1;) 

is tha t A11 . lv(G1) l=A12. E(G 1) l 
ii) a necessary condition .for the existence ofa N(G 1-:,n ;Au, Ak:), 

fbr k · 1,2 . ... ,11- lv(G1 ) l is that.for eve,y i -' 1,2, ... ,k : 

A; I . ( Iv (G I ) f+-i - I ) = 

= A;2. ( E(G 1) I+ (i -1 )( lv(G1) f+-(i -2)/2)) 

Proof: i) 1t is equi va lent to Theorem 2. 1. ii ) For_i =l , the statement 
fo llows from i) directl y. Let i> 1. 
From i) : 

Since: 

it is: 

From whi ch: 

A;1 . lv(G;) l=A;2 . E(G;) l 

lv(G;) ~ lv(G.1) f+- 1 
E(G,) ~ E(G;.1) f+- lv(G;.1) I 

lv(G;) ~ lv(G 1) l+i - 1 
E(G;) ~ E(G ;.1) f+- lv(G;.1) I= 

E(G 1) l+ (i-1 )( lv(G1 ) ft(i-2)/2) . 

A;1 .( lv(G1 ) ft i - 1) = 

= A;2. ( E(G1) I+ ( i-1 )( lv(G1) f+-( i-2)/2)). 

Theorem 2.3 [4]: /,et N °(I.,n ,F) be a nested-design N( P,.,n;A1,A2) . 

Necessarily: 
i) )..,1=(v-l). h, A.:i v.h, for some hE N; 
i i) fl 11 - Vi /, then either v or his an even number. 

3. k-nesting of Pv-designs 

Now, we prove th e fo ll owing: 
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Th eorem 3.1 : I.et ,, I he w, integer. t hen . j()I · e ve,y p rime 
1111111/Jer 11, 11 v. there exists Cl k-11esti11K Jesign N(JJ ,,,11 ;A1;1 ,A1;::) , for 
eve ,y k s 11ch that I ~ k ~ n-lV(G)I . 

Proof: In what fo ll ows, all the sum s mu st be reduced mod n, being 
n a prim e number. Consider the case k= I. 

Necessary conditi ons give : A1 ,=(v-1 )h, A12=vh. It is suffi cient to 
prove the statement fo r A. 11 =v- 1, A. 12=v (all the oth er cases can be 
ob tained by a repetit ion of blocks) . 

Let I =(V,B) be the P "-design of o rder n and index A.1 ,=v-1 , 
de fin ed o n V=Z11 and hav ing th e fo ll owing b loc ks, fo r every 
i= 1,2, .. ,(n- l )/2: 

< 0, i , 2i, .... , (v-l )i > 
< 1, l +i, 1+2i, .... , l +(v- l)i > 
< 2, 2+i, 2+2i, ... . , 2+(v-l )i > 

< n-1 , n-l +i, n-1 +2i, ... , n-l +(v-l ) i > 

where <x1 ,X2, . .. ,x,.> denote the path Pv havi ng vertices x, ,x2, .. ,xv 
and edges {x1,x2},{x 2, :d , ... ,{x, .. 1,x ,,}. 
If G 1= P, and G2=(x)-P,, we prove that the G2-design hav ing 
bl ocks : 

Bj}' l: (vi +j)-< j , j+i, j+2i , .. . . , j+(v-1 )i > 

f or e ve,y i 1,2, . ..{n- l) 2, 
f<n· e ,•ery j 0, 1,2, .. ,11-/ 

i a nesting 1=(I ,n 1, 1-'1) of I . In fa ct, I is a P,.-design in which 
every pair { x,y }~ V is contained in exactly A. 11 =v- l b locks. We can 
verify that, if x,yE V, x<y, and y-x =h, then the edge {x,y } is 
exactly contained in the fo ll owi ng v-1 blocks: 
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<x, x+h, x+2h, . .. , x+(v-1 )h): 
<x-h, x, x+h, ... , x+(k-2)h > 
<x-2h, x-h, x, x+h, ... , x+(v-3)h > 

<x-(v-2)h, ...... , x-h, x, x+h > 

Further, n1 is an ,\',.-des ign of ind ex A12=v In fact , if we consider 
in every block (x)-<xo, x1 , . .. ,x, .1> of n 1 th e differences I x-xu I, for 
every u=O, I, .. , v- I, we can see th at : 

i11 all the blocks B,./1) these d?fferences are: 
v, v-1, v-2, ..... . , J 

i11 all the h/ocks R,.:/n these d(fferences are: 
2v, 2(v- l) , 2(v-2), . . . , 2 

ill all the hlocks B, (n-lt pi these ddferell(;eS are: 
v(n-1) 2, (v-l)(n-1). 2, . .... ,(11-J) 2. 

If we consider the matrix M 1 [(11-/) 2, v] containg th ese differences, 
in the same order: 

JJ- / v-2 \J 

2v 2v-2 211--I 

v(n-1) 2 

I 
2 

... (n-i)/2 

we can verify th at, since n is a prime number, all the possible 
differences appear exactl y one time in every column . Thi s implies 
A1 2=v 
Let k=2. The design I has index 11.21= A11 +11.12 = 2v-1 . The nesting 
sta r-des ign n2, assoc iat ed wi th it , should have index A22=v+ I. 
If G1=(x)-G 2, we prove that the G1-design having bl ocks: 
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for every i 1,2, .. ,(n-l), 2, 
for eve,y j =.c. O, 1,2 . ... . 11-l 

is a nesting N2=(N 1,n2, F2 ) of N1. We kn ow that N1 is a G2-design 
in whi c h every pair {x,yh:;V is contained in exactl y A21=2v-l 
bl ocks. Furth er, n2 is an S,,-design of index A22=v+ l . In fact, if we 
consid er in every bl ock (x)-G 2 of n 2 th e di ffere nces lx -xul, fo r 
every u=O, 1, ... , v, between x and the ve11ices of th e bl ocks of N 1, 
we can see th at: 

i11 a ll the h/ocks Bj 3
J these J[ffe rences are: 
v+ 1, v, v-1 , v-2 . ...... , l 

in a ll the blocks B,j3
i these d(ffe ren ces are: 
2v+ 2, 2v, 2(v-l), 2(v-2), . , 2 

i11 a ll the hlocks Bu 11 • 11 F1
• these d(ff'erences are: 

(1• · /)(11-/) 2 .v(11-/) 2. (v-/)(11-l) 2 . .. . ... .(11-J) 2. 

If we co nsid er th e matri x M 2[(11-l) 2,v · l] co ntain g th ese 
di ffere nces, in the same order: 

\I I l 
2v , 2 

v-1 v-2 
2v-2 2v--l 

(11. /)(11- /) 2 11(11-/) 2 

l 
2 

(11-/) 2 

we ca n veri fy that thi s mat ri x is differen t from M I onl y fo r th e fi rs t 
co lumn , whi ch is: 

11+ / , 2(v+ I}, ... , (v ,- J)(n-1), 2. 
Sin ce n is a prim e nu mber, thi s impli es th at the elements of th i 
column are exactl y all the pos ib le di ffe rences betwee n (v+ l )i+j 
and the other elements of the P,.-design. This im jJlie A22 = v+ 1. 
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In genera l, let k be an integer such th at 2 ~ k ~ n- /V(G)/ The 
des ign Ni.._, has ind ex Ai.. 1 = kv+(k2-3k)/2 The nesting star-design 
n i.., associated with it , should have index Au = v+k-1 . 
If Gi.. . ,=(x)-Gi.. , we prove that the Gk ,1-de ign havi ng blocks 

B j .i(kl : ((v+k-1 )i+j)-(B j.i (k- l )) 

.fc)r eve,y i 1,2, .. .(11-/) 2, 
Joreve,yj 0, / ,2, . . 11-/ 

is a nesting Ni.. =( 'k-1 ,n i.. , F i..) of Ni.._, We know that i..-1 is a G,.
design of index Ai.. 1. 

Further nk is an S,,-design of index Ak2=v+k-1. In fact, if we 
consider in every block (x) -Gk of n k the differences I x-xu I , for 
every u=O, I, .. . , v, between x and the verti ces of the blocks of Nk. 1, 

we can see that: 

i11 a ll the h/ocks H,./'1 these d!fferences are: 
v · k-1, . .. . . , v 1 / , v, v- 1, v-2, .. . . .. , I 

in all the blocks H,./1.:; these d!ffere11ces are: 
2v -,-2k-2, .... , 2v, 2(v- l). 2(v-2) , ... , 2 

i11 all the hlocks H,.,n-/J _/1.:1 these d!fferences are: 
(v · k-/)(11-/) :! . . ... ,v(11- J) 2, (v-/)(11-/) 2, ... . .(11-1) 2. 

If we consider th e lll atrix Mi..[(11-/ ) 2,v · k-lj conta in g th ese 
differences, in th e sa me order . 

, .. , k-1 
2v , 2k-2 

'" ' " \ I ' I 
... 2v I 2 

\I 

2v 

(v - k- ! )(11-/ ) :! ... ( v · / )(11-/) :! v(11-I ). :! 
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\l-2 
2v--l 

I 
2 
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we ca n verify that thi s matri x is different from Mk-I onl y for th e 
first column, whi ch is: 

v i k-1 . 2(v , k-1), . , (v · k-l)(n-1) 2. 
Since n i s a prime number, this impli es that the elements of thi s 
co lumn are exactl y all th e possible differences between (v+k-1 )i +j 
and the other elements of the P,.-design . This impli es "-k2=v+k-l . 

The proof is completed. 
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