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Abstract. A general definition of nesting for a G-design of index A. without
conditions on [V(G)] and [E(G), 1s given n [4]. In this paper we consider the
nesting of already nested G-designs and construct all possible nestings of
nestings in the case that G s a Py-design ol order a prime n.

1. Introduction

Let G=(V(G),E(G)) be a graph and let AK, be the complete
multigraph on n vertices (every edge is repeated A times). AK,, is
said to be G-decomposable, briefly we well write AK,— G, if itis
union of edge-disjoint subgraphs of K,,, each of them is isomorphic
to G. We say, also, that AK,, admits a G-decomposition Z=(V B),
where V is the vertex-set of AK, and B is the edge-disjoint
decomposition of AK,, into copies of G. If Be B, B is called a block
of £. The pair Z=(V,B) is, also, called a G-design of order n,
block-size | V(G) | and index A.
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In [8], Milici and Quattrocchi gave the following definition of
nesting of a G-design, generalizing the usual nesting for cycle-
systems.

Definition 1 Milici-Quattrocchi [8]

Let G=(V(G),E(G)) be a graph and let 2=(V,B) be a G -
decomposition of AK,. A nesting of X is a triple N {ZILF},
where [1=(V(K,),S) is a decomposition of AK,, in m-stars S,, and /"
B—S isa I-1 mapping such that:

i) for every Be B, the centre of the m-star /(B) doesn’t belong
to V(B), all the terminal vertices of /(B) belong to V(B),

ii) for every pair B, B B, the graphs B, Ul (B,), B>UF(B>) are
isomorphic.

It follows, as a necessary condition, that IV(G)| = |E(G)|. For
[V(G)| = |E(G)|, this definition is equivalent to the usual nesting.

In [4],[5], we gave a new definition a nesting of a G-design in
which there are not conditions on |V(G)|, |E(G)|.

Definition 2 [4] [5]

Let G=(V(G).E(G)), H=(V(H),E(H)) be two graphs and let
2=(V,B) be a G-design of index A, briefly A/ H—(G. A nesting
N(G.H.A1,Ay) of X isatriple N (X.11,/), where [1=(V(H).S) is
an m-star-design of index As, briefly A.H—S,,, and /"B—S is a
bijection such that:

i) for every Be B, the centre of the m-star /(B) doesn’t belong
to V(B), and V(I(B))=V(B) [x vertex of F(B) iff xe V(B)];

ii) for every pair B,, B> e€B the graphs B, UF(B;) and B >
UI(B>) are isomorphic.

In the case H=K,,, such a nesting is usually denoted by N= N( (;,n;
A, As). Observe that N is a G*-design of order n, block-size
[F'(G)] 1, index A=k +A,, where G*=GUS v (),
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If A;=A;=A, this definition is the same studied in [1].16],17].
Consider an example. Let [x; x;,X2, ... , X.| be the union-graph
between the path P, of vertices x;,x2,....X. and edges {xi, Xi.1},
1=1,2,...,v-1, and the star of centre x and terminal vertices
X1,X2,.... Xy , then we can verify that the following design N, defined
on Zs (the sums are mod 5), having the blocks:

[3; J+1,j+2,)+3,)+4), [); j+2,)+4,)+1,)+3],  forevery j=0.1,2,3.4
is a nesting N(P4,5;3,4).

In this paper we consider nesting designs N(G in;vi,vo) of X,
where X; is a nesting design N(Gi.,n;u,1) of Xy, for all
admissible i, starting from a G-design of index A, We study the
case that G is a path of order a prime.

In what follows, all the sums will be reduced mod n

2. k-nesting and necessary conditions
We give the following definition.
Definition 3

Let G=(V(G),E(G)) be a graph; let  X=(V.B)bea G-design of
index Ay and order n and let 1< k < n-|V(G)|, for an integer n. The
l-nesting of X is the nesting N\=N(G,1m,4,,,4,)=(Z.I1,/7), introdu-
ced in Definition 2. Let G,=G, I1,=I1,/, I For k = 2, the k-
nesting Ni(G) of the G-design X is a nesting (Zy, Iy, /y) of Z=
=N(Gi-1,10; M-ty Ai1.2).

In what follows, if Be B and x is the centre of /(B), we will write

(x)-B=BUI(B). Now, we see some necessary conditions for the exi-
stence of a nested-design N(G,n;A,,A;). Some are proved in [4].

Theorem 2.1 (4] Ler G=(V(G).E(G)) be a graph and let Z=(V B)

be a G-design of index A,. A necessary condition for the existence

of a N(G,n:\,25) is that &y N(G) |21, E(G) |

29



Theorem 2.2: /¢t G1=(V(G)),E(Gy)) be a graph and let Z,=(V,B))
be a G ~design of index A

i) a necessary condition for the existence of a N(G,n; Ay, A1)
is that A1 V(Gy) [=h E(Gh)
ii) a necessary condition for the existence of a N(Gy,n, Agy, Aio),

Jork 1,2 . n- IV(G,) | is that for everyi-1,2, . k:
A V(Gy) BH-1) =
=hi2. ( E@Gy) [+ G-1)( M(Gy) Ki-2)2)).

Proof’ 1) It is equivalent to Theorem 2.1. ii) For i=/, the statement
follows from 1) directly. Let i~/.

From 1):
Air. V(G [=hia. E(Gy) |
Since:
V(G) E MG k1
EG) E EGi) I MG |
itis:

V(G E NV(G)) k-1
E(Gi) E E(Gi~l) i N(GH) =
E(Gy) |+ (-1)( M(Gy) KG-2)2).

From which:

A ( M(Gy) Ki-1) =
=hi2. ( E(Gy) |+ G-1) M(Gy) ki-2)2)).

Theorem 2.3 [4]: Let N (X,I1.F) be a nested-design N(P,.n;Ay Ay).
Necessarily:

1) Ar=(v-1).h, A> v.h, for some he N; _

) if novil, then either v or h is an even number.

3. k-nesting of P,-designs

Now, we prove the following:
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Theorem 3.1 /ler v [ be an integer. Then, for every prime
number n, v, there exists a k-nesting design N(P,,n; Ay, ko), for
every k such thar 1 <k € n-|V(G)|.

Proof” In what follows, all the sums must be reduced mod n, being
n a prime number. Consider the case k=1.

Necessary conditions give: A;;=(v-1)h, A;;=vh. Itis sufficient to
prove the statement for A;;=v-1, A;,=v (all the other cases can be
obtained by a repetition of blocks).

Let X=(V.B) be the P ,-design of order n and index An=v-1,
defined on V=Z, and having the following blocks, for every
1=1,2,..,(n-1)/2:

<0,1,21,....,(v-1n>
< 10+, 142, THv-1)i >
<2, 24, 2420, ., 24(v-1)i >

<n-1, n-1+i, n-1+2i,...., n-1+(v-1)1 >

where <x,,x,,....X, > denote the path P, having vertices x;,Xz,...Xy
and edges {xi,x2}.{x2.X3},. ... {Xv-1,Xv }.

It G1=P, and G,=(x)-P,, we prove that the G,-design having
blocks:

B (vitj)-<j,jH,j*+2i,...., j+(v-1i >

Joreveryi1,2,..,.(n-1) 2,
Jorevery j-0.1,2,....n-1

is a nesting N,=(ZI1, /) of . In fact, X is a P,-design in which
every pair {x,y }cV is contained in exactly A;;=v-1 blocks. We can
verify that, if x,ye V, x<y, and y-x=h, then the edge {x,y} is
exactly contained in the following v-1 blocks:
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<x, xth, x+2h,..., x+(v-1)h>
<x-h, x, x+h,.. ., x+(k-2)h >
<x-2h, x-h, x, xth,..., x+(v-3)h >

<x-(v-2)h, ......, x-h, x, x+th >
Further, Tl is an S,-design of index A;,=v. In fact, if we consider

in every block (x)-<xq. X1.....x\.;> of I, the differences |x-x.!, for
every u=0,1, . v-1, we can see that:

inall the blocks B, /" these differences are:

v, v-1, v-2, ... ..

in all the blocks B, > these differences are:
2y, 2(v-1), 2(v-2), ......, 2

i ! e
i all the blocks B, ,,..;, 3" these differences are:

v(n-1) 2, (v-1)(n-1) 2, .......(n-1) 2.

If we consider the matrix M[(n-/) 2,v] containg these differences,
in the same order:

v v-1 v-2
2y 2v-2  2v-4 2
TR 2 Y R TN S T

we can verify that, since n is a prime number, all the possible
differences appear exactly one time in every column. This implies
A=V

Let k=2 The design N, has index A = A;;+A;2=2v-1. The nesting
star-design I, associated with it, should have index A,=v+1.

If G3=(x)-G2, we prove that the G;-design having blocks:
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Bj-lm C (vt )'(BJ.I(I))

foreveryi-1,2,..,(n-1)2,
Jor every j=0,1,2, ...,n-1

is a nesting N,=(Ny.I1,, /3) of N;. We know that N, is a Ga-design
in which every pair {x,y}cV is contained in exactly Ar=2v-1
blocks. Further, I1;is an S,-design of index Ay=v+1. In fact, if we
consider in every block (x)-G, of I, the differences |x-xl.|, for
every u=0,1... v, between x and the vertices of the blocks of Nj,
we can see that:

in all the blocks B, )" these differences are:
Y e 1 R SR |

in all the blocks B,._w“’ these differences are:
2v+2, 2v, 2(v-1), 2(v-2), ......, 2

inall the blocks B, ,,,. ), L7 these differences are:
(v:D)n-1) 2 vin-1) 2, (v-1)(n-1) 2, .......(n-1) 2.

It we consider the matrix My[(n-/) 2,v /] containg these
differences, in the same order:

vil v v-/ v-2 R i ol R
2vi 2 2v 2v-2  2v-4 2
(viD)m-1)2 vn-1)2 ...................... (h-1)2

we can verify that this matrix is different from M, only for the first
column, which is:

v+l 2(v+ 1), oo, (VEL)(0-1)/2.
Since n is a prime number, this implies that the elements of this
column are exactly all the possible differences between (v+1)i+]
and the other elements of the P.-design. This implies A= v+1.
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In general, let k be an integer such that 2 < k <n-|V(G)|. The
design Ny, has index A, = kv+(k’-3k)/2. The nesting star-design
[y, associated with it, should have index A>= vtk-1.

If Gy 1=(x)-Gy, we prove that the Gy . |-design having blocks

Bii":  ((vtk-1)i+j)-(B i *")

Joreveryi 1,2,..,(n-1) 2,
Jorevery j 01,2, .. .n-1

is a nesting Ny=(Ny.;,I'ly, /4) of Ni.;. We know that Ny, 1s a Gy-
design of index Ay;.

Further Iy isan S,-design of index Aw=v+k-1. In fact, if we
consider in every block (x)-Gy of ITy the differences | x-x, |, for
every u=0,1,...,v, between x and the vertices of the blocks of Ni.j,
we can see that:

inall the blocks B, ;"' these differences are:
Vil i e O R

inall the blocks B S these differences are:
2v+2k-2,......, 2v, 2(v-1), 2(v-2), ......, 2

inall the blocks B, .., 3‘1‘" these differences are:
(v k-D)(n-1) 2,... ....v(n-1) 2, (v-1)(n-1) 2, .......(n-1) 2.

It we consider the matrix My[(n-1) 2,v k-1] containg these
differences, in the same order.

Vi s T O ] Vv v-/ w2 T
AL s e 2 [ L P2 i N e 2
(kD= l 12 . vt TR T I O LD L i N e 2
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we can verify that this matrix is different from M., only for the
first column, which is:

vik-1, 2(vik-1), ............, (v k-1)(n-1) 2.
Since n is a prime number, this implies that the elements of this
column are exactly all the possible differences between (v+k-1)it]
and the other elements of the P,-design. This implies A ,=v+k-1.

The proof'is completed.
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